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Preface

These lecture notes are based on courses given at:

1)
2) Leipzig University, Winter Semester of 1995;
3)

Autonoma University of Madrid, Winter Semester of 1993;

Moscow Physical and Technical Institute, Spring Semester of 1995.

My intention was to introduce graduate and Ph.D. students to the meth-
ods of contemporary quantum field theory. The term “non-perturbative” in
the title means literally “beyond the scope of perturbation theory”. There-
fore, it is assumed that the reader is familiar with quantum mechanics as well
as with the standard methods of perturbative expansion in quantum field
theory and, in particular, with the theory of renormalization.

The second purpose was to make the course useful for senior people (in-
cluding those working in condensed-matter theory), as a survey of ideas, ter-
minology and methods, which were developed in quantum field theory in the
seventies and the beginning of the eighties. For this reason, these notes do not
go very deeply into details, so the presentation is sometimes a bit schematic.
Correspondingly, the subjects which are usually covered by modern courses
in string theory, such as the two-dimensional conformal field theories, are not
touched. It is assumed that such a course will follow this one.

The main body of the lecture notes deals with lattice gauge theories and
large-N methods. These two Chapters are preceded by Chapter 1 which
is devoted to the method of path integrals. The path-integral approach is
loosely used in quantum field theory and statistical mechanics. In Chapter 1,
I shall pay most attention to aspects of the path integrals, which are then
used in the next two Chapters.

In each Chapter, I was going to be as closed to the original papers, where
the involved methods were proposed, as possible. The list of these papers
respectively includes:



ii

1. R.P. Feynman, An operator calculus having applications in quantum
electrodynamics, Phys. Rev. 84 (1951) 108.

2. K.G. Wilson, Confinement of quarks, Phys. Rev. D10 (1974) 2445.

3. G.t Hooft, A planar diagram theory for strong interactions, Nucl. Phys.
B72 (1974) 461.

The lectures were followed by seminars where some problems for deeper
studies had been solved on a blackboard. They are inserted in the text as
the problems, which can be omitted at first reading. Some more information
is also added as remarks after the main text. Both of them contain some
relevant references.

The references, which are collected at the end of each Chapter, are usu-
ally given only to either a first paper (or papers) in a series or those contain-
ing a pedagogical presentation of the material. With the modern electronic
database at gspires (SLAC), a list of subsequent papers can, in most cases,
be retrieved by downloading citations of the first paper.

I would like to thank the students for their attention, patience, and ques-
tions. I am indebted to Martin Giirtler for his help in preparing these lecture
notes.

1995-1996 Y. M.
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J. HELLER, Catch-22

Chapter 1

Path Integrals

The path integral is a method of quantization which is equivalent to the
operator formalism. It recovers the operator formalism in quantum mechanics
and perturbation theory in quantum field theory (QFT).

The approach based on path integrals has several advantages over the
operator formalism. It provides a useful tool for non-perturbative studies
including:

e instantons,
e analogy with statistical mechanics,

e numerical methods.

A standard way of deriving the path integral is from the operator formal-
ism:

‘ operator formalism = path integral | .

We shall proceed in the opposite direction, following the original paper by
Feynman [Fey51].
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1.1 Operator calculus

The operator calculus developed by Feynman [Fey51] makes it possible to
represent functions of (non-commuting) operators as path integrals, with the
integrand being the path-ordered exponential of operators whose order is
controlled by a parameter which varies along the trajectory. This procedure
is termed as the Feynman disentangling. It is applicable also to functions of
matrices (say, y-matrices which are associated with a spinor particle). When
applied to the evolution operator, this procedure results in the standard path-
integral representation of quantum mechanics.

We first demonstrate in this Section the general technique using the sim-
plest example: a free propagator in Euclidean space, and then consider the
path-integral representation of quantum mechanics, as well as propagators in
an external electromagnetic field.

1.1.1 Free propagator

Let us first consider the simplest propagator of a free scalar field which is given
in the operator formalism by the vacuum expectation value of the T—product!

Gx—y) = (0T ¢(@)e(y)l0) (1.1.1)

with ¢ being the field-operator.
The T-product (1.1.1) obeys the equation

(=0*-m*)G(z—y) = i 6D (x —y), (1.1.2)

where d = 4 is the dimension of space-time, however the formulas are applica-
ble at any value of d. In the operator formalism, Eq. (1.1.2) is a consequence
of the free equations

(=0 —=m?®) p(x)|0) = 0,
O0](-*—m*)p(x) = 0 (1.1.3)
and canonical equal-time commutators
[‘P (tvf)vgo(tu?j)] = ié(d_l) (f_g) )
[p (. %), @ (L, 7)] 0. (1.1.4)

IThe ordered products of operators were introduced by Dyson [Dys49]. This paper and
other classical papers on quantum electrodynamics are collected in the book edited by
Schwinger [Sch58].
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The delta-function 61 (zy — yo) emerges when (9/9t)? is applied to the op-
erator of the T—product in (1.1.1).

Problem 1.1 Derive Eq. (1.1.2) in the operator formalism.
Solution Let us apply the operator on the left-hand side (LHS) of Eq. (1.1.2) to
the T-—product which is defined by

Te(@)ey) = 0@ —yo)e (z) e (y) +0(yo —z0)p (y) ¢ (2) (1.1.5)
with
O(zo —yo) = {éggiﬁ : (1.1.6)

Eq. (1.1.3) implies a nonvanishing result to emerge only when (8/dx¢)? is applied
to the operator of the T—product. One gets

(0% = %) (O[T ¢ (2) 0 () 0) = — 5~ O[T & (2) (1) |0
=50 (w0 - 40) (Ol [0 (). & @] I0) =16 (@ —3).  (117)

where the canonical commutation relations (1.1.4) are used.

The explicit solution to Eq. (1.1.2) for the free propagator is well-known
and is most simply given by the Fourier transform:

dp . i
— — L gy " 1.1.
G(z—y) / ) e e (1.1.8)

An extra ie (with e — +0) in the denominator is due to the T—product
in the definition (1.1.1) and unambiguously determines the integral over pg.
The propagator (1.1.8) is known as the Feynman propagator which respects
causality.

Problem 1.2 Perform the Fourier transformation of the free momentum-space
propagator in the energy po:

—+oo

dpo  ipg(t—t' { =
Gult =) = /ﬁ( VT @ = VPR (119)

Solution The poles of the momentum-space propagator are at

po = +wTFic. (1.1.10)
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For t > t' (t < t'), the contour of integration can be closed in the upper (lower)
half-plane which gives

. ! - ’
efzw(tft ) ezw(tft )

Go(t—t) = 60@t—1t) 2, +6(t —t) 55
—iw|t—t|
e
= Z5— (1.1.11)
The Green function (1.1.11) obeys the equation
O 2\t 60 (¢t 1.1.12
—om — ) Ge (t=7) 16 (t—t) (1.1.12)

and therefore coincides with the causal Green function for a harmonic oscillator
with frequency w.

Remark on operator notations

In mathematical language, the Green function G (x — y) is termed as the
resolvent of the operator on the LHS of Eq. (1.1.2), and is often denoted as
the matrix element of the inverse operator

1

G- = (1]t

The operators act in an infinite-dimensional Hilbert space whose elements
in Dirac’s notation [Dir58] are the bra and ket vectors: (g| and |f), respec-
tively. The coordinate representation emerges when these vectors are chosen
to be the eigenstates of the position operator x,,:

:c> (1.1.13)

zulr) = x,|T). (1.1.14)
These basis vectors obey the completeness relation
/dd:v lz)(z] = 1, (1.1.15)

while the wave functions, associated with (g| and |f), are given by

(glz) = g(x), (z[f) = f(z). (1.1.16)

These wave functions appear in the expansions

1f) = /ddfl?f(x)I»’C% (gl = /ddyg(y)@l- (1.1.17)
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The action of a linear operator O on the bra and ket vectors in the Hilbert
space is determined by its matrix element (y|O|z), which is also known as
the kernel of the operator O and is denoted by

(yOlz) = O(y,). (1.1.18)

Using the expansion (1.1.17), one gets

wlolf) = [t [ dlyg)0t.a) 1(o). (1.1.19)
Since the kernel of the unit operator is the delta-function,
(yltle) = (ylo) = 6D (z—y), (1.1.20)
the formula
(ylolz) = 059 (x—y) (1.1.21)

can also be written down as a direct consequence of Eq. (1.1.20), where the
operator O on the right-hand side (RHS) acts on the variable z.

Therefore, when the operator acts on a function f(x), the result is ex-
pressed via the kernel by the standard formula

(Of)y) = wlolf) = /ddwO(yax)f(SC)- (1.1.22)

Eq. (1.1.21) is obviously reproduced when f is substituted by a delta-function,
while Eq. (1.1.19) takes the form

wlolf) = [dzgls) (05 (). (1.1.23)

If space-time is approximated by a discrete set of points, then the operator
O is approximated by a matrix with (y|O|z) being its elements.

1.1.2 Euclidean formulation

Eq. (1.1.8) can be alternatively obtained by inverting the operator on the
LHS of Eq. (1.1.2). Before doing that, it is convenient to make an analytic
continuation in the time-variable ¢, and to pass to the Euclidean formulation
of QFT where one substitutes

t = —imzy. (1.1.24)
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The four-momentum operator in Minkowski space reads

3} 0
po_ooan — (,0 0 . .
Py = 10y = (zat, z(?:f) ‘MlnkOWSkl space‘, (1.1.25)

while its Euclidean counterpart is given by

ph = —i0h = (—i%,—i%) ‘Euclidean space‘. (1.1.26)

These two formulas together with Eq. (1.1.24) yield
E=p = —ip (1.1.27)

for the relation between energy and the fourth component of the Euclidean
four-momentum.

The passage to Euclidean space results in changing the Minkowski signa-
ture of the metric g,, to the Euclidean one:2

(+=-==) — (++++)
(1.1.28)
Minkowski signature ‘ — ‘ Euclidean signature ‘
As such, one gets
pi=pi—p* — —ph=-p?-pi. (1.1.29)

The exponent in the Fourier transformation changes analogously:
—pua* = —Et+ pf — phal = pT + paxy . (1.1.30)

This reproduces the standard Fourier transformation in Euclidean space
o) = [dte ),

d
flz) = /(;IT’)’dve(p). (1.1.31)

2An older generation is familiar with Euclidean notations which are used throughout
the book by Akhiezer and Berestetskii [AB69]. On the contrary, the two other canonical
books on quantum field theory by Bogoliubov and Shirkov [BS76] and by Bjorken and
Drell [BD65] use Minkowskian notations which are due to Feynman.
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We shall use the same notation v* for a four-vector in Minkowski and
Euclidean spaces:

vy = (vo,?) ‘Minkowski space‘ ,
v = (U,v4) ‘Euclidean space | , (1.1.32)
with
vg = —ivg . (1.1.33)

The only difference resides in the metric. We do not distinguish between
upper and lower indices in Euclidean space.

Using Egs. (1.1.24) and (1.1.26), we see that in Euclidean space Eq. (1.1.2)
takes the form

(=0 +m*)G(z—y) = 6D (2 —y) (1.1.34)

with the positive sign in front of m?2.

The passage to the Euclidean formulation is justified in perturbation the-
ory where it is associated with the Wick rotation. The direction in which
the rotation is performed is unambiguously prescribed by the +ie term in
Eq. (1.1.8), and is depicted in Fig. 1.1. The variable ¢ = z( rotates through
—m/2 while E = pg rotates through /2.

Figure 1.1a explains the sign in Eq. (1.1.24). Figure 1.1b and Eq. (1.1.27)
implies that the integration over ps goes in the opposite direction, so that

+ood +ood

Po . Pa

—_—... = —_— ... 1.1.35
2 ! 2 ( )

— 00 — 0o

Thus when passing in to Euclidean variables, Eq. (1.1.8) becomes

d
Gz—y) = / d pdew(y—w)%. (1.1.36)
(2m) pe+m

Note that the RHS of Eq. (1.1.36) is nothing but the Fourier transform of the
free momentum-space Euclidean propagator, and there is no need to retain an
i€ in the denominator since the integration prescription is now unambiguous.
It is now clear why we keep the same notation for the coordinate-space
Green functions: the Feynman propagator in Minkowski space and the Eu-
clidean propagator. They are the same analytic function of the time-variable.
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t = —ir @ E:—ip4@

{Euclidean Euclidean
ﬁ space space ﬂ
ey a — — o>
Minkowski J \g Minkowski
space space

a) b)

Fig. 1.1: Direction of the Wick rotation from Minkowski to Euclidean space (indi-
cated by the arrows) for a) time and b) energy. The dots represent sin-
gularities of a free propagator in a) coordinate and b) momentum spaces.
The contours of integration in Minkowski space are associated with causal
Green functions. They can obviously be deformed in the directions of the
arrows.

Problem 1.3 Repeat the calculation of Problem 1.2 in Euclidean space.
Solution According to Eq. (1.1.36) we need to calculate

“+ o0

/ dp4 ip4(7"77') 1
-1 = [ 9 . 11
Gu(r—7") / S o (1.1.37)

— o0

The integral on the RHS can be calculated for 7 > 7’ (7 < 7') by closing the contour
in the lower (upper) half-plane, and taking the residues at ps = —iw (ps = iw),
respectively. This yields

Gu(t—7) = 6(1— T')ieW(TLT) +0(7" — T)iew“i#)
¢ N 2w 2w
—w|r—7'|
e
= - 1.1.38
% ( )

The Euclidean Green function (1.1.38) can obviously be obtained from the
Minkowskian one, Eq. (1.1.11), by the substitution

/

T = it, =it (1.1.39)

1.1. OPERATOR CALCULUS 9

and vise versa. G., (T — 7’) obeys the equation

2

and, therefore, is the Green function for a Euclidean harmonic oscillator with fre-
quency w.

As we shall see in a moment, the Euclidean formulation makes path
integrals well-defined, and allows non-perturbative investigations analogous
to statistical mechanics to be carried out. There are no reasons, however,
why Minkowski and Euclidean formulations should always be equivalent non-
perturbatively.

Remark on Euclidean y-matrices
The y-matrices in Minkowski space satisfy

{ne it =291 (1.1.41)

Therefore, 7o is Hermitean while the Minkowskian spatial y-matrices are anti-
Hermitean.
Analogously, the Euclidean y-matrices satisfy

{uw}=26wl, (1.1.42)

so that all of them are Hermitean. We compose them from 2 x 2 matrices as
I 0

Y4 = Y0 = ( 0 -1 ) (1.1.43)

and

10 0

5 = < 0 —ig ) (1.1.44)

where & are the usual Pauli matrices. Notice that the Euclidean spatial ~-
matrices differ from the Minkowskian ones by a factor of 4.
The free Dirac equation in Euclidean space reads

(é+m)w =0, &= .0, (1.1.45)
or
(ip+m)y =0 (1.1.46)
with p given by Eq. (1.1.26).
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1.1.3 Path-ordering of operators

There are no problems in defining a function of an operator A, say via the
Taylor series. For instance,

— 1
et = — A", (1.1.47)
n!
n=0
However, it is more complicated to define a function of several non-
commuting operators (or matrices), e.g. A and B having

[A,B] # 0, (1.1.48)
since the order of operators is now essential. In particular, one has
eAtB L 4B (1.1.49)

so that the law of addition of exponents fail. Certainly, the exponential on
the LHS is a well-defined function of A+ B, but since A and B are intermixed
in the Taylor expansion, this expansion is of little use in practice. We would
like to have an expression where all B’s are written, say, to the right of all
A’s.

This can be achieved by the following formal trick [Fey51].

Let us write

M—oo M —oco

1 M
e4*tE = lim [1+M(A+B)] = lim

{1—1— %(AA—B)] [1+ %(AJrB)} [1+ %(,HB)] s

M times

The structure of the product on the RHS prompts us to introduce an index
¢ running from 1 to M and replace (A 4+ B) in each multiplier by (4; + B;).
Therefore, one writes

S

e = lim
M—o0 -
=1

i+ Loaen)

. 1 1
= lim [1+M(AM—|—BM)}-~-[1+M(A1+B1) , (1.1.51)

M—o0
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where the index ¢ controls the order of the operators which are all treated
different. The ordering is such that the larger ¢ is, the later the operator
with the index ¢ acts. This order of operators is prescribed by quantum me-
chanics, where initial and final states are represented by ket and bra vectors,

respectively.
The RHS of Eq. (1.1.51) can be rewritten as

P = P lim T 2oL, (ActB) (1.1.52)
where the symbol P stands for the ordering operation. There is no ambiguity
on the RHS of Eq. (1.1.52) concerning ordering A; and B; with the same
index i, since such terms are O(1/M?) and are negligible as M — oc.

To describe the continuum limit as M — o0, one introduces the continuum
variable ¢ = i/M which belongs to the interval [0,1]. The continuum limit
of Eq. (1.1.52) reads

1

AB _ p ol do(A(2)+B(2)) (1.1.53)
where A(i/M) = A; and B(i/M) = B; while the operator A(c) + B(o) acts
at order o.

Eq. (1.1.53) is in fact obvious since it only involves the operator A + B
which commutes with itself. For commuting operators there is no need for
ordering so that A(c)+ B(o) does not depend on o in this case. The integral
in the exponent on the RHS of Eq. (1.1.53) can then be done, and reproduces
the LHS.

Eq. (1.1.53) can however be manipulated as though A(c) and B(o) were
just functions rather than operators since the order would be automatically
specified by the path-ordering operation. This is analogous to the well-known
fact that operators can be written in an arbitrary order under the T—product.
Therefore, we can rewrite Eq. (1.1.53) as

1, , 1
eAtB — P efo do A(U)efo doB(a) (1.1.54)

This is the operator analog of the law of addition of exponents.

Problem 1.4 Calculate explicitly the first term of the expansion of exp (A + B)
in B.
Solution Expanding the RHS of Eq. (1.1.54) in B, one gets
! 1
etB = ety /daefo do Al )B(J)efo Al 4 (1.1.55)

0
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There is no need for a path-ordering sign in this formula, since the order of the
operators A and B is written explicitly. There is also no ambiguity in defining the
exponentials of the operator A as already explained.

Since the order is explicit, one drops the formal dependence of A and B on the
ordering parameter which gives

1
eAtB eA+/dae“*”)ABe”A+..‘ (1.1.56)
0

The formulas (1.1.55) and (1.1.56) are known from time-dependent perturbation
theory in quantum mechanics.

1.1.4 Feynman disentangling
The operator on the LHS of Eq. (1.1.34) can be inverted as follows:

1 d
—82—|—m25( )(‘T_y)

/dT e 37(97=m?) 5(d) (3 _ )

0
00

/dTe,%mZTPe%fo WP 5@ (), (1.1.57)
0

G-y =

N~

N =

where we have formally labelled the derivatives by an ordering parameter
t € [0, 7], which is an analog of ¢ from the previous subsection. This is the
general procedure which the Feynman disentangling is built on.

Since the operators d,, and 0, commute in the free case, we could manage
without introducing the t-dependence, however the operators do not commute
in general. The simple example of the non-relativistic Hamiltonian and the
propagator in an external electromagnetic field are considered later on in this
Section. Other cases where the disentangling is needed are related to inverting
an operator which is in addition a matrix in some symmetry space.

Continuing with the disentangling, the RHS of Eq. (1.1.57) can be rewrit-
ten as

1 7 _1 (Tatz
Gx—vy) = E/dTe*%m%/Dz# (t) e FNCEAD
0 zu(0)=a,,

.Pef(: dt %, ()0, (1) 5 (z —v), (1.1.58)

1.1. OPERATOR CALCULUS 13
2(t)
—1 2(7)
T /
'\/
|
|
¢
0 T

Fig. 1.2: The trajectory z,(t). The operator 9, (t) acts at the order t.

where the integration runs over all trajectories z,(t) which begin at the point
x, as depicted in Fig. 1.2.

Since the operator 0,(t) acts at the order ¢, these operators are ordered
along the trajectory z,(t) with P, in Eq. (1.1.58), standing for the path-
ordering operator. Note, that Z,(t) and 0,(t) commute since

Au(t)zu(t) = %ciw =0 (1.1.59)

so that their order is inessential in Eq. (1.1.58). With these rules of manipu-
lations, Eq. (1.1.58) can be proven by the “translation”
¢
2ult) — Z() = z(t) + / at' 9,(t') (1.1.60)
0

of the integration variable z,(t) in the Gaussian integral.
The integral over the functions z,(t) in Eq. (1.1.58) is called a path integral
or a functional integral.
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Fig. 1.3: Discretization of the trajectory z,(t) (depicted for M = 6).

The continual path integral can be approximated by a finite one. To this
aim, let us choose M points t; = i€, where € is the step of discretization, and
M = 7/e. We then connect the points

z0 = x, 2z = z(ie) 1=12,....M (1.1.61)

by straight lines. Such a discretization of the trajectory z,(t) is depicted in
Fig. 1.3. The measure in Eq. (1.1.58) can then be discretized by

/Dzu (t).. H/ 2122/2 . (1.1.62)

The explicit form of the operator 0, in Eq. (1.1.34) was not essential
in deriving Eq. (1.1.58). If 0, in Eq. (1.1.34) is replaced by an arbitrary
operator D,, with non-commuting components, then Eq. (1.1.58) holds with
0, (t) substituted by D, (t). The discretized path-ordered exponential of a
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general operator D, (t) is given by
Pelo #FODO _ gy, H (14 (zi — zi1)" Dy (ie)] . (1.1.63)

The order of multiplication here is the same as in Eq. (1.1.51).

The explicit form of the operator 0, is essential when we calculate how
it acts on the delta-function as is prescribed by the RHS of Eq. (1.1.58). For
the free case, when the t-dependence of 0,,(t) is inessential, one simply gets

Per dt 2 ()0, (1) _ exp |(z*(7) — a™) % , (1.1.64)

which is nothing but the shift operator. Applying the operator on the RHS
of Eq. (1.1.64) to the delta-function, one gets

Pefo 20t 5(d) (z—y) = 0D (z(1)—vy). (1.1.65)

Therefore, z,(7) has to coincide with y, due to the delta-function, which
disappears after the integration over z,(r) has been performed. Thus the
final answer is

o0

1 —1[Tatz
Gla=y) = 3 [dre " [ Do) e B UH0 (1166)

0 zp(0)==z
zu(T):yu

This path integral goes over all trajectories z,(t) which connect the initial
point z,, and the final point y,,.

Problem 1.5 Derive Egs. (1.1.58) and (1.1.66) by introducing a path integral over
velocity v, (t) = 2.(t).

Solution The operator on the RHS of Eq. (1.1.57) can be disentangled by the
following Gaussian path integral

%f(:dtDﬁ(t) :/Dvu(t)e

This formula holds for an arbitrary operator D,, and can be proven by calculating
the Gaussian integral after shifting v, (¢).

-1 fo* dtv? (t) P efoT dtv* () Dy () (1.1.67)
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Substituting D,,(t) = 9,(t) and calculating the action of the path-ordered ex-
ponential on 69 (z — y), we get

oo

—1 7 g2
Glz—y) = %/dTeféTmz/Dvu(t)e 2fo drop (8)

0
6D (x4 /T dt v(t) —y). (1.1.68)

The integration over Duv, (¢) in this formula has no restrictions.
To derive Eq. (1.1.66) from Eq. (1.1.68), let us note that the discretized velocities
read

ot = 2l (1.1.69)

Since

/dm Z (1.1.70)

) =1

the measure

/DUM = H/ 2:/:11/2 (1.1.71)

obviously recovers Eq. (1.1.62) after calculating the Jacobian from the variables v;
to the variables z;. Therefore, Eq. (1.1.68) reproduces Eq. (1.1.66) provided

t
zu(t) = mM—&—/dt'vu(t'). (1.1.72)
0
Remark on definition of the measure

The discretized trajectory in Fig. 1.3 can be analytically written as the ex-
pansion

Zz“fl + 2t (1 —t/e)f(e —t), (1.1.73)

where the basis functions
1+ (t/e —1) for t e [(i — 1)e, i€,
filt) = 1—(t/e—1) for t € [ie, (i + 1)¢], (1.1.74)
0 otherwise
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are nonvanishing only for the ¢-th and (i+1)-th intervals. The measure (1.1.62)
is defined, therefore, via the coefficients z; as a multiple product of dz;’s
While the basis functions f;(t) are not orthogonal:

T

1 2 1 1
0

the orthogonal set appears in the expansion of the velocity

M
) = Y (=2 )i, (1.1.76)
1=1
where ' .
(bi(t):{ e for teli=tleid, (1.1.77)

This shows why the discretized velocities from Problem 1.5 are natural vari-
ables.

One can choose, instead, another set of (orthogonal) basis functions and
expand

M

E) = Y chion(t) (1.1.78)

n=1

with some coefficients c¢#. Then the measure (1.1.62) takes the form
DzM(t)... Hddcn... (1.1.79)

modulo a c-independent Jacobian. Mathematically, this implies that one
approximates the functional space by M-dimensional spaces.

1.1.5 Calculation of the Gaussian path integral

The Gaussian path integral (1.1.66) can be easily calculated by the following
trick (see, e.g., the book by Feynman [Fey72], Chapter 3). Let us substitute
the variable z(t) by a new variable £(¢) which are related by the formula

2(t) = gww)m. (1.1.80)
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The boundary conditions for the variable £(t) are determined by Eq. (1.1.80)
to be

£(0)=¢(m)=0. (1.1.81)
Substituting Eq. (1.1.80) into the exponent in Eq. (1.1.66), one gets
T 2 T
/dtéQ 0 = W= W=D o e+ /dt§'2(t) . (1.1.82)

T T
0 0

The second term on the RHS vanishes due to the boundary conditions
(1.1.81) so that the propagator becomes

/dT R Dee o #EO (11.83)
0 £(0)=¢(r)=0

Gr—-y) =

N | =

The path integral over £ on the RHS of Eq. (1.1.83) is a function solely of

De e_%fo dté2(t) _ F (7). (1.1.84)
£(0)=¢(m)=0

This expression is to be compared with the proper-time representation of
the Euclidean free propagator which reads

dip i ,
G(x_y) — /_pezp(m—y)_/dTe—f(p2+m2)

d 2
(2m) J
1 /OO _1 2 (z—y)? 1
= - [dre 2T e T (1.1.85)
2 J (271'7')d/ 2
These two expressions coincide provided that
_ 1
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Problem 1.6 Calculate F(7) from the discretized path integral.
Solution The discretized version of Eq. (1.1.66) is

/ Dz (1) eféfr: dt 22 (¢)

2 (0)=z,
z“(T):y“

M—-1

1 Az 1M (imn )2/
N (2me)d/? / H (2me)d/? e i ' (1.1.87)
i=1

where 20 = z and zp = y. The integral can be calculated by well-known formula
for the Gaussian integral

d (=) (s—1)2 d/2 (z—y)2
et o (D) e (Lss)
(2m)d/2 1+ T2

After applying this formula M —1 times, one arrives at Eq. (1.1.86). Notice that e
cancels in the final answer.

Problem 1.7 What trajectories are essential in the path integral?
Solution It is seen from the discretization on the RHS of Eq. (1.1.87) that only
trajectories with

|Zi — Zi71| ~ \/E (1.1.89)

are essential as € — 0. Such trajectories are typical Brownian trajectories. They
are continuous as € — 0 but not smooth (|z; — zi—1| ~ € for smooth trajectories).
In mathematical language, these functions are said to belong to the Lipshitz class
1/2.

Remark on mathematical structure

The measure (1.1.62) for integration over functions is sometimes called the
Lebesgue measure. It was introduced in mathematics by Wiener [Wie23] in
connection with the problem of Brownian motion. With the Gaussian factor
incorporated, it is also known as the Wiener measure while the proper path
integral is known as the Wiener integral®>. The measure (1.1.62) is defined
on the space Lo (i.e. the space of functions whose square is integrable, in the
sense of the Lebesgue integral, [ dtz?(t) < co). The integration on Lo goes
over trajectories z,(t), which are generically discontinuous. However, the
T <2

extra weight factor exp {—3 [ 2%(t)} restricts the trajectories in the above

path integrals to be continuous.

3See, e.g., the books [Kac59, Sch81, Wie86] for a description of the path-integral ap-
proach to Brownian motion.
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1.1.6 Transition amplitudes

As is well-known in quantum mechanics, G(x — y) is the probability for a
(scalar) particle to propagate from x to y. A convenient notation for a tra-
jectory z,(t) that connects z,, and y, is

Fye = {z,08); 0<t <7, 2,(0) =24, 2,(7) =yu}. (1.1.90)

Notice that T'y, stands for a trajectory as a geometric object, while z,(t)
is a function which describes a given trajectory in some parametrization .
This function (but not the geometric object itself) depends on the choice of
parametrization and changes under the reparametrization transformation

d
t— olt), Z>o0, (1.1.91)
dt
with ¢ being a new parameter.
A convenient parametrization is via the proper length of I'y, which is

given by

s = /ds (1.1.92)

Tye

where

ds = /2%(o)do (1.1.93)

and 0 € [o;,0f] is some parametrization. For the obvious reasons the
parametrization

t = —s (1.1.94)

with s given by Eq. (1.1.92) is called the proper time parametrization. Notice
that the dimension of ¢ is [length]? according to Eq. (1.1.94).
Let us denote?

T
2

S[ye] = %—i—%/dtéz(t). (1.1.95)
0

4The notation S[I'] with square brackets means that S is a functional of T' while f(z)
with parentheses stands for functions.
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The sense of this notation is that the RHS coincides with the classical action of
a relativistic free (scalar) particle in the proper-time parametrization (1.1.94)
when

T

/ dtz*(t) =m / ds = m Length[l] (1.1.96)
0 0

since

(dzs_s@y _ (1.1.97)

and m7 = Length[I'] by the definition of the proper time.

Therefore, the path-integral representation (1.1.66) is nothing but the sum
over trajectories with the weight being an exponential of (minus) classical
action:

Glz—y) = Y e 5Mwl (1.1.98)

Tyo

This sum is split in Eq. (1.1.66) into the trajectories along which the particle
propagates during the proper time 7 and the integral over 7.

Equation (1.1.98) implies that the transition amplitude in quantum me-
chanics is a sum over all paths which connects x and y. In other words, a
particle propagates from x to y along all paths I'y, including the ones which
are forbidden by the free classical equation of motion

2,(t) = 0. (1.1.99)

Only the classical trajectory (1.1.99) survives the path integral in the
classical limit 7 — 0. The reason for this is that if the dependence on the
Planck’s constant is restored, it appears in the exponent:

Gz—y) = Y e SMwlh (1.1.100)
Tye

As h — 0 the path integral is dominated by a saddle point which is given in
the free case by the classical equation of motion (1.1.99).

It is worth noting that the sum-over-path representation (1.1.98) is written
entirely in terms of trajectories as geometric objects and does not refer to a
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concrete parametrization. For the free theory S[I'] is proportional to the
length of the trajectory I':

Sgee[l] = m Length[L], (1.1.101)

where the length is given for some parametrization o of the trajectory I' by

Length[l] — / dor/Z2(0). (1.1.102)

The sum-over-path representation (1.1.98) with S[I'] given by the classical
action (Eq. (1.1.101) in the free case) is often considered as a first principle
of constructing quantum mechanics given the classical action S[I'].

Problem 1.8 Represent the matrix element of the (Euclidean) evolution operator
(y lexp {—HT}|x) for the non-relativistic Hamiltonian

82

H=——+V 1.1.103

V(@) (1.1.103)
as a path integral.
Solution The calculation is similar to the one which is already done in Sub-
sect. 1.1.4. It is most convenient to use a path-integral over velocity which was
considered in Problem 1.5. The proper disentangling formula reads

e )

—m [T g2 — 7 dto -7 x;
:/Dv# () e 2 Jo WO po [y @O [TV s oy g 1100)

_H-
e

Here the argument ¢ in V' (z;t) is just the ordering parameter, while the same formula
holds when the potential is explicitly time dependent.

In contrast to Eq. (1.1.67), we have put the minus sign in front of the linear-
in-v term in the exponent in Eq. (1.1.104), so that it agrees with Appendix B
of Feynman’s paper [Fey51]. In fact it does not matter what sign is used since
the integral over v(t) is Gaussian so that only even powers of v survive after the
integration.

The path-ordered exponential in Eq. (1.1.104) reads explicitly

M

_ T (T . ) 8 )
Pe fo dt vk (£)d,(t) fU W@ _ im {1 — evz’.‘m — eV(z;ie) |, (1.1.105)
e—0 X

i=1
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which can be rewritten as

M

Pe fo dtu“(t)au(t)*fo atv(z;t) _ lim [1 _ evfi} [1 — eV (z;ie)], (1.1.106)
e—0 iy oxH

if terms which vanish as € — 0 are neglected, or equivalently as

K

Pe Jo dr®ou0- [T atvt) _ I1 [1 _ dtv“(t)ai} [1— dtV(z:t)]. (1.1.107)
t=0

There is no need to write down the ¢t-dependence of 9,(¢) in these formulas since
the order of the operators is explicit.
To disentangle the operator expression (1.1.107), let us note that

[1—dtv"()8,] = U ' (t+dbt)U(t) (1.1.108)

with
t
Ut) = eXp/ dt'v" ()0, (1.1.109)
0

being the shift operator. It obviously obeys the differential equation

d I
SU() =" (00, U(1). (1.1.110)

Now since

U)[1 —dtV(z; )| U () = {1—dtv<x+/tdt'v“(t’);t>} , (1.1.111)

the RHS of Eq. (1.1.107) can be written in the form

T

[1-a v“(t)i] [ — dtV(z:)]

oxh
t=0
= v'm]] [1—dtV(m+/tdt'v“(t');t>}
= U '(Pexp |- [ dtV |z td'v“ oF , 1.1.112
<>p0/t<+/0t<t>t) (1.1112)

which is completely disentangled.
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The operator Uﬁl(T) is now in the proper order to be applied to the variable y
in the argument of the delta-function, which results in the shift

8Dz —y) = 69 <x+/Tdtv“(t)—y). (1.1.113)
0

This will be explained in more detail in the next paragraphs.
Passing to the variable (1.1.72), we get finally

<y e~ H7 x> = /Dzu (t) effo dtﬁ(t)7 (1.1.114)
2 (0)=ap
zu("’):yp,
where
m .o
L(t) = 2. (1) + V(=) (1.1.115)

is the Lagrangian associated with the Hamiltonian H. The unusual plus-sign in
this formula is due to Euclidean-space formalism. It is clear from the derivation
that Eq. (1.1.114) holds for time-dependent potentials as well.

Notice that the path integral in Eq. (1.1.114) is now over trajectories which the
particle propagates in the fixed proper time 7 with no integration over 7.

A special comment about the operator U~ (7) in Eq. (1.1.112) is needed. In the
Schrodinger representation of quantum mechanics, one is interested in the matrix
elements on the evolution operator between some vectors (g| and |f) in the Hilbert
space. According to Eq. (1.1.23) one has in the coordinate representation

(9

Integrating by parts, the operator U~!(7) can then be applied to g(z) which results
in the shift

_H-
e

f> - /ddxg(x)e*HTf(x). (1.1.116)

g(z) = UM glx)U ' (r)=g (:c +/ dtv“(t)) . (1.1.117)
0
Passing to the variable (1.1.72), Eq. (1.1.116) becomes

(s

There are no restrictions on the initial and final points of the trajectories z,(t) in
this formula.

_H-
(]

Q - /D@me*ﬂ“WEMﬂﬁmm» (1.1.118)
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Problem 1.9 Calculate the diagonal resolvent of the Schrodinger operator in the
potential V' (z):

Ry (z,z;V) = <m\ L ‘m>7 (1.1.119)

R+ 2+ V

in the limit G — 0 for d = 1.

Solution Using the formula of the type (1.1.114), we represent R, (z,z;V) as the
path integral

1 T 22 [T
R (z,z;V) = %/dr e 37 / Dz (t) ey 45O [T AVE®) (4 90
0 zp (0)=z,

zp(T)=zy

As G — 0 this path integral is dominated by the t-independent saddle-point
trajectory

z(t) = =z, (1.1.121)

which is associated with a particle standing at the point x. Substituting V' at this
saddle-point, i.e. replacing V(z(t)) by V(x), and calculating the Gaussian integral
over quantum fluctuations around the trajectory (1.1.121) by the use of Eqgs. (1.1.84)
and (1.1.86), one gets

1

2¢/w? 4+ V(z)

Ry(z,xz; V) = (1.1.122)

ind=1.

Equation (1.1.122) can be alternatively derived by applying the Gelfand-Dickey
technique [GD75] which says that R, (z,z;V) obeys the third order linear differen-
tial equation

3 (360° — 0V (z) = V(2)9) Ru(z,2;V) = w?0Ru(z,2;V). (1.1.123)

R (z,x; V) given by Eq. (1.1.122) obviously satisfies this equation as G — 0.

One more way to derive Eq. (1.1.122) is to perform a semiclassical WKB ex-
pansion of Ry (x,y;V) in the parameter G. This is explained in Chapter 7 of the
book [LL74].

Problem 1.10 Derive Eq. (1.1.123).
Solution The resolvent

Ry(z,y;V) = <y} L }x> (1.1.124)

7g82 +w2+v
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obeys the equations

( gaazz +w +V( )> Rw(;my;V) — 5(1) (x_y)7
( 98822 +w’ +V(y )) Ro(z,y;V) = 6W(z—y). (11125

It can be expressed via the two solutions f+(z) of the homogeneous equation

< 93822 +wl V(e )) fe(@) =0, (1.1.126)

where fy or f_ are regular at +00 or —oo, respectively. Then the full solution is

Ro(z,y:V) = f+ (@) f-(y)b(z — yé ;/ff(m)h (y)0(y — =) (1.1.127)

with

Wo = fr(@)fL(2) - fi(2)f-(2) (1.1.128)

being the Wronskian of these solutions. Applying 9/9z to Eq. (1.1.128), it is easy
to show that W, is an z-independent function of w.
The simplest way to prove Eq. (1.1.123) is to differentiate

Ry, (z,z;V) = % (1.1.129)

using Eq. (1.1.126), in order to verify that it satisfies the nonlinear differential
equation

~2GR,R. +G (R.)” +4[w® + V] R: = 1. (1.1.130)

One more differentiation of Eq. (1.1.130) with respect to x results in Eq. (1.1.123).

It is worth noting that Eq. (1.1.130) is very convenient for calculating the semi-
classical expansion of R, (z,z;V) in G. In particular, the leading order (1.1.122) is
obvious.

Remark on parametric invariant representation

The Green function G(x — y) can be alternatively calculated from the para-
metric invariant representation

Gz —y) o / Da(oye "o 4VEE (1.1.131)
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as is prescribed by Egs. (1.1.101) and (1.1.102). In contrast to (1.1.66),
this path integral is not easy to calculate. The integration over Dz(o) in
Eq. (1.1.131) involves integration over the reparametrization group which
gives the proper group-volume factor since the exponent is parametric invari-
ant. Eq. (1.1.66) is recovered after fixing parametrization to be proper time.
How to perform this calculation is explained in Chapter 9 of the book by
Polyakov [Pol87].

If one makes a naive discretization of the parameter o by equidistant
intervals, the exponent in Eq. (1.1.131) is highly nonlinear in the variables z;,
leading to complicated integrals. On the contrary the discretization (1.1.87)
of the path integral (1.1.66), where the parametric invariance is fixed, results
in a Gaussian integral which is easily calculable.

Problem 1.11 Calculate the path integral in Eq. (1.1.131), discretizing the mea-
sure by

d%z;
N Z H EATE (1.1.132)

M=1i=1

and applying the central limit theorem as M — oo.
Solution By making the discretization, we represent the RHS of Eq. (1.1.131) as
the probability integral

M-1
d%z;
Gelz—y) = (2me d/ZZ/H 2me) (2me)d/2

xp(x—z1)p(z1 — 22)---plzm—1 —y) (1.1.133)
with
plaiis = z) = e Mozl (1.1.134)

being an (unnormalized) probability function and e is a parameter of the dimension
of [length]?. The probability interpretation of each term in the sum is standard for
random walk models, and means, as usual, that a particle propagates via indepen-
dent intermediate steps. The discretization of the measure given by Eq. (1.1.133)
looks like that in Eq. (1.1.62), but the summation over M is now added.

Since the integral in Eq. (1.1.133) is a convolution, the central limit theorem
states that

M
1 Co
Gele=v) = Grgam 2 [( 2)‘“2]

2memy

1 , -
*oro2an)? e MG OO (1.1.135)
YiXe
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at large M, where co and o2 are the zeroth and (normalized) second moments of p:

_ T (d)
— | pe-lel = opd/2
co / Te ™ r R

) 1

o = — dzzte 1 = dd+1). (1.1.136)
0

The sum over M in Eq. (1.1.135) is convergent for

1/d
c/

mo > me = 02 (1.1.137)
™

(o)

and is divergent for mo < mc. Choosing mo > me, but m3 — m?2 ~ 1 in the limit
€ — 0, the sum over M will be convergent, while dominated by terms with large

1
M ~ m2~ - (1.1.138)

This is easily seen by rewriting Eq. (1.1.135) as

2

m d/2
6o = 3 (i)
M

« e ~4MIn (mo/me)—m2(z—y)? /(202 M)+O(M~2) _ (1.1.139)

Each term with M ~ m?2 contributes O(1) to the sum, so that
Ge(z—y) ~ m2. (1.1.140)

This justifies the using of the central limit theorem in this case. The typical
distances between the z;’s, which are essential in the integral on the RHS of
Eq. (1.1.133), are

2 — zia| ~ mi ~ e (1.1.141)
0

like in Eq. (1.1.89). The relation (1.1.138) between the essential values of M and e
is also similar to what we had in Subsect. 1.1.4.
The sum over M in Eq. (1.1.139) can be replaced by a continuous integral over
the variable
2
r=2M (1.1.142)

m2

which is O(1) for M ~ m?2. Introducing also the variable m by

d
m? = P (mg - mz) >0, (1.1.143)
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we rewrite Eq. (1.1.139) as

oo

e—0 mZ (@-p)?
Ge(x—y) = mC/dTﬁe%sz Z (1.1.144)
T

o2
0

whose RHS is proportional to that in Eq. (1.1.85) for the Euclidean propagator.

Remark on discretized path-ordered exponential

As is discussed in Subsect. 1.1.3, the order of operators A; and B; with
the same index 4 is not essential in the path-ordered exponential (1.1.52) as
M — oco. If Eq. (1.1.52) is promoted to be valid at finite M (or at least to the
order of O(1/M)), this specifies the commutator of A; and B;. Analogously,
a discretization of Eq. (1.1.114) specifies in which order the product of z;p; in
the classical theory should be substituted by the operators x; and p; in the
operator formalism. See details in the books by Berezin [Ber86] (Chapter 1
of the Part IT) and Sakita [Sak85] (Chapter 6).

1.1.7 Propagators in external field

Let us now consider a (quantum) particle in a classical electromagnetic field.
The standard way of introducing an external electromagnetic field is to sub-
stitute the (operator of the) four-momentum p# by

p' — pt—eAt(x). (1.1.145)

Recalling the definition (1.1.26) of the Euclidean four-momentum, 9,
needs to be replaced by the covariant derivative

Oy — V,=0,—ied,(x). (1.1.146)
Inverting the operator Vi by the use of the disentangling procedure, one

gets
d

1
G(z,y;4) = <ZJ‘W

- / dr e i / Da(t) ey dEWhe [T 0AED) (4 4 147)
0 z(0)=x
z(T)=y
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Notice that the exponent is just the classical (Euclidean) action of a particle
in an external electromagnetic field. Therefore, this expression is again of the
type in Eq. (1.1.98).

The path-integral representation (1.1.147) for the propagator of a scalar
particle in an external electromagnetic field is due to Feynman [Fey50] (Ap-
pendix A).

Problem 1.12 Derive Eq. (1.1.147) using Eq. (1.1.67) with D,, = —V,,.
Solution The calculation is analogous to that of Problem 1.8. We have

Du(t) = — Vu(t) = —0,(t) +ieAu(z;t) (1.1.148)

so that explicitly

Pe fo darOVL® {1 —dt v“(t)% +iedt v () Ap(z;t)
x

t=0

_ f[ [1 - dtv“(t)%} [1 4 ie dt " () Ap(z; 1)]. (1.1.149)
t=0

This looks exactly like the expression (1.1.107) with
V(z;t) = —iev”(t)Au(z;t). (1.1.150)

Substituting this potential in Eq. (1.1.114) and remembering the additional inte-
gration over 7, we obtain the path-integral representation (1.1.147).

We can alternatively rewrite Eq. (1.1.147) as
! de dz" Ay (z
Gy A) = > e Jro © (1.1.151)
Tyo

where, proceeding as in Subsect. 1.1.6, we have included the free action in
the definition of the sum over trajectories:

S = 3 e Sl (1.1.152)
Tyz T'yz

and rewritten the (parametric invariant) integral over dt as the contour inte-
gral over

dz = dt (1) (1.1.153)

along the trajectory I'y,.
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The meaning of Eq. (1.1.151) is that the transition amplitude of a quantum
particle in a classical electromagnetic field is the sum over paths of the Abelian
phase factor

ie dzl A, (z
U] = o “Jr. 4 (1.1.154)

Under the gauge transformation

. 1
Au(z) ES A (2)+ ~Oua(2) (1.1.155)
the Abelian phase factor transforms as
Ullye] &% ei@® U[D,,] e —@ (1.1.156)

Noting that a wave function at the point z is transformed under the gauge
transformation (1.1.155) as

o(x) LA e @) (), (1.1.157)

we conclude that the phase factor is transformed as the product ¢(y)e'(z):

ULy % “py)pl (@), (1.1.158)

[43 2

where means literally that “transforms as ...”.

As a consequence of Egs. (1.1.156) and (1.1.157), a wave function at the
point x transforms like one at the point y after multiplication by the phase
factor:

U] o(z) 5 “o(y)”, (1.1.159)

and analogously
g't' [43 7
Py UMyl =~ “pl(2). (1.1.160)

Equations (1.1.159) and (1.1.160) show that the phase factor plays the
role of a parallel transporter in an electromagnetic field, and that in order to
compare phases of a wave function at points x and y, one should first make a
parallel transport along some contour I'y,,. The result is, generally speaking,
I" dependent except when A, (2) is a pure gauge. The sufficient and necessary
condition for the phase factor to be I' independent is the vanishing of the field
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strength, F),, (z), which is a consequence of the Stokes theorem when applied
to the Abelian phase factor®.

Below we shall deal with determinants of various operators. Analogous to
Eq. (1.1.147), one gets

1 dr 1 2
2 57V
lndetvu—g/—q_ Spez2”Vu

0
1 * d 1 [(Tarz ie zH z
_ 5/ dr / Dz (t) o3 Jo #EOFie faAue) g 461
0 T
z(0)=z(7)

where the path integral goes over trajectories which are closed due to the
boundary condition z,(0) = 2,(7). To derive Eq. (1.1.161), we have used the
formula

Indet D = Spln D, (1.1.162)

which relates the determinant and the trace of a Hermitean operator (or a
matrix) D.

Problem 1.13 Prove Eq. (1.1.162).

Solution Let us first reduce D to a diagonal form by a unitary transformation
and denote eigenvalues as D;. Then Eq. (1.1.162) reads

m[[pi = > mb (1.1.163)

which is obviously true.

The phase factor for a closed contour I' enters Eq. (1.1.161). It describes
a parallel transportation along a closed loop, and is gauge invariant as a
consequence of Eq. (1.1.156):

eieﬂ 2 Au() & eiefr = Au(@) (1.1.164)

This quantity, which plays a crucial role in modern formulations of gauge
theories, will be discussed in more detail in Sect. 2.1.

5Strictly speaking, this statement holds for the case when I' can be chosen everywhere
in space-time, i.e. which is simply connected. However, there exist situations when I' can
not penetrate into some regions of space like for the Aharonov—Bohm experiment which is
discussed below in Subsect. 2.1.4.
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Problem 1.14 Show how the path-integral representation (1.1.147) recovers for
G (z,y; A) the diagrammatic expansion of propagator in an external field A,,:

G(z,y; A) = + 2 + 2 2 + 19 4

x y x y x y x Y (1.1.165)

Solution Use the formula
/ 4 Y /
érzd@(s“(g—z)m = Za_@z (1.1.166)
where
Oy = —0p+ 0, - (1.1.167)
The proof is given in Appendix A of the paper [MMS81].

Problem 1.15 Establish the equivalence of the path-integral representation
(1.1.161) of Indet Vi and the sum of one-loop diagrams in an external field A,:

1ndetvi:© + é + 1 + 5 + ...,
(1.1.168)

with the combinatoric factor 1/2 in the third diagram being associated with a
symmetry factor.
Solution The same as in the previous problem.

Remark on analogy with statistical mechanics

A formula of the type (1.1.161), which represents the trace of an operator via
path integral over closed trajectories, is known as the Feynman—Kac formula.
The terminology comes from statistical mechanics where the partition func-
tion (or equivalently the statistical sum) is given by the Boltzmann formula

Z = SperH (1.1.169)

(with 8 being the inverse temperature) whose path-integral representation is
of the type in Eq. (1.1.161). The expression which is integrated on the RHS of
Eq. (1.1.161) over dr/7 is associated, in the statistical-mechanical language,
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with the partition function of a closed elastic string, whose energy is propor-
tional to its length, and interacts with an external electromagnetic field. This
shows an analogy between Euclidean quantum mechanics in d-dimensions and
statistical mechanics in d (spatial)- and 1 (temporal)-dimensions whose time-
dependence disappears, since nothing depends on time at equilibrium. We
shall explain this analogy in more detail in Chapter 2 (Sect. 2.5) when dis-
cussing quantum field theory at finite temperature.
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1.2 Second quantization

In the previous Section we have considered first quantization of particles,
where the operators of coordinate and momentum, & and p respectively, are
represented in the coordinate space by

T=3, p=-—ig
In the language of path integrals, first quantization is associated with integrals
over trajectories in the coordinate space.

While propagators can be easily represented as path integrals, it is very
difficult to describe, in this language, a (non-geometric) self-interaction of
a particle, since this would correspond to extra weights for self-intersecting
paths. For the free case (or a particle in an external gauge field) there are no
such extra weights, and the transition amplitude is completely described by
the classical action of the particle.

In the operator formalism, self-interactions of a particle is described by
the use of second quantization — this is where the transition from quantum
mechanics to quantum field theory begins. Second quantization is a quanti-
zation of fields, and is associated with path integrals over fields which is the
subject of this Section. We demonstrate how perturbation theory and the
Schwinger—-Dyson equations can be derived by using path integrals.

= first quantization | . (1.2.1)

1.2.1 Integration over fields

Let us define the following (Euclidean) partition function®

Z = /Dgo(:v) e s (1.2.2)

where the action in the exponent is given for the free case by
1
Stelel = 5 [ ' (00 4 m?e?). (1:2:3)

The measure Dy(x) is defined analogously to Eq. (1.1.62):

/Dgp(z)... = ];[7061@(:6)... (1.2.4)

6Tt is also called the statistical sum in an analogy with statistical mechanics (see Sub-
sect. 1.1.7).
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where the product runs over all space points x and the integral over dy is the
Lebesgue one.
The propagator is given by the average

G(r,y) = (p@) W) (1.2.5)

where a generic average is defined by the formula

(Flg]) = 27! / Dy (z) e S¥IF ). (1.2.6)

The notation is obvious since we average on the RHS of Eq. (1.2.6) over all
field configurations with the same weight as in the partition function (1.2.2).
The normalization factor Z~! provides the necessary property of an average

(1) =1. (1.2.7)
Since the free action (1.2.3) is Gaussian, the average (1.2.5) equals

1
—02 + m?

G-y = <y‘ w> (1.2.8)

which coincides with (1.1.57). Therefore, we have obtained the same propa-
gator (1.1.85) as in the previous Section.

Problem 1.16 By discretizing the (Euclidean) space, derive

Zﬁl/HdQOw eXP{%Z‘PzDzy@y} PaPy = D;yl (1.2.9)

z,y

Solution Calculate the Gaussian integral by the change of variable

Yo — ¢ = Z(D*W)xy(py. (1.2.10)
Yy

Note that the integrals over ¢(x) are convergent in Euclidean space. If
a discretization of space is introduced, the path integrals in Eqgs. (1.2.2) or
(1.2.6) are rigorously defined.
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Remark on Minkowski-space formulation

In Minkowski space, perturbation theory is well-defined since the Gaussian
path integral, which determines the propagator

/Dgp eiS = /D(p oifd'weDe (1.2.11)

equals

1
(Qatpy) = <y’5 £C> (1.2.12)
Here D is a proper operator in Minkowski space.
It can not be said a priory whether a non-perturbative formulation of
a given (interacting) theory via the path integral in Minkowski space exists
since the weight factor is complex and the integral may be divergent.

1.2.2 Grassmann variables

Path integrals over anticommuting Grassmann variables are used to describe
fermionic systems.
The Grassmann variables 1, and 1), obey the anticommutation relations

{%11”1{]1} = 07
{%,%} - 0,
{$y. 0z} = 0. (1.2.13)

As a consequence, the square of a Grassmann variable vanishes
P2 = P = 0. (1.2.14)

The path integral over the Fermi fields equals
/D@E Dy e J¥=vDv 4o p (1.2.15)
while an analogous integral over the Bose fields is

/DdDwe*fdd“”D*" — (detD)". (1.2.16)
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Problem 1.17 Define integrals over Grassmann variables.
Solution Assuming that v and ¥ belong to the same Grassmann algebra, the
Berezin integrals are defined by

/dwz:/d'(/_)x:07
/dﬂjaﬂ/)y :/dd—)aﬂ/_’y = ay ,

/dwzzﬁy = /dzﬁzwy =0. (1.2.17)

The simplest interesting integral is
/d1/_),c dipge VeV = 1. (1.2.18)

The formula (1.2.15) can now easily be derived: representing (y|D|z) in the di-
agonal form, expanding the exponential up to a term which is linear in all the Grass-
mann variables and calculating the integrals of this term according to Eq. (1.2.17).
See more details in the book by Berezin [Ber86] (§3 of Part I).

The average over the Fermi fields, defined with the same weight as in
Eq. (1.2.15), equals

(V@) () = (y|D ) (1.2.19)
which is the same as for bosons.

Notice that the fermionic partition function (1.2.15) can be rewritten ac-
cording to Eq. (1.1.162) as

detD = eSpnD, (1.2.20)
The analogous formula for bosons (1.2.16) is rewritten as
(detD)™! = e—SpnD, (1.2.21)

The relative minus sign in the exponents on the RHS’s of Egs. (1.2.20)
and (1.2.21) is a famous minus sign which emerges for closed fermionic loops
which contribute to the (logarithm of the) partition function.
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x x1 Hp) Yy

Fig. 1.4: Diagrammatic representation of the last term on the RHS of Eq. (1.2.23).

1.2.3 Perturbation theory

The cubic self-interaction of the scalar field is described by the action

Sy = /ddzzr (— (0up)? + sm2p* + %@3) : (1.2.22)

where A is the coupling constant.

To construct perturbation theory, we expand the exponential in A and
calculate the Gaussian averages with the free action (1.2.3).

To order A2, the expansion is

({3 e fone), )

+ <<p (x) % /ddacl ©° (1) % /dd:vg ©° (22) ¢ (y)> +... (1.2.23)

free

The term which is linear in A (as well as the Gaussian average of any odd

power of ¢) vanishes due to the reflection symmetry ¢ — — of the Gaussian

action. The last term on the RHS is depicted graphically in Fig. 1.4.
Further calculation of the RHS of Eq. (1.2.23) is based on the free average

(o @) e () )ree = G (i —25) (1.2.24)

and rules of the Wick pairing of Gaussian averages, which allow us to represent
the average of a product as the sum of all possible products of pair averages.
Some of the diagrams which emerge after the Wick contraction are depicted
in Fig. 1.5. These diagrams are called Feynman diagrams.

The diagram of Fig. 1.5b is disconnected. Its disconnected part with
the two loops cancels with the same contribution from Z~! (which yields the
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x x1 T2 Yy

a) b)

Fig. 1.5:  Some of the Feynman diagrams which appear from (1.2.23) after the Wick
pairing.

factor in the first term on the RHS of Eq. (1.2.23)). This is a general property
that only connected diagrams are left in { ¢ (z;) ¢ (z;) ).

Let us note finally that the combinatoric factor 1/2 is correctly reproduced
for the diagram of Fig. 1.5a. For an arbitrary diagram, this procedure of
pairing reproduces the usual combinatoric factor which is equal to the number
of automorphisms of the diagram (i.e. the symmetries of a given graph).

1.2.4 Schwinger—Dyson equations

Feynman diagrams can be alternatively derived by iterations in the coupling
constant of the set of the Schwinger-Dyson equations which is a quantum
analogue of the classical equation of motion.

To derive the Schwinger—-Dyson equations, let us utilize the fact that the
measure (1.2.4) is invariant under an arbitrary shift of the field

o) — (@) +dp(x). (1.2.25)

This invariance is obvious since the functional integration goes over all the
fields while the shift (1.2.25) is just a transformation from one field configu-
ration to another.

Since the measure is invariant, the path integral in the average (1.2.6)
does not change under the shift (1.2.25):

dg . e —Slel _5S 2 OF [¢] _
/d do ( )/D(p [ 690($)F[<p]+ So() 0. (1.2.26)
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Since dp(x) is arbitrary, Eq. (1.2.26) results in the following quantum
equation of motion

(1.2.27)

where we have explicitly written the dependence on the Planck’s constant #.
It appears this way since the action S is divided by & in Eq. (1.2.2) when £
is restored.

Equation (1.2.27) is to be understood in the weak sense, i.e. it is valid
under the sign of averaging when applied to a functional F[p]. In other
words the variation of the action on the LHS of Eq. (1.2.27) can always be
substituted by the variational derivative on the RHS when integrated over
fields with the same weight as in Eq. (1.2.6). Therefore, one arrives at the
following functional equation

(Elri) - n(55E), .

This equation is quite similar to that which Schwinger considered in the
framework of his variational technique.

1.2.5 Commutator terms

In order to show how Eq. (1.2.28) reproduces Eq. (1.1.34) for the free propa-
gator, let us choose

Flo] = ¢(y). (1.2.29)

Substituting into Eq. (1.2.28) and calculating the variational derivative, one
gets

(-0 4m) @) = n{5E0) = 1D @-y) (1230

which coincides with Eq. (1.1.34).
The LHS of Eq. (1.2.30) emerges from the variation of the free classical
action (1.2.3)

6Sfree
oy ()

= (=0 +m?) ¢(z) (1.2.31)
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while the RHS, which results from the variational derivative, emerges in the
operator formalism from the canonical commutation relations

8 (zo — yo) [ (0, T), @ (0, 7)] = 16D (x —y) (1.2.32)

as is explained in Subsect. 1.1.1.

For this reason, the RHS of Eq. (1.2.30) and, more generally, the RHS of
Eq. (1.2.28) is called the commutator term. The variational derivative on the
RHS of Eq. (1.2.27) plays the role of the conjugate momentum in the operator
formalism. The calculation of this variational derivative in Euclidean space is
equivalent to differentiating the T-product and using canonical commutation
relations in Minkowski space.

When the Planck’s constant vanishes, i — 0, the RHS of Eq. (1.2.27)
(or Eq. (1.2.28)) vanishes. Therefore it reduces to the classical equation of
motion for the field ¢:

5[]

S ()
This implies that the path integral over fields has a saddle point as iz — 0
which is given by Eq. (1.2.33).

Another lesson we have learned is that the average (1.2.5), which is de-
fined via the Euclidean path integral, is associated with the Wick rotated
T-product. We have already seen this property in the previous Section in the
language of first quantization. More generally, the Euclidean average (1.2.6) is
associated with the vacuum expectation value of (0| TF[¢]|0) in Minkowski
space.

(1.2.33)

1.2.6 Schwinger—Dyson equations (continued)

The set of the Schwinger-Dyson equations for an interacting theory can be
derived analogously to the free case.

Let us consider the cubic interaction which is described by the action
(1.2.22). Choosing again F'[y] to be given by Eq. (1.2.29) and calculating the
variation of the action (1.2.22), one gets

(=0 +m?) (9 (@) o)) + 2 (P @) o)) = 6@ (@—y). (1234

Problem 1.18 Rederive Eq. (1.2.34) by analyzing Feynman diagrams.
Solution Let us introduce the Fourier-transformed 2- and 3-point Green functions

G) = / dhze 7 (p(@)p(0)), (1.2.35)
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and
Gs(p,q,—p—q) = /ddwddye’i”””’iqy<<p($)<p(y)s0(0)>« (1.2.36)

Let us also denote the free momentum-space propagator as

1
G = —. 1.2.37
o) = (12:37)
The perturbative expansion of G3 starts from
G3(p,q,—p—4q) = — AGo(p)Go(q)Golp+q) +... . (1.2.38)

It is standard to truncate three external legs, introducing the vertex function

L(p,q,~p—q) = Gs(p,q,—p—q)G ' ()G (@)G ' (p+q) (1.2.39)

whose perturbative expansion starts from A:

T(p,g—p —q) = —)\—)\3/ (;T’)“ Golk — p)Go(k)Go(k +q) + ... . (L.2.40)

This expansion can be represented diagrammatically as

where the filled circle on the LHS represents the exact vertex and the thin lines are
associated with the bare propagator (1.2.37).
An analogous expansion of the propagator is

e
O O
D00

(1.2.42)
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where the bold line represents the exact propagator. It is commonly rewritten as
an equation for the self-energy Gy '(p) — G~'(p) which involves only the 1-particle
irreducible (1PI) diagrams. The last diagram on the RHS of Eq. (1.2.42) is not 1PL.

Resumming the diagrams according to the definition (1.2.41) of the exact ver-
tex I' and the exact propagator GG, the propagator equation can be represented

graphically as
Go(p) — Go(p)G ™ (p)Go(p) = —O— (1.2.43)

where the bold lines represent the exact propagator G while the external (thin) ones
are associated with the bare propagator Go. One vertex on the RHS of Eq. (1.2.43)
is exact and the other is bare. It does not matter which one is exact and which one
is bare since we can collect the diagrams of Eq. (1.2.42) into the exact vertex either
on the left or on the right. Eq. (1.2.43) can be written analytically as

Go'llp)—G'(p) = —%/%G(q)F(—q,p,q—p)G(p—q)- (1.2.44)

Multiplying Eq. (1.2.44) by G(p) and using the definition (1.2.36), we obtain
exactly the Fourier transform of Eq. (1.2.34).

Notice that Eq. (1.2.34) is not closed. It relates the 2-point average (prop-
agator) to the 3-point average (which is associated with a vertex). The closed
set of the Schwinger-Dyson equations can be obtained for the n-point aver-
ages

Gn(x1, 22, ..., xn) = (p(x1)e(z2)...0(zpn)). (1.2.45)

They are also called the correlators, in analogy with statistical mechan-
ics, or the n-point Green functions, in analogy with the Green functions in
Minkowski space.

Choosing

Fle] = ¢(x2)...¢(zn) (1.2.46)

and calculating the variational derivative, one gets from Eq. (1.2.28) the fol-
lowing chain of equations

(=07 +m?) (¢ (2) ¢ (22) ... ¢ (an))

+%<¢2(I)¢(I2)---‘P($")>

= YD) <<p (22) ... 0 (x))... 0 (:cn)> (1.2.47)

n
Jj=2
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where ¢ (z;) means that the corresponding term ¢ (x;) is missing in the
product. Using the notation (1.2.45), Eq. (1.2.47) can be rewritten as

A
(—82 + m2) Gn(z,xa,. .. 20n) + §Gn+1(x,x,x2, cey )

0D (x =) Gro(T2,. .., Tj, .oy Tn) (1.2.48)

n
j=2
with z; again standing for the missing argument.

Remark on connected correlators

The n-point correlators (1.2.45) include both connected and disconnected
parts. The presence of disconnected parts is most easy to see in the free case
when all connected parts disappear while G,, for an even n is given by the
Wick pairing as is discussed in Subsect. 1.2.3. .

The correlators can be alternatively defined by introducing the partition
function which is a functional of an external source J(x):

Z[J] = /Dgp () e 5[ d'=I@e) (1.2.49)

and varying with respect to the source. The n-point functions (1.2.45) are
then given by

G (21, ) = Z[J] (1.2.50)

while the connected parts are given by

(o(z1)...¢(Zn) )eonn = 6JES:101) 5T () In Z[J]. (1.2.51)
The point is that
W[J] = InZ[J] (1.2.52)

involves only a set of connected diagrams while disconnected ones emerge
in Z[J] after the exponentiation. We already touched this property in Sub-
sect. 1.2.3 to order A\?. The functional W [J] is called, for this reason, the
generating functional for connected diagrams.
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Remark on the LSZ reduction formula

The (analytically continued to Minkowski space) correlators Gy, (x1, ..., Ty)
determine an amplitude of the process when n, generally speaking, virtual
particles produces k on-mass-shell particles. Let us denote this amplitude
as Ap—k (q@1y- -, qu;D1, - -, pr) Where q1,...,¢, and p1,...,py are the four-
momenta of the incoming and outgoing particles, respectively. The four-
momentum conservation says

Gq+...+q, = p1+...+pk. (1.2.53)
The Lehman—Symanzik—Zimmerman (LSZ) reduction formula reads

An—>k (qlu' -5 A4n;iP1, - - '7pk)

n k dp n—1 ddq
TR Ty £y v
Jj=1 =1 pi=
. k n—
o T P e g ) (1.2.54)

The unusual sign of the square of the particle mass m is due to the Euclidean
metric.

Equation (1.2.54) makes sense for timelike p;, when p? < 0, while qJQ- is
arbitrary. The amplitude for the case of on-mass-shell incoming particles is

given by Eq. (1.2.54) with qu — —mZ2.

1.2.7 Regularization

The ultraviolet divergencies (i.e. those at small distances or large momenta)
are an intrinsic property of QFT which makes it different from the quantum
mechanics of a finite number of degrees of freedom. The divergencies emerge,
roughly speaking, because of the delta-function in the canonical commutation
relations.

The idea of regularization is to somehow smooth the effect of the delta-
function. The usual procedures of regularization are to

1) smear the delta-function by

— point splitting,
— Schwinger proper-time regularization,

— latticizing;
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2) add negative-norm regulating term to the action

— Pauli-Villars regularization;

3) introduce higher derivatives in the kinetic term”;
4) change the dimension 4 — 4—¢;
5) regularize the measure in the path integral.

As an example of point splitting, let us consider the regularization when
the delta-function in the commutator term is replaced by

6Dz —y) Beg R6Y(z —y) = R(z,v). (1.2.55)
The regularizing operator R is for instance
R = o @-m") (1.2.56)

where the parameter a with the dimension of length plays the role of an
ultraviolet cutoff. The cutoff disappears as a — 0 when

R — 1,
R(z,y) — 09D (x—y). (1.2.57)

It is easy to calculate how the regularization (1.2.55) modifies the propa-
gator. The result reads

1 d
GR(‘:C_y) = _82+m2R5( )(‘:C_y)
1 /OO 1 2 (z—y? 1
= [dre et~ (1.2.58)
2 (27T7')d/2

a2

The lower limit in the integral over the proper time 7 is now a? rather than
0 as in the non-regularized expression (1.1.85). This particular way of point
splitting coincides with the Schwinger proper-time regularization.

A regularization via point splitting can be done non-perturbatively while
the dimensional regularization, which is listed in item 4, is defined only in the
framework of perturbation theory. The regularization of the measure, which
is listed in item 5, will be considered in the next Section.

When a regularization is introduced, some of the first principles (called
the axioms), on which quantum field theory is built on, are violated. For
instance, the regularization via the point splitting (1.2.55) violates locality.

7That is in the quadratic-in-fields part of the action.
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1.3 Quantum anomalies from path integral

As is well-known, the Lagrangian approach in classical field theory is very
useful for constructing conserved currents associated with symmetries of the
Lagrangian. Noether’s theorems® say how to construct corresponding cur-
rents and when they are conserved.

An analogous approach in quantum field theory is based on path integrals
over fields. It naturally incorporates the classical results since the weight in
the path integral is given by the classical action.

However, anomalous (i.e. additional to classical) terms in the divergencies
of currents can appear in the quantum case due to a contribution from regu-
lators which make the theory finite in the ultraviolet limit. They are called
quantum anomalies.

In this Section we first consider the chiral anomaly, 7.e. the quantum
anomaly in the divergence of the axial current, which appears in the path-
integral approach as a result of the non-invariance of the regularized measure.
Then we briefly repeat the analysis for the scale anomaly, i.e. the quantum
anomaly in the divergence of the dilatation current.

1.3.1 QED via path integral

Let us restrict ourselves to the case of quantum electrodynamics (QED),
though most of the formulas will be valid for a non-Abelian Yang—Mills theory
as well.

QED is described by the following partition function

Z :/DAH/DQ/?D¢e’S[A’¢’1L] (1.3.1)

where A, is the vector-potential of the electromagnetic field, +; and W) are
the Grassmann variables which describe the electron-positron field with ¢
being the spinor index. They are independent but are interchangeable under
involution

W & 5 (1.3.2)
which is defined such that®
hrthy =5 oty . (1.3.3)

8See, e.g., §2 of the book [BS76].

9See the book by Berezin [Ber86] (§3.5 of Part I). Sometimes involution is defined with an
opposite sign (i.e. 1 is substituted by %) which results in a multiplication of the fermionic
part of the action (1.3.4) by an extra factor of s.
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In particular, 1) is invariant under involution. Therefore, 1) is an analogue
of ip = i@bTﬂyo in the operator formalism while involution is analogous to
Hermitean conjugation.

The Euclidean QED action in Eq. (1.3.1) reads

- . . 1
S[A, ), 9] = /ddzzr (umv#w + mapyp + ZFﬁy) , (1.3.4)
where

V., = 0, —ieA, (z) (1.3.5)
is the covariant derivative as before,

F.,, = 0,A, —0,A, (1.3.6)
is the field strength, and vy, are the Euclidean v-matrices which are discussed
in Subsect. 1.1.2.

1.3.2 Chiral Ward identity

Let us perform the local chiral transformation

P(x) =5 Y (x) = ey (a),
' () = (x) e @), (1.3.7)

Here the parameter of the transformation «(z) is a function of x and s is
the Hermitean matrix

Y5 = 71727374 (1.3.8)

in d = 4. Note that both 7 and 7 have the same transformation law since in
Minkowski space

b = iy, n =%, W= (1.3.9)

while 45 and v anticommute.
The variation of the classical action (1.3.4) under the chiral transforma-
tion (1.3.7) reads

0S = /dd:c (Opa (z) JE () + 2ima(z)y(2) 50 () | (1.3.10)
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where the axial current
Jp = iyuysv (1.3.11)

is the Noether current associated with the chiral transformation.
It follows from Eq. (1.3.10) that the divergence of the axial current (1.3.11)
reads

) = 2imiysy, (1.3.12)
so that it is conserved in the massless case (m = 0) at the classical level:
=0
oJ) "= 0. (1.3.13)
Problem 1.19 Verify Eq. (1.3.12) using the classical Dirac equation
(§+m) P) =0, VYV =%V,. (1.3.14)

Solution Calculate straightforwardly the divergence of the axial current (1.3.11)
using Eq. (1.3.14) and the conjugate one

P(x) (g —m) =0 (1.3.15)
with
V. = O tieAu(z). (1.3.16)

Let us now discuss how the measure in the path integral changes under
the chiral transformation (1.3.7). The old and new measures are related by

DDy — D&’Dw’det[e%a(z)%&(d) @ -, (1.3.17)

where the determinant is over the space indices x and y as well as over the -
matrix indices ¢ and j. Notice that the determinant, which is nothing but the
Jacobian of the transformation (1.3.7), emerges for the Grassmann variables
to the positive rather than negative power as for commuting variables. This is
a known property of the integrals (1.2.17) over Grassmann variables [Ber86]
which look more like derivatives.

The logarithm of the Jacobian in Eq. (1.3.17) can be calculated as

Indet | e 2 (@5 (x—y)} = Spln[e? @]

= SplRiays] = 2i/dd:1:a(:c) 5D (0) spys = 0, (1.3.18)
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where sp is the trace only over the y-matrix indices ¢ and j. The RHS vanishes
naively since the trace vanishes. A subtlety with the appearance of the infinite
factor 6(?)(0) will be discussed in the next Subsection.

Note that the infinitesimal version the transformation (1.3.7) is a partic-
ular case of the more general one

(z) — Y (x) =1 () + 0 (),
b)) — P (2) = (2) + 00 (a), (1.3.19)

which is an analog of the transformation (1.2.25) and leaves the measure
invariant. The calculation given in Eq. (1.3.18) is an explicit illustration of
this fact.

The general transformation (1.3.19) leads, when applied to the path inte-
gral in Eq. (1.3.1), to the Schwinger—Dyson equations

(T+m)vi) ™= 56(95)’
() (g —m> = %@), (1.3.20)

which hold in the weak sense, i.e. under the sign of averaging over ¢ and 4.

More restrictive transformations of the type of (1.3.7), which are associ-
ated with symmetries of the classical action and result in conserved currents,
lead to some (less restrictive) relations between correlators which are called
Ward identities. This terminology goes back to the fifties when a proper re-
lation between the 2- and 3-point Green functions was first derived for the
gauge symmetry in QED.

The simplest Ward identity, which is associated with the chiral transfor-
mation (1.3.7), reads

(0uT20)b: (@5 1)
"= 38 (@) (r50); (003 (1) = 169 () (vulw) (F3s), (0)) - (1.321)

It is clear from the way Eq. (1.3.21) was derived, that it is always satisfied as
a consequence of the quantum equations of motion (1.3.20).

Problem 1.20 Derive Eq. (1.3.21) in the operator formalism when the averages
are substituted by the vacuum expectation values of the T—products.

Solution Use Eq. (1.3.14) (which acquires an extra —i in Minkowski space, where
the spatial y-matrices are anti-Hermitean rather than Hermitean as in Euclidean
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space, and holds in the quantum case in the weak sense, i.e. when applied to a
state) and canonical equal-time anticommutation relations for ¢ and i with the
only non-vanishing anticommutator being

5(z0 = yo) {¥: (W), ¥, (2)} = 6,6V (z —y). (1.3.22)

Remark on 75 in d dimensions

Let us recall that

Y5 = e (1.3.23)

exists only for an even d when the size of the y-matrices is 24/2 x 2%/2. For
this reason the dimensional regularization is not applicable in calculations of
the chiral anomaly.

Remark on gauge-fixing

Note that we did not add a gauge-fixing term to the action (1.3.4). It is
harmless to do that since the gauge-fixing term does not contribute to the
variation of the action under the chiral transformation. Moreover, all gauge
invariant quantities do not depend on the gauge fixing. How to quantize a
gauge theory without adding a gauge-fixing term will be explained in the next
Chapter.

1.3.3 Chiral anomaly

As is already mentioned, Eq. (1.3.18) involves the uncertainty
5(D0)- spys = o0-0. (1.3.24)

To regularize §(¥(0), one needs [Ver78, Fuj79] to regularize the measure in
the path integral over ¢ and 1), since this term comes from the change of the
measure under the chiral transformation.

Let us expand the fields ) and 1 over some set of the orthogonal basis
functions, similarly to how it is done in Eq. (1.1.78):

dYoctn(@).  Px) = Y @@, (1.3.25)

where there is no summation over the spinor index i. Here ¢!, and ¢, are

Grassmann variables. The measure is then similar to that of Eq. (1.1.79) and
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reads explicitly
DYDYy = ]O"O[ 14, ]O"O[ [1dei, (1.3.26)
n=1 1 m=1 j

The idea of regularizing the measure is to restrict ourselves to a large but
finite number of the basis functions. This is analogous to the discretization
of Subsect. 1.1.4. We therefore define the regularized measure as

M
(DY) g (D H 11de T1 I de.- (1.3.27)
n=1 14 m=1 j
The change of the measure under the chiral transformation reads

(DY) R(DY) R
= (DY')r(DY')g det { / 'z ¢,’§T<w>e”“<m§j¢fg<w>] , (1.3.28)

where the determinant is both over the n and m indices and over the spinor
indices k and j. This is the regularized analog of the nonregularized expres-
sion (1.3.17).

Using the orthogonality of the basis functions:

/ dx 11 (2)pl (x) = Opmd™ (1.3.29)

and Eq. (1.2.20), we rewrite the determinant on the RHS of Eq. (1.3.28) for
an infinitesimal parameter o as

det [/ A ¢ﬁT($)e2ia(w)V§j¢%(x):|
= 1+2zZ/d%¢T () Y5n () (1.3.30)

where the spinor indices are contracted in the usual way.
It is easy to see how this formula recovers Eq. (1.3.18) since

Zgzﬂ ()¢l (y) = 6D (x—y)s9 (1.3.31)
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in the nonregularized case due to the completeness of the basis functions.

In the regularized case, the sum over n on the LHS of Eq. (1.3.31) is
restricted by M from above so that the RHS is no longer equal to the delta-
function. We substitute

Z¢ 2ol (y) = RY(z,y), (1.3.32)

with the RHS being the matrix element of some regularizing operator R.
It can be chosen in many ways. We shall work with several forms:

R = ooV or (1.3.33)
1
R=—— o (1.3.34)
1—a2V2
1
R = _, o (1.3.35)
1+aV

where again V= Y.V . The parameter a is the ultraviolet cutoff. The cutoff
disappears as a — 0 when Eq. (1.2.57) holds.

These regularizations (1.3.33) — (1.3.35) are non-perturbative, and pre-
serve gauge invariance since they are constructed from the covariant deriva-
tive V,. A consistent regularization occurs when R commutes with V, which
is obviously true for the regularizations (1.3.33) — (1.3.35)10.

Therefore, we get

/ddaca(:v) (’“)HJi = 2iSpaysR
= Qi/ddxa(ac) spys R (z,x). (1.3.36)

It is worth noting that an extra R in Eq. (1.3.36) is a consequence of a
more general formula

SpO — SpOR, (1.3.37)

which says how to regularize traces of operators.

10This can be shown by choosing the basis functions to be eigenfunctions of the Hermitean
operator iV (z%(j)n = En¢n) and applying %ki(x)(%’l(y))jl to Eq. (1.3.32). The LHS
then does not change (because E,E; ! = 1) while (x\%R%*Hy) appears on the RHS. It
coincide with the RHS of Eq. (1.3.32) when ¥ and R commute.
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Remark on regularization of the measure

The regularization of the measure in the path integral by Eq. (1.3.27) is
equivalent to the point-splitting procedure where the delta-function in the
commutator term is smeared according to Eq. (1.2.55).

To show this, let us note that the variational derivative can be approxi-
mated for the finite number of basis functions by

5 2o 9
L U))r= 1.3.38
R | e (1:3:35)

This definition extends the standard mathematical one'! to the case of spinor
indices. The sum over k is included in order for the regularized variational
derivative to feel variations of all the spinor components of ¢, when the vari-
ation is not diagonal in the spinor indices.

When applied to

M
> i (x), (1.3.39)
n=1
it yields
W) _ S i) = R(e). (1.3.40)
51“%@) n=1
or, equivalently,
56Dz —y) B& R ). (1.3.41)

which is a fermionic analog of Eq. (1.2.55).
Thus, we conclude that the regularization of the measure in the path
integral is equivalent to smearing the delta-function in commutator terms.

Remark on regularized Schwinger—Dyson equations

According to Subsect. 1.2.5, the procedure from the previous paragraph re-
sults in the following regularized Schwinger—Dyson equations

(§+m) Pla) = /ddyR(%y)%(y),
(@) (g —m) = /ddyR(way)—

1See, e.g, the book by Lévy [Lev5l].

(1.3.42)
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These equations are understood again in the weak sense, i.e. under the sign
of averaging over ¥ and 1 and obviously reproduce Eq. (1.3.20) as a — 0.

Problem 1.21 Derive Eq. (1.3.36) using the regularized Schwinger-Dyson equa-
tion (1.3.42).

Solution The calculation is similar to that of Problem 1.19 except for the addi-
tional terms which are due to the RHS of Eq. (1.3.42). One gets for m =0

5 W.S. i d 6 T €T —i_ T 4 T L
Audy = /d Y @ v () — i )75/‘1 R

=  2ispysR(z,x), (1.3.43)

which is equivalent to Eq. (1.3.36) since the a(z) there is an arbitrary function.

1.3.4 Chiral anomaly (calculation)

In order to derive an explicit expression for the chiral anomaly, we should cal-
culate the RHS of Eq. (1.3.36) for some choice of the regularizing operator R.
Let us choose R given by Eq. (1.3.34). The operator V2 in the denominator
can be transformed as

~ 1
V2 = V2 + 5 [’Y;“ ’71/] vuvu
ie
= V- Z ['Y,ua'}’u] F;w

V2 4 gszw : (1.3.44)

where the trace of the spin matrices

X v — s Vv 1.3.45
u 57 [T 1] ( )
is given by
Sp EHVE)\p’YS = _4€u1/)\p . (1346)
Expanding in e:
R = R0+Ro(...)R0+... (1.3.47)
with
1

Ry (1.3.48)

T 14202’
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q1 k—aq
q q+k
Qa7’ys

Fig. 1.6: Triangular diagram associated with chiral anomaly in d = 4. The solid
lines correspond to Rg given by Eq. (1.3.51). The wavy lines correspond
to the field strength.

we get schematically

eXF eXF
Sp ory5R = a,4Sp (X")/5R0 (T) R() ( D) > RO
4 2 "
= —/d xa(z) To2 L Ear (1.3.49)
where
FHV = %euuApF)\p (1350)

is the dual field strength.

The calculation described in Eq. (1.3.49) is most easy to do in momentum
space where it is associated with one-loop diagrams. The analytic expression
to be calculated can be represented in d = 4 graphically by the triangular dia-
gram in Fig. 1.6. The solid lines are associated with Ry given by Eq. (1.3.48),
which reads in momentum space as

1

R, =—7. 1.3.51
O(p) 1+a2p2 ( )

The wavy lines correspond to the field strength. The lower vertex is associated
with avs.

The integral over the four-momentum g, which circulates along the trian-
gular loop, can be easily calculated by introducing w = aq and transforming
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the integral as

/d4qf (@) — i4 /d4wf (%) . (1.3.52)
Notice that the integral involves a=* which cancels a* coming from the ex-
pansion in e whose proper term is given by the intermediate expression in
Eq. (1.3.49). Therefore, the result is non-vanishing and a independent as
a — 0. Higher terms of the expansion in e are proportional to higher powers
in @ and vanish as a — 0.

From Egs. (1.3.36) and (1.3.49), we get finally

ie? ~

Ol = = 5z P Fw - (1.3.53)

The anomaly on the RHS is known as the Adler—Bell-Jackiw anomaly. Its
appearance is usually related to the fact that any regularization can not be
simultaneously gauge and chiral invariant.

Problem 1.22 Calculate the coefficient in Eq. (1.3.49) and show that it is regulator
independent.

Solution The contribution of the triangular diagram of Fig. 1.6, which represents
the intermediate expression in Eq. (1.3.49), reads explicitly

2SpaysR = —4ea/d4 /d4 /d4

() Ro(2,y) Fuw (y) Ro(y, 2) Fuw (2) Ro (2, ) . (1.3.54)

In momentum space, it becomes

—2¢%* / d*za(z) / (;147];46““ / %Fuu(ql)ﬁw(k —q)

/ d* 1 (1.3.52)
2m)* (1+a2¢?) (1 +a*(¢ +q1)?) (1 +a2(g+ k)2

oo

2¢? 4 &'k e [ d'q = w?dw?
T /d m(x)/(%)él e (2ﬂ)4FHV(q1)FuV(k_Q1) (S (1.3.55)

0

which recovers the RHS of Eq. (1.3.49).
An analogous calculation can be repeated for other regulators (1.3.33) and
(1.3.35). Let us denote

r(a’p®) = Ro(p). (1.3.56)
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q q+k

Qa7ys

Fig. 1.7: The diagram associated with chiral anomaly in d = 2. The solid lines
correspond to Rg given by Eq. (1.3.51). The wavy line corresponds to the
field strength.

Then the only difference with Eq. (1.3.55) is that the last integral over w? is replaced
by

/w dw’r"(W?) = r(0) = 1 (1.3.57)
0

for reasonable functions r which look like those given by Egs. (1.3.33) — (1.3.35).

An anomaly which is analogous to the Adler—Bell-Jackiw anomaly (1.3.53)
exists in d = 2 where

0,75 = —%EWJF#V. (1.3.58)

This anomaly is given by the diagram depicted in Fig. 1.7. It involves only
two lines with the regulator Ro(p) since in d = 2

/d2qf(q) - %/d%f(%) (1.3.59)

so that all terms with more lines vanish as a — 0.

Problem 1.23 Calculate 2SpaysR in d = 2.
Solution Proceeding as before, we see that only the diagram of Fig. 1.7 is essential
in d = 2 which yields

ica? / o / Pyo() Ro((,y) Fuw (5)eu Ro(y, @) =
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oo f o A’k ke d*q 1
2iea /d m(l’)/ 2r)2 ¢ FM“(k)GW/ (2m)2 (1 + a2¢?) (1 + a2(q + k)?)

(1.3.59) _ie [ A’k ke dw?
= 247r d°zo(x) (27r)2€ Fuo(k)euw T +o2)?

0

= /d%a(x)%. (1.3.60)

The linear-in-F},,, term is nonvanishing since
SpYuYs = 2i€u (1.3.61)

ind=2.
The result is again regulator independent since the integral over w is replaced
for an arbitrary Ro(p) by

—/dw2r'(w2) = r0) =1 (1.3.62)

where Eq. (1.3.56) has been used.

Remark on non-Abelian chiral anomaly

Equation (1.3.53) holds also in the case of a non-Abelian gauge group with
F¢, being the non-Abelian field strength

Fi(z) = 0,A5(x) — 0, A () + gf“bCAZ(:c)Af, (x). (1.3.63)

Here f%¢ are the structure constants of the gauge group and g is the coupling
constant. The non-Abelian analog of Eq. (1.3.53) for the axial current, which
is a singlet w.r.t. the gauge group, reads'?

;2

5 g9 a T
0T = —1o= O FiE. (1.3.64)

The coefficient in this formula differs by 1/2 from that in Eq. (1.3.53) which
is due to different normalizations in the Abelian and non-Abelian cases. This
will be explained in more detail in Subsect. 2.1.1 below.

The d = 2 anomaly (1.3.58) exists for the singlet axial current only in the
Abelian case.

12See Ref. [Mor86] for a review of anomalies in gauge theories.
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1.3.5 Scale anomaly

The scale transformation is defined by

T, — T, =pry, (1.3.65)
plz) — ¢ @) =pep(a). (1.3.66)

The index I, is called the scale dimension of the field ¢. The value of [, in
a free theory is called the canonical dimension, which equals (d — 2)/2 for
bosons (scalar or vector fields) and (d — 1)/2 for the spinor Dirac field, i.e. 1
and 3/2 in d = 4, respectively. Sometimes [, is called, for historical reasons,
the anomalous dimension. More often the term “anomalous dimension” is
used for the difference between [, and the canonical value.

The proper Noether current, which is called the dilatation current, is
expressed via the energy-momentum tensor 6,,,, as

D, = z,0,, (1.3.67)

so that its divergence equals the trace of the energy-momentum tensor over
the spatial indices:

0Dy = Oy, (1.3.68)

since the energy-momentum tensor is conserved. For the action (1.3.4) one
gets

Ops = —mapt (1.3.69)

at the classical level.
The above formulas can be obtained from the Noether theorems which
state

5S = /dd:cp(:c)(?ﬂD#(:c) (1.3.70)
5S
9,D,(z) = ) (1.3.71)

In the massless case, m = 0, the RHS of Eq. (1.3.69) vanishes and the
dilatation current is conserved. This is a well-known property of electrody-
namics with massless electron which is scale invariant at the classical level. A
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generic scale-invariant theory does not depend on parameters of the dimen-
sion of mass or length. This usual dimension is to be distinguished from the
scale dimension which is defined by Eq. (1.3.66). The dimensional parameters
do not change under the scale transformation (1.3.65).

In the quantum case, the scale invariance is broken by the (dimensional)
cutoff a. The energy-momentum tensor is no longer traceless due to loop
effects. The relation (1.3.68) holds in the quantum case in the weak sense,
i.e. for the averages

(0uDuFIA Y, 0)) = (0., F[A¢,9]), (1.3.72)

where F[A,1,] is a gauge-invariant functional of A, ¢ and .
For a renormalizable theory like QED, the RHS of Eq. (1.3.72) is propor-
tional to the Gell-Mann—Low function B(e?) which is defined by

ade?
da

A non-trivial property of a renormalizable theory is that the RHS in this
formula is a function solely of e — the bare charge.

The meaning of the renormalizability is very simple: physical quantities do
not depend on the cutoff a, provided the bare charge e is chosen to be cutoff
dependent according to Eq. (1.3.73). This dependence of e on a effectively
accounts for the distances smaller than a, which are excluded from the theory.

The precise relation between the trace of the energy-momentum tensor
and the Gell-Mann-Low function reads

ws. B(e?
O = 4(e2)F2 (1.3.74)

pv

= B(e?). (1.3.73)

where the equality is understood again in the weak sense. This formula was
first obtained in Refs. [Cre72, CE72] to leading order in e? and proven in
Ref. [ACD77] to all orders in €?.

Note that this formula holds in the operator formalism only when applied
to a gauge invariant state. The reason is that otherwise a contribution from
a gauge-fixing term in the action would be essential. It does not contribute,
however, to gauge-invariant averages which can be formally proven using the
gauge Ward identity.

Problem 1.24 Prove the relation (1.3.74).
Solution Let us absorb the coupling e into A, introducing
A, = ied,,
JT/,LV - ieF,u,u . (1375)
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The Lagrangian density of massless QED then reads
_ ol Dw_ L
L = ¢ (a A) b1 P (1.3.76)

To prove Eq. (1.3.74), let us use the chain of Eqs. (1.3.68) and (1.3.71). It is
crucial that in the absence of other dimensional parameters the derivative 9/9p can
be replaced by 0/da since all dimensionless quantities depend in a theory with a
cutoff only on the ratios of the type x/a.'® Since the dependence on the cutoff a
enters in Eq. (1.3.76) formally only via e~2 in front of fﬁw Eq. (1.3.74) can be
heuristically proven by first differentiating with respect to a and then expressing
the result via F),, again. We have used herein the fact that F,, is invariant under
the renormalization-group transformation and, therefore, does not depend on a.

In the path-integral approach, a contribution to the scale anomaly comes
from the regularized quantum measure. Proceeding as in Subsect. 1.3.3, we
get

0uDy(x) = —spR(z,x). (1.3.77)

Problem 1.25 Derive Eq. (1.3.77) using the regularized Schwinger-Dyson equa-
tions (1.3.42).
Solution The energy-momentum tensor of QED reads

1 1/- = T
0 = FuFo\ — ZawFpi +3 (m V. Y+ U7 YV, w) . (1.3.78)
Taking the trace, one gets
1- o
0 = Eqp% V. (1.3.79)

Using Eq. (1.3.42), it can be transformed as

= —miy —spR(x,x), (1550

which reproduces Eq. (1.3.77) as m — 0.

13This is the reason why the Callan-Symanzik equations, which are nothing but the
dilatation Ward identities, coincide with the renormalization-group equations.
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q k—aq q1 k—aq
q+aq
q q+k q q+k
1 1
a) b)

Fig. 1.8: The diagrams which contribute to the scale anomaly in d = 4. The wavy
line corresponds to the field strength.

To calculate the scale anomaly we should therefore perform a one-loop
calculation of

1
spR(z,z) = sp<x _—
1+ a?

=)
_ Sp<x

1
1+ a2 (id, + eA,)” — 1a2eX,, Fu
which is again most convenient to do in momentum space. The propagator is
given by Eq. (1.3.48) while the vertices, which emerges in the corresponding
Feynman rules for the expansion in e, come from the operators

:c> (1.3.81)

—2iea2AH8M , — 62a2AZ , %ea2EWFH,, .

The only diagrams which survive as a — 0 in d = 4 are depicted in
Fig. 1.8. The calculation of the diagram of Fig. 1.8a is the same as in Sub-
sect. 1.3.3 while the diagram of Fig. 1.8b gives a total derivative which does
not contribute to the scale anomaly.

The calculation of the diagram of Fig. 1.8a yields

62F3U (x)

o (1.3.82)

spR(z,z) = —
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The one-loop Gell-Mann-Low function can now be calculated using
Egs. (1.3.77) and (1.3.74), which reproduces the known result for QED. The
higher-order corrections in e do not vanish for the scale anomaly.

Remark on non-Abelian scale anomaly

Equation (1.3.74) holds in the non-Abelian Yang-Mills theory as well if F),,
is substituted by the non-Abelian field strength Fy, given by Eq. (1.3.63).
The corresponding formula, reads

s. B(g® . Ea
O "= 4(92)ZFWFW. (1.3.83)

A heuristic proof, presented in Problem 1.24 for the Abelian case, can be
repeated. The equality is again understood in the weak sense when averaged
between gauge-invariant states. The contribution of gauge-fixing and ghost
terms are then cancelled due to the gauge Ward identity which is called in
this case the Slavnov—Taylor identity. The proof of Eq. (1.3.83) was given in
Refs. [CDJ77, NieT7].
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1.4 Instantons in quantum mechanics

Instantons are solutions of the classical equations of motion with a finite
Euclidean action. Such field configurations are not taken into account in per-
turbation theory. Instantons are characterized by a topological charge which
may result in a conserved quantum number and never shows up in pertur-
bation theory. In Minkowski space, instantons are associated with tunneling
processes between vacua labelled by a distinct topological charge.

Instantons first appear in Yang—Mills theory [BPST75] although this kind
of classical solution was used long before in statistical physics [Lan67]. In
this Section we consider instantons in quantum mechanics as an illustration
of path-integral calculations. The consideration follows the original paper by
Polyakov [Pol77] except for technical details.

1.4.1 Double-well potential

Let us consider a one-dimensional quantum-mechanical system with the
double-well potential

A u? ?
Vv e
@ = 3(=-%)
Looo, 14 pt
= —= - —. 1.4.1

GH T+ AT+ o ( )
This is nothing but an anharmonic oscillator with a wrong sign for the coeffi-
cient of the quadratic term,'* which usually appears with a positive coefficient

w?/2. We have introduced

p? = —w? (1.4.2)

in order to work with real numbered values. The constant term is added for
later convenience. The potential (1.4.1) as a function x is depicted in Fig. 1.9.

The (Euclidean) action is defined by

Sl = /dT (%¢2(7)+V(x(7))) (1.4.3)

141t is often called the mass term. This terminology comes from quantum field theory,
where the potential (1.4.1) is considered in the context of a spontaneous breaking of the
reflection symmetry £ — —z. In our quantum-mechanical problem, defined by the Eu-
clidean action (1.4.3), the mass of the non-relativistic particle is absorbed in 7 which has,
therefore, the dimension of [length]2. This is explained already in Subsect. 1.1.6.

1.4. INSTANTONS IN QUANTUM MECHANICS 67

\ V@) ]

—+
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s
s

Fig. 1.9: The double-well potential (1.4.1). The short vertical lines represent the
position of the minima (1.4.4). The dashed lines correspond to the energy
Ey of the lowest state in a single well, i.e. to that in the limit A — 0.

with V(z) given by Eq. (1.4.1). The plus-sign between the kinetic and po-
tential energies is because we are in Euclidean space.

It follows from Egs. (1.4.1) and (1.4.3) that the parameter p has the
dimension of [length]=2 or, in other words, the dimensions of z and 7 are

[1)7'/% and 1], respectively. Analogously, the dimension of the constant A
is [u].
For A < p3, the potential (1.4.1) has superficially two degenerate vacua

i

VA

whose positions coincide with the minima of the potential in Fig. 1.9.
The degeneracy between the two minima is preserved at all orders of per-

turbation theory, where an expansion near one of the minima of the potential
(either the left or right one) is carried out:

i = £ (1.4.4)

I
z(r) = *+—=+x(7 1.4.5
(7) 7 X (1) (1.4.5)

with x (7) < p/v/A. The correlator at asymptotically large 7 is

2

(z(0)z(r)) — “7+ (1.4.6)

Its nonvanishing value means that a particle is localized at one of the two
vacua.
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The next terms of the perturbative expansion in A do not spoil this result
since the potential (1.4.1) becomes

A
Vo= X F Vo + (1.4.7)

after the shift (1.4.5), and has the positive sign of the quadratic term. There-
fore, perturbation theory around the vacuum :v(jf is a usual one, and the
particle lives perturbatively in one of the two vacua.

However, we know from quantum mechanics that (non-perturbatively)
O (@) = 3 foal? e EnE0r (1.4.8)

at imaginary time 7 = it with F,, being the energy of the n-th eigenstate of
the Hamiltonian, and x,g being the proper matrix element. Therefore,

(x(0)z (1)) ~ e BF7 (1.4.9)

for large 7, where

[48 [2v/2 u3 2v/2 1i?
AE = u — 3)\# exp (— 3)\# ) (1.4.10)

is the energy splitting between the two lowest states (symmetric and anti-
symmetric) for A < p® which exponentially vanishes as A — 0.

The appearance of imaginary time in Eq. (1.4.8) is because under a barrier
particles live in imaginary time. We may say that imaginary time is an
adequate language to describe a tunneling through a barrier.

Since the RHS of Eq. (1.4.9) vanishes as 7 — oo, the reflection sym-
metry © — —x, which is broken in perturbation theory, is restored non-
perturbatively as 7 — oc.

Problem 1.26 Derive Eq. (1.4.10) modulo a constant factor within standard quan-
tum mechanics.
Solution Let us use the semiclassical formula [LL74] (Problem 3 in §50)

+a
N \/gue,fia de/2(V (@)= Fo) | (1.4.11)
™

where +a are the classical turning points, which are determined by

V(+a) = Eo, (1.4.12)
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and
Eo = V2pu (1.4.13)

is the lowest energy for the oscillator potential (1.4.7) as A — 0. Denoting

h = A , z = Qa@ (1.4.14)
V V2 pu? w

the integral in the exponent on the RHS of Eq. (1.4.11) can be calculated by an
expansion in h which gives

1—h

1 2

— 22 _4p2 = 2

oY / dzy/(1 — 22)2 — 4h 0,2 +Inh+0(1). (1.4.15)
—1+h

Substituting into Eq. (1.4.11), one recovers Eq. (1.4.10) modulo a constant factor.

1.4.2 The instanton solution

In the path-integral approach, the correlator (1.4.8) is given by

x e Skl y x (T
(z(0)z(r)) = /D wae_S([(g () (1.4.16)

with no restrictions on the integration over z. This is a quantum mechanical
analogue of the path integrals defined in Subsect. 1.2.1.

At small A, the path integral (1.4.16) can be evaluated by the saddle-
point method. The reason is that for  given by Eq. (1.4.4), which are the
minima of the action (1.4.3), the Gaussian fluctuations around (1.4.4) are not
essential as A\ — 0. This is most easily seen by making the shift (1.4.5) and
noting that x(7) is O(1) at the saddle points according to Eq. (1.4.7) whose
RHS is quadratic in x(7) as A — 0.

Performing the saddle-point evaluation of the path integral (1.4.16), one
gets

2
(@ (0)z (1)) = “7 T (1.4.17)
Notice that 2(0) and z(7) in the integrand can be substituted by the saddle-
point values after which the integral over Gaussian fluctuations cancels by
the same one in the denominator. In other words we have reproduced that

each of the trivial minima (1.4.4) results in Eq. (1.4.6).



70 CHAPTER 1. PATH INTEGRALS

——

Fig. 1.10: Graphic representation of the one-kink solution (1.4.19) as a function of
T.

Minima of the action (1.4.3) can be alternatively obtained from the clas-
sical equation of motion

—& —pPr+ A = 0. (1.4.18)

The trivial minima (1.4.4) obviously satisfy this equation.
However, another solution of the classical equation of motion (1.4.18)
exists:

Zinst (T —T0) = B tanh p (7 — 0)

VA V2o
which is associated with another (local) minimum of the classical action. This
solution is called an instanton or a pseudoparticle. The arbitrary constant 7y
in Eq. (1.4.19) is the position of the center of instanton.

The solution (1.4.19) is also known as a kink in this quantum mechanical
problem. It interpolates between the two minima (1.4.4) when 7 changes
from —oo to +00 as is depicted in Fig. 1.10. On the same figure we kept the
shape of V(z) from Fig. 1.9.

(1.4.19)
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An analogous solution which interpolates between ju/v/A at 7 = —oo and
—u/VX at T = oo is called an anti-instanton. It differs from Eq. (1.4.19)
by an overall minus sign:

ZTainst (T - TO) = _% tanh L\/;TO), (1.4.20)

and is obviously also a solution of the classical equation (1.4.18).

Problem 1.27 Find all solutions of Eq. (1.4.18) with the boundary conditions
2(~00) = —p/ VX and a(+00) = 1/ v/,

Solution Equation (1.4.18) looks like the Newton equation for a classical particle,
whose mass is equal to unity, in the upside-down potential —V'(z) (its shape can
be obtained from the one depicted in Fig. 1.9 by reflecting with respect to the
horizontal axis V' = 0). The first integral of motion is the energy

2 2
£ = %jﬂ - 2 <:c2 - “7) (1.4.21)

which is obviously conserved due to Eq. (1.4.18).
Equation (1.4.21) can easily be solved for the velocity

i = \/2(E+V(x)), (1.4.22)

where we have chosen the positive sign according to the boundary condition. It
says also that £ = 0 in order for the particle to stay at = = u/\/x for 7 — oo since
this point is associated with the maximum of —V'(z). Therefore, we get

. (2 2
T = 2 ()\ x|, (1.4.23)

which results after integration in Eq. (1.4.19) with 7o being the integration constant.
It is evident that the solution is unique.

For the instanton (or anti-instanton) minimum, one gets, substituting in
Eq. (1.4.3),

2\/§u3
3\

S [Zinst] (1.4.24)

which coincides with the (minus) exponent in Eq. (1.4.10) for the energy
splitting AF.
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1.4.3 Instanton contribution to path integral

The contribution of the instanton configuration looks as if it is suppressed in
the path integral by a factor of exp (—S [Zinst]), but in fact this exponential is
multiplied by 7 since the instanton has a zero mode. This factor of 7 appears
after an integration over the collective coordinate 7y — the instanton center.
The explicit result for the one-kink contribution to the correlator (1.4.16)
reads [Pol77]

(2(0)z (7)) = “; - Cr Zﬁugexp(—2\/§ﬂ3> (1.4.25)

3\ 3\

where C'is a (dimensional) constant.

Problem 1.28 Derive Eq. (1.4.25) using the Faddeev—Popov trick to deal with the
collective coordinate 9.

Solution Let us approximate the path integrals in the numerator and denomi-
nator of Eq. (1.4.16) for small A by the sum of the contributions from the trivial
minima (1.4.4) and the one-kink minima (1.4.19) and (1.4.20). Since the one-kink
contribution is suppressed by exp (—S [zinst]), We can expand the denominator to
give

)
[ Da(r) (m(O)x(T) _ %) e —(5lal=S[@inst])
. (1.4.26)

[ Dx(rye- i)

where the path integral in the numerator is over fluctuations around the instanton
solution (1.4.19). The normalizing factor in the denominator is associated with
averaging over the Gaussian fluctuations around the trivial minima (1.4.4) whose
potential energy is described by the quadratic term in Eq. (1.4.7). There are two
such trivial minima (z4+ and z_) and two one-kink minima (instanton and anti-
instanton) so these factors of 2 cancel.

Keeping the quadratic term in the expansion around the instanton:

‘r(T) = xinst(T - 7'0) + X(T — 7'0) s (1.4.27)

one gets

1 .
Sfa] = Slwima] = 3 /dT (X* = 1®X* +3x270x) (1.4.28)
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The fluctuations around the instanton are Gaussian except for one mode, which
is associated with a translation of the instanton center, 79. This zero mode is given
by

Xo(T) o< Tinet(T) - (1.4.29)

This is obvious because

d2
<—F -+ 3)‘xi2nst) Tinse = 0 (1.4.30)

as a result of differentiating Eq. (1.4.18) w.r.t. 7o.
To deal with the zero mode, let us insert the unity

“+ o0

1= /dTa(u[x]_T) (1.4.31)

— o0

in the path integral in the numerator on the RHS of Eq. (1.4.26). Here u[z] is
determined by the equation

+oco

/dTy(T—u[x]) z(r) =0 (1.4.32)
with

y(r) = £(r) 7 (1.4.33)

being the normalized derivative of z(7).
Under the translation,

T = 7 =T-m, (1.4.34)

one gets
a(r) — (7)) = 2(r —70). (1.4.35)
This leaves the measure and the action in the path integral (1.4.26) invariant, while

ulz] — ulz]+ 70. (1.4.36)
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Therefore, the integration over the instanton center, 7, in the numerator of
Eq. (1.4.26) factorizes and we get

lu‘2 —(OlT] =S [Tinst —
/ Da(r) (x(on(f)—T) o ~(Slel~Sleinat) _

+oo /1'2
/ dro (minsc(—To):cinsc(T —T0) — 7)

'/DX(T) S(ultman(r) + x()]) e "3 J O EDTE) (1.4.37)

We have substituted the integration over the zero mode xo by the integration over
the collective coordinate 79. The remaining path integral is finite since the integra-
tion runs over the directions which are orthogonal to the zero mode.

The integral over 79 is equal to

i p 2
/ dro <xinst(_7—0)xinst(7— —T0) — 7) = -5 (1.4.38)

[e')

as A — 0. This is because

Tinst (T = 70) = L= sign (7 — 70) (1.4.39)

VA

as A — 0.
Expanding the delta-function in x:

+oo
S(ula]) = ‘ / 0 o (73 (7)

+oo
k) </ dr y;nst(T)X(T)) , (1.4.40)

oo

and noting that

(1.4.41)
we get
/ D (7) 6wl (7) + x(7)]) e~ S 4ol

3 +oo . .
V2 [ox s </ dr ymm)x(ﬂ) e T3 AT (1 4a9)

[e')

Notice the appearance of the factor \/S[Zinst]-
We have thus obtained Eq. (1.4.25) with

JOXE)8 ([ dr () o] 8t od)
2

[ Dx(rye- JirEer)

. (1.4.43)
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Problem 1.29 Calculate the ratio of determinants in Eq. (1.4.43).
Solution Let us introduce the notation

;= EL D=L (1.4.44)

Noting that

Af(r) = 1 (1= —), (1.4.45)
cosh” z

we can rewrite the ratio of determinants as

47 det’ [—D2 +4 — 6/ cosh? z]

B? =
u? det [—D? + 4]

(1.4.46)

The notation det’ means that the zero eigenvalue is excluded. An extra factor of 27
comes from the normalization of the Gaussian integral in the denominator which
involves one integral more.
The RHS of Eq. (1.4.46) can be calculated by the limiting procedure
det’ [—D2 +4 — 6/ cosh? z] i det [—D2 + w? — 6/ cosh? z] Ladr
det [~ D? + 4] R prry e vy e R S

To compute the ratio of the Fredholm determinants

det [—D2 +w? 4 v(z)]

Rov] = dt =07 1 o7 (1.4.48)
for the potential
o(z) = — —0 | (1.4.49)
cosh” z
let us note that
gz Rl = S [m} -0 [ o)

I
—
&

I\
/N
sl

€
£
n
Ry
&
I
i/

(1.4.50)

where the diagonal resolvent R, (z, z;v) is defined by Eq. (1.1.119) with G =1 and
V = v. The term 1/2w on the RHS, which equals the diagonal resolvent in the
free case when v = 0 (see Eq. (1.1.38)), comes from the free determinant in the
denominator on the RHS of Eq. (1.4.48).
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A crucial observation is that the diagonal resolvent for the potential (1.4.49) is
given by the simple formula
1 v(z)

Rw y 25 = 5.
(2,2v) 2w dw(w? —1) +

v (2)
B8w(w? —1)(w?2 —4)’

(1.4.51)

which can easily be verified by substituting into the Gelfand-Dickey equa-
tion (1.1.123) with G = 1. The reason is that the potential (1.4.49) is integrable
and possesses two bound states (see, e.g., §23 of Ref. [LL74]).

Calculating the integral over z on the RHS of Eq. (1.4.50), by the formulas

+o0 Foo
dz dz 4
-2, = 2, 1.4.52
/ cosh? z / cosh? z 3 ( )
we obtain
1s] 1 1 2
— InR., = = , 1.4.53
Ow? nRu[v] w(w2—1+w2—4) ( )

which is easily integrated over w to give

det [-D* +w® —6/cosh®z] _ (w-2w-1) (1.4.54)

det [-D? + w?] (w+2)(w+1)
The integration constant has been determined requiring that
lim Ru[v] = 1. (1.4.55)
Substituting into Eq. (1.4.47), we get
c =28 =8, (1.4.56)
T

which coincides with the constant in Eq. (1.4.10).

For other methods of calculating the ratio of determinants in the one-instanton
contribution, see the original papers [Lan67, Pol77], the reviews [Col77, VZNS82]
or Chapter 4 of the book by Polyakov [Pol87].

1.4.4 Symmetry restoration by instantons

At 7 ~ 1/AE, many kinks become essential. A many-kink “solution” can
be approximately constructed from several single kinks and anti-kinks, which
are separated along the 7-axis by the some distance R > 1/u, since the
interaction between kinks would be ~ exp {—uR}. Such a configuration is
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Fig. 1.11: The many-kink configuration Zazkink(7) which is combined from the solu-
tion (1.4.19).

depicted in Fig. 1.11 for the case when the number of kinks is equal to the
number of anti-kinks. An analogous configuration with the number of kinks
one more than the number of anti-kinks connects the —u/v/A and p/v/\
vacua.

It is not an exact solution of Eq. (1.4.18) since the kink and the anti-kink
attract and have a tendency to annihilate. However, it is an approximate
solution as A — 0.

Analytically, the M-kink configuration can be represented as

M
BOTT
Takink(7) = [Isien(r -7, (1.4.57)
=1

where 7; are the centers of the instantons (or anti-instantons), of which the
M-kink configuration is built out, and

<71 <...<7TMpm. (1458)

Equation (1.4.57) assumes that the kinks do not interact and are infinitely
thin as A — 0. The action of the configuration (1.4.57) is therefore given by

2v2p3
3\

S[2prkink] = M, (1.4.59)

i.e. it equals M times the action for the one kink.
Summing over many-kink configurations, one gets [Pol77]

2
(z(0)z(r)) = “7 e TAE (1.4.60)
where AF is given by Eq. (1.4.10). The 2 — —z symmetry is now restored

as 7 — o0o. This restoration is produced by instantons = classical trajectories
with a finite (Euclidean) action.
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Fig. 1.12: Graphic representation of a periodic potential.

Problem 1.30 Obtain the exponentiation of the one-kink contribution (1.4.25)
after summing over the M-kink configurations (1.4.57) in the dilute gas approxima-
tion when the interaction between kinks is disregarded.

Solution The calculation of the contribution of the M-kink configuration (1.4.57)
to the path integral is quite analogous to that for the one kink which is described
in Problem 1.28. One gets

xr x\T = #—2 N — M ! T1 h T2 ... e TM 4.
(z(0)z(r)) AMZ:O( AE) /Od /O d /O dra,  (1.4.61)

which reproduces Eq. (1.4.60) by noting that the ordered integral is equal to

/T T1 TM—1 7_]\/[
dm / dra. .. / drvy = —. (1.4.62)
0 0 0 M!

This calculation is very similar to the one in statistical mechanics for the expo-
nentiation of a single-particle contribution to the partition function in the case of
an ideal gas.

1.4.5 Topological charge and #-vacua

Let us consider a periodic potential whose period equals 1, which is depicted
in Fig. 1.12. It can be viewed as being defined on a circle S! of a unit length.
The boundary conditions are

z(1) = z(0)

‘ in perturbation theory

)

8

~
i

~—
I

z(0) +n | for n-instanton solution | . (1.4.63)

The multi-instanton solution always exists because of the topological
formula'®

m(SY = Z, (1.4.64)

15See, e.g., the book [DNF86] (§17.5 of Part II).
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where 7, (M) is the k-th homotopy group whose elements are classes of con-
tinuous maps of the k-sphere S*¥ onto M. Eq. (1.4.64) says that an (integer)
winding number n € Z is associated with the mapping S' — S!, which
counts how many times the target is covered.

We see the difference between the M-kink configuration for the double-
well potential and the multi-instanton solution for the periodic potential.
The former was not an exact solution of the classical field equation (1.4.18).
Only a single instanton or anti-instanton was a solution that connects the
two vacua. This is why we need a periodic potential for the multi-instanton
solution to exist due to the topological argument.

The value of n in the boundary condition (1.4.63) is called the topological
charge of the instantons, while n < 0 is associated with anti-instantons. The
vacuum states are labelled by n: |n). The n-instanton configuration connects
the |m) and (m+n| states. Therefore, instantons are associated in Minkowski
space with the process of tunneling between topologically distinct vacual®
rather than with real particles. For this reason, they are sometimes called
pseudoparticles in Euclidean space.

It is convenient to consider another representation of vacuum states

o0

16) = Y e, (1.4.65)
which are called the #-vacua. The 6-vacua are orthogonal
@1y = SN e nn) = 8. (6-¢), (1.4.66)

where do, is a periodic delta-function with period 27. Here we used the
orthogonality of the n-states:

(m|n) = omp- (1.4.67)

16The Minkowski-space interpretation of instantons is attributed to V.N. Gribov (un-
published). It is based on the fact that when the particle is localized in one of the two wells
its momentum is indefinite and can sometimes be very large so that the proper energy is
above the barrier between the two wells. Such a particle jumps from the given well to the
other one. The characteristic time of this process is small in the typical units given by
w. In other words this process is instantaneous that explains the term “instanton” which
was introduced by ’t Hooft. The exponential suppression with A of the one-instanton con-
tribution (1.4.25) represents quantitatively the fact that the probability of having large
momentum is small.
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The 6-vacuum partition function reads
. 1 .
Zy = /Dw o ~Slal+i [ dri(r) (1.4.68)

Here 6 is multiplied in the exponent by the topological charge

1
/dT:Z':(T) = z(1)—xz(0) (1.4.69)
0

which never shows up in perturbation theory. Therefore, the partition func-
tion (1.4.68) can be alternatively represented as

Zy = >

n

Dz ¢ ~Slel+ion (1.4.70)

z(1)=z(0)4+n

The second term in the exponent in Eq. (1.4.68) is known as the 6-term.
The parameter 0 plays a role of a new fundamental constant which does not
show up in perturbation theory. Amplitudes of physical processes generated
by instantons may depend on the 6.

Remark on description of instantons

A description of instantons in the first-quantized language can be done only
in quantum mechanics (where the first and second quantizations do not differ
essentially). The path-integral representation (1.4.16) is more in the spirit of
second quantization, which is discussed in Sect. 1.2, where z(7) plays the role
of a field which depends on the one-dimensional coordinate 7.

Remark on instantons in Yang—Mills theory

In the Yang—Mills theory, instantons are conveniently described by a (Eu-
clidean) path integral over fields. The saddle-point equation, which describes
instantons in the SU(2) Yang-Mills theory, reads [BPST75]

Ep(x) = Fi (o), (1.4.71)

whose non-trivial solutions exist due to the fact that the mapping of the
asymptotics S? of four-dimensional Euclidean space onto SU(2) is nontrivial:

73 (SU(2) = Z. (1.4.72)
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Correspondingly, the topological charge is given by

2 3
n= L / ey Fo (2)Fa, (2), (1.4.73)
a=1
which equals one half of the nonconservation of the axial charge given by the
Minkowski-space integral of the chiral anomaly (1.3.64). This expression is
also known in topology as the Pontryagin index or the second Chern class.
See, e.g., Refs. [Col77, VZNS82] for an introduction to instantons in the

Yang-Mills theory.
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1.5 Reference guide

The operator formalism in quantum field theory is described in the canonical
books [AB69,BS76,BD65] which were written in the fifties or the beginning
of the sixties.

The Feynman disentangling is contained in the original paper [Fey51]
whose appendices are especially relevant. A classical book on path inte-
grals in quantum mechanics is the one by Feynman and Hibbs [FH65]. The
path-integral approach to a very closely related problem of Brownian motion
is discussed in the books [Kach9, Sch81, Wie86]. Many useful information on
path integrals can be found in the book by Kleinert [Kle95].

An introduction to path integrals in quantum mechanics and quantum
field theory can be found in many books. I shall list some which I have on
my bookshelf: [Ber86, Pop76, SF88, 1Z80, Ram81, Sak85]. The ordering is
according to the appearance of the first edition. The book by Berezin [Ber86],
which pretends to be mathematically more rigorous, contains an excellent
description of operations with Grassmann variables.

An introduction to path integrals in statistical mechanics can be found in
Refs. [Kach9, Fey72, Pop76, Wie86]. The well-written book by Parisi [Par88§]
describes a modern view on the relation between statistical mechanics and
quantum field theory. A very good, while a bit more advanced, book where
contemporary problems of quantum field theory and statistical mechanics are
discussed in an unified language of Euclidean path integrals is the one by
Polyakov [Pol87].

The derivation of quantum anomalies from a non-invariance of the measure
in path integral is contained in the original papers [Ver78, Fuj79] (see also
the review [Mor86]). It can also be found in Sect. 8.9 of the Second edition
of the book by Ramond [Ram81].

Instantons in the Yang—Mills theory were discovered by Belavin, Polyakov,
Schwartz and Tyupkin [BPST75]. The role of instantons in quantum mechan-
ics is clarified in the original paper by Polyakov [Pol77]. Their description is
given in the books [Sak85, Pol87]. The review articles [Col77, VZNS82] are
also useful for an introduction to the subject.
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“I never said it.”
“Now you are telling us when you did say
it. I’'m asking you to tell us when you
didn’t say it.”

J. HELLER, Catch-22

Chapter 2

Lattice Gauge Theories

Lattice gauge theories in their modern form were proposed in 1974 by Wil-
son [Wil74] in connection with the problem of quark confinement in quantum
chromodynamics (QCD).

Lattice gauge theories are a non-perturbative regularization of a gauge
theory. The lattice formulation is a non-trivial definition of a gauge theory
beyond perturbation theory. The problem of non-perturbative quantization
of gauge fields is solved in a simple and elegant way on a lattice.

The use of the lattice formulation clarifies an analogy between quantum
field theory and statistical mechanics. It offers a possibility to apply the non-
perturbative methods, such as the strong coupling expansion or the numerical
Monte Carlo method, to quantum chromodynamics and to other gauge the-
ories, which provide an evidence for quark confinement.

However, the lattice in QCD is no more than an auxiliary tool to obtain
results for the continuum limit. In order to pass to the continuum, the lattice
spacing should be many times smaller than a characteristic scale of the strong
interaction.

We shall start this Chapter by a description of the continuum formulation
of non-Abelian gauge theories, and will return to it from time to time when
discussing the lattice approach. The point is that some ideas, e.g. about a
possibility of reformulating gauge theories in terms of gauge invariant vari-
ables, which were originally introduced by Wilson [Wil74] on a lattice, are
applicable for the continuum theory as well.
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2.1 Observables in gauge theories

Modern theories of fundamental interactions are gauge theories. The princi-
ple of local gauge invariance was introduced by H. Weyl for electromagnetic
interaction in analogy with general covariance in Einstein’s theory of grav-
itation. An extension to non-Abelian gauge groups was given by Yang and
Mills [YM54].

A crucial role in gauge theories is played by the phase factor which is
associated with a parallel transport in an external gauge field. The phase
factors are observable in quantum theory, in contrast to the classical theory.
For the electromagnetic field, this is known as the Aharonov—Bohm effect.

We first consider in this Section the matrix notation for the non-Abelian
gauge fields and introduce proper non-Abelian phase factors. Then we discuss
the relation between observables in classical and quantum theories.

2.1.1 Gauge invariance

The principle of local gauge invariance deals with the gauge transformation
of a matter field v, which reads

Vi) B ¢ (@) =)y (@) . (2.1.1)

Here 2 (z) € G with G being a semisimple Lie group which is called the gauge
group (G = SU(3) for QCD). Equation (2.1.1) means that ¢ belongs to the
fundamental representation of G.

We restrict ourselves to a unitary gauge group when

Q lz) = Qf(x), (2.1.2)

while an extension to other Lie groups is obvious. Then we have

W (z) ES 9t (2) = 4T (2) QF (2). (2.1.3)

In analogy with QCD, the gauge group G = SU(NV,.) is usually associated
with color while the proper index of v is called the color index.

The gauge transformation (2.1.1) of the matter field 1) can be compensated
by a transformation of the non-Abelian gauge field A,, which belongs to the
adjoint representation of G:

A, () Bt A, (z) = Q(z) Ay () Qf (z) = Q(2) 9,01 (z). (2.1.4)
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We have introduced in Eq. (2.1.4) the anti-Hermitean matrix A, (z) with
the elements

(A @) = igy A (2) [ . (2.1.5)

Here [t%]" are the generators of G (a = 1,..., N2 — 1 for SU(N.)) which are
normalized so that

1

tritt = 55“1’, (2.1.6)

where tr is the trace over the matrix indices ¢ and j, while ¢ is the gauge
coupling constant. This normalization is due to historical reasons, in partic-
ular

= — (2.1.7)

for the SU(2) group, with ¢® being the Pauli matrices.
Equation (2.1.5) can be inverted to give

A8 (z) = %tr A, (z) 1" (2.1.8)

Substituting
Qz) = e™@) (2.1.9)
we get for an infinitesimal «:
5 A, (x) B i VA a(a). (2.1.10)
Here
valia = 9,0 — Ay, o (2.1.11)
is the covariant derivative in the adjoint representation of G while
Vi = 0 — A (2.1.12)
is the one in the fundamental representation. It is evident that

vali B(z) = [VI™, B(x)] (2.1.13)
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where B(z) is a matrix-valued function of x.
The QCD action reads in the matrix notation as

S[A$,3] = / 0 {M (9

where

. 1
Au)¢+mww—@tr]ﬁu ,(2.1.14)

Fuv = OpAy — 0y A, — [A, A (2.1.15)

is the (anti-Hermitean) matrix of the non-Abelian field strength.
The action (2.1.14) is manifestly invariant under the local gauge transfor-
mation (2.1.1), (2.1.4) since

Fulz) E% Q@) Fu(x) Q' (2) (2.1.16)
§Fu(z) % —i[Fu(x),alz)] (2.1.17)

for the infinitesimal gauge transformation.

For the Abelian group G = U(1), the above formulas recover those of
the previous Chapter for QED where we have already used the calligraphic
notations in Problem 1.24.

Problem 2.1 Rewrite classical equations of motion in the matrix notations.
Solution The non-Abelian Maxwell equation and the Bianchi identity read, re-
spectively, as

Vil Fuw = 0 (2.1.18)
and
Vel Fw = 0, (2.1.19)
where the dual tensor is defined by Eq. (1.3.50). Rewriting Eq. (2.1.15) as
Fuv = — [V, 98] (21.20)

and using Eq. (2.1.13), we represent the Bianchi identity as
[V, [VE", VA = 0 (2.1.21)

which is obviously satisfied due to the Jacobi identity.

We have thus proven the well-known fact that the Bianchi identity is explicitly
satisfied in the second-order formalism, where F,., is expressed via A, by virtue of
Eq. (2.1.15). On the contrary, A, and F,, are considered as independent variables
in the first-order formalism, where both equations (2.1.18) and (2.1.19) are essential.
The concept of the first- and second-order formalisms comes from the theory of
gravity.
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2.1.2 Phase factors (definition)

In order to compare the phases of wave functions at distinct points, one needs
a non-Abelian extension of the parallel transporter which was considered in
Subsect. 1.1.7. The proper extension of the Abelian formula (1.1.154) is
written as

dz" A, (z)

U] = Pedr (2.1.22)

While the matrices A, (z) do not commute, the path-ordered exponential
on the RHS of Eq. (2.1.22) is unambiguously defined by the general method of
Subsect. 1.1.3. This is obvious after rewriting the phase factor in an equivalent
form

dz" A, (z Y do 2 (o z(o
polry. A p [ dr @A) (2.1.23)
Therefore, the path-ordered exponential in Eq. (2.1.22) is to be understood
as!
Ulyz] = [+ dtz"(t)Au(=(1)] - (2.1.24)
t=0

We already used this notation for the product on the RHS in Problem 1.8.
Using Eq. (1.1.153), Eq. (2.1.24) can also be written as

f[ 1+dz""A,(2)] . (2.1.25)

If the contour I'y, is discretized as is shown in Fig. 1.3, then the non-
Abelian phase factor is approximated by

M
Ullys] = ]wliinOOH|:1+(2i_Zi—1)HAu (Lj‘l)] (2.1.26)
i=1

which obviously reproduces (2.1.25) in the limit € — 0.

Notice that the non-Abelian phase factor (2.1.22) is, by construction, an
element of the gauge group G itself, while .4, belongs to the Lie algebra of
G.

1Sometimes the phase factor is defined by a similar formula but with the inverse order
of multipliers. Our definition by Eq. (2.1.24) is exactly equivalent to the Dyson’s definition
of the P-product (see the footnote on p. 2) which can be seen by choosing the contour I'y;
to coincide with the temporal axis.




92 CHAPTER 2. LATTICE GAUGE THEORIES

Problem 2.2 Write down an explicit expansion of the non-Abelian phase factor
(2.1.22) in A,.
Solution Let us use the notation

Y

/dz”..‘ = /dz“... (2.1.27)

x Tyz
for the integral along the contour I'y,. Then we get

Po f: dzt Ay (2)

o Y y y
> /dzfl/dzgz... / Azl Ay (21) -+ Apy (22) Apy (1) . (2.1.28)
k=0 T Z1 Zk—1

The ordered integral in this formula can be rewritten in a more symmetric form

dty [ dts. .. dty 2M (t1) 242 (t2) - - - 21 (1)
0/ ! tk/l
Apy (2(6)) -+ - Apg (2(t2)) Ap,y (2(t1))
/dtl/dtg /dtké Ty the1, - .-, b2, t1) 25X (81) 212 (E2) - - - 2M% (tg)
up (2(T)) -+ Apg (2(t2)) Apy (2(11)) 5 (2.1.29)
where

g(tk,tkfl,tkfg,...,tQ,tl) = g(tk —tkfl)g(tkfl —tk,2)~~~9(t2 —tl) (2.1.30)

orders the points along the contour. We shall also denote this theta in a parametriza-
tion independent form as

0(k7 k — 17 k — 27 ey 27 1) = O(t;w tk717 tkfz, . ,t27 tl) . (2.1.31)
It satisfies the obvious identity

Ok — 1,k —2,...,2,1) +0(k — Lk k—2,...,2,1)
+ (other permutations of k,...,1) = 1. (2.1.32)
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For the Abelian case, when A(z;) commute, Eq. (2.1.32) results in

Y Yy Yy
/ dzb / ae / A% Ay (25) - Ay (22) A (1)
x 1

y k

L i
= 3 /dz Au(z) (2.1.33)

x

so that the Abelian exponential of the contour integral is reproduced.

Problem 2.3 Disentangle the non-Abelian phase factor using a path integral over
Grassmann variables living in a contour.
Solution Let us define the average

_ Dt o Jo dBOBO D)) f,
(Flpd)), = 200D W9 15
v [ Dy(t)Di(1) o= o APV~ 50)0)

The path integral in this formula looks like those of Sect. 1.2 with ; () and ;(t)
being Grassmann variables which depend on the one-dimensional variable ¢ € [0, 7]
that parametrizes a contour, and ¢ and j are the color indices.

The simplest average, which describes a propagation of the color indices along
the contour, is

(ilt2)ds(tr) ), = 8 0(t2 — 1),

This can be easily checked, say, by deriving the Schwinger—-Dyson equation

0<ti,ta<T. (2.1.35)

%<i/)i(t2)1/}j(t1)>w = 51']‘ 5(1)(t2 —tl), 0<tita<T. (2.1.36)
as was done in Sect. 1.3. We see now that we need the Grassmann variables because
the operator in the action in Eq. (2.1.34) is 9/0t.

A special comment is needed concerning the term (0)1(0) in the exponent
whose appearance in the disentangling procedure is clarified in Ref. [HJS77]. The
need for this term can be seen from the discretized version of the exponent:

/ "t By + S lne) [(ne) — (e — €)] + HO}H(0).(2.1.37)
0 _

For this discretization we immediately get

(2.1.38)

<1/1¢(ne)1/_;j(m€)>w — { 8i; forn>m,

0 for n <m.



94 CHAPTER 2. LATTICE GAUGE THEORIES

The term 1)(0)¢(0) is needed to provide nonvanishing integrals over 1(0) and 1(0).
It is also seen from the discretized version that the path integral in the denominator
on the RHS of Eq. (2.1.34) is equal to unity.

The fermionic path-integral representation for the non-Abelian phase factor
reads (see, e.g., Ref. [GN80]) as

[P efof dt z"‘(t)Au(Z(t)):| < efoT dt 2“(t)1ﬂ(t)A“(z(t))w(t)wi(T)Q)Z—}j(O) > .(2.1.39)

ij P

There is no path-ordering sign on the RHS since the matrix indices of A, are
contacted by 1 and 1.

In order to prove Eq. (2.1.39), one expands the exponential in .A4,, and calculates
the average using Eq. (2.1.35) and the rules of Wick’s pairing which yields

% < pi(T) /dt O P)AL(zE))w() | ;(0) >

0 P
= /dt1/dtg.u/dth(T7tk7...,t27t170)2‘:“1(t1)2u2(t2)-~~2uk(tk)
0 0 0

A (2(80)) - - Aa (2(82)) Apy (2(81))];5 5 (2.1.40)

where 0(T, tk,...,t2,t1,0) is given by Eq. (2.1.30). It is crucial in the derivation of
this formula that only connected terms contribute to the average (2.1.34). Equa-
tion (2.1.40) reproduces Eq. (2.1.28) from the previous Problem, which completes
the proof of Eq. (2.1.39). Moreover, we can say that the path integral (2.1.34) is
nothing but a nice representation of the thetas (2.1.30).

Problem 2.4 Invert (—V? +m?) when V,, is in the fundamental representation.
Solution The calculation is quite analogous to that of the Problem 1.12. We first
use the path-integral representation of the inverse operator:

:r>
7 (™)

1 _1 1 [T g 52 _ [*7) gpgfun

_ E/dr o émﬂ/DZM (1) e 3 [Tzt <y’Pe J7 ot

0 zu(0)=z,

1

G(z,y; A) = <y T s T )
—Vimvim 4+ m?

:c> .(2.1.41)

The integral over z(7) — the final point of the trajectory — of the matrix element
on the RHS equals

_ z(7) . fun
/ddz(7)<y‘Pe ST e

Yy
:c> N (2.1.42)
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Therefore, the result reads

/ dzt A, (2)
Gla,y; A) = Y po e, , (2.1.43)

Cya
where Z’ is defined by Eq. (1.1.152).

Problem 2.5 Invert (—V? + m?) when V,, is in the adjoint representation.
Solution Let us introduce

Vel = 9,0 — gf e AL (2.1.44)

"

and the Green function G (z,y;.A) which obeys

(=Veve +m?%) Gz, A) = 66Dz —y). (2.1.45)
Then we get
G ey A) = > 2608 ULyl 10 UT Lyl (2.1.46)
T'ya

where U[l'y,] is given by Eq. (2.1.22).

Since matrices are rearranged in an inverse order under Hermitean conju-
gation, one has?

Ully.] = Uly,]. (2.1.47)
In particular, the phase factors obey the backtracking condition
ULy ULy = 1. (2.1.48)

We have chosen 4, in the discretized phase factor (2.1.26) at the center
on the i-th interval in order to satisfy Eq. (2.1.48) at finite e.

Problem 2.6 Establish the relation between non-Abelian phase factors and the
group of paths.

Solution The group of paths (or loops) is defined as follows. The elements of the
group are the paths I'y;. The product of two elements I'., and I'y. is the path 'y,
which is a composition of I';; and I'y.. In other words one passes first the path I".,
and then the path I'y.. The product is denoted as

Iy.Tew = Dyo. (2.1.49)

2The notation I'yz means that the contour is oriented from z to y while I'zy stands
for the opposite orientation from y to z. In the path-ordered product (2.1.25), these two
contours result in the opposite orders of multiplying the matrices.
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The multiplication of paths is obviously associative but noncommutative. The in-
verse element is defined as

Iy = Tay, (2.1.50)

i.e. the path with opposite orientation.
It follows from definition (2.1.25) that

Uly:]Ulze] = Uly.T2a]. (2.1.51)
The backtracking relation (2.1.48) then reads
UlyeTay] = 1. (2.1.52)
In other words the paths of opposite orientations cancel each other in the phase
factors.
2.1.3 Phase factors (properties)

Under the gauge transformation (2.1.4) the non-Abelian phase factor (2.1.22)
transforms as

.t
Ully,] 25 Q(y) ULy QF (2) . (2.1.53)
This formula stems from the fact that

[1+d A ()] 55 [1+d2t A (2)]
= Qz+dz)[1+d"A(2)] Q1 (2)  (2.1.54)

under the gauge transformation, which can be proven by substituting
Eq. (2.1.4), so that Qf(z) and Q(z) cancel in the definition (2.1.25) at the
intermediate point z.

One of the consequences of Eq. (2.1.53) is that ¢ (z), transported by the
matrix U[l'yg] to the point y, transforms under the gauge transformation as

Y(y):

Ully] () & “p(y)”, (2.1.55)
and, analogously,
U(y) UNy.] & ). (2.1.56)

Therefore, U[I'y;] is, indeed, a parallel transporter.
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It follows from these formulas that ¥ (y) U[Ty.] () is gauge invariant:

Y@ U] d(@) ES d(y) ULyl () - (2.1.57)

Another consequence of Eq. (2.1.53) is that the trace of the phase factor
for a closed contour I' is gauge invariant:

trPeﬂngzMA“(z) LA trPefrdz”A“(z). (2.1.58)

These properties of the non-Abelian phase factor are quite similar to those
of the Abelian one which was considered in Subsect. 1.1.7.

Problem 2.7 Calculate QU [['yz]/0z, and OU['yz]/0y,.

Solution It is convenient to start from Eq. (2.1.26). Then only (21 — x) in the
last element of the product should be differentiated with respect to z or (y — za—1)
in the first element of the product should be differentiated with respect to y. As
e — 0, we get

Yy
19} Pefz dzF A, (2)
T

0 Pefzy dzl A, (2)
ayu

Yy
Pl A 4
Y
A (y) Pos A (2.1.59)

These formulas are exactly the same as if one were to just differentiate the lower and
upper limit in the path-ordered integral keeping in mind the ordering of matrices.
One can rewrite Eq. (2.1.59) via the covariant derivatives as

Vit (y)Uly.] = 0,
Ullye] Vi (z) = 0. (2.1.60)

It is the property of the parallel transporter which is annihilated by the covariant
derivative.

Problem 2.8 Prove that the sufficient and necessary condition for the phase factor
to be independent on a local variation of the path is the vanishing of F. .
Solution Let us add to I'y; at the point z € I'y, an infinitesimal loop dC.. which
lies in the u, v-plane and encloses the area do,. (z). Then the variation of the phase
factor is

Ul ye] = Uly.6C..T.] —ULye] = Uly:z] Fuv(2) Ulz2z] 00 (2) - (2.1.61)
We can rewrite Eq. (2.1.61) as

SU[Nya] = PUya] Fuu(2) 60, () (2.1.62)
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dz"

Fig. 2.1: The rectangular loop 6Cy., which is added to the contour I'y; at the
intermediate point z in the u, v-plane.

since the P-product will automatically put F,,(z) at the point z of the contour
Tys-

A convenient way to prove Eq. (2.1.61) is to choose 0C.. to be a rectangle
which is built on the vectors dz" and dz", as is depicted in Fig. 2.1. Using the
representation (2.1.42), we see that the phase factor acquires the extra factor

[14d2"V,][1+d"V,][1 —dz"V,][1 —dz"V,] = 1—dz"dz" [V, V] (2.1.63)

at the proper order in the path-ordered product. Then Eq. (2.1.20) results in
Eq. (2.1.62). Alternatively, one can prove Eq. (2.1.62) using the discretized for-
mula (2.1.26).

Problem 2.9 Derive a non-Abelian version of the Stokes theorem.
Solution The ordered contour integral can be represented as the double-ordered
surface integral [Are80, Bra80]

P exp 7{ dz" A, (z) = P,P, exp/da’w “Fuv(x)” (2.1.64)
Cea s

where 7 and o parametrize the surface S (spanned by C but arbitrary otherwise)
whose element is given by

do"’ = drdo (82# Oz, — %8%) .

Or Oo Oo Ot (2.1.65)

“Fuv(x)” in Eq. (2.1.64) means that F,, (z(7,0)) is parallel-transported, say, to the
initial point x.
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Remark on analogy with differential geometry

The formulas of the type of Eq. (2.1.61) are well-known in differential geom-
etry where the parallel transport around a small closed contour determines
the curvature. Therefore, F,,, in Yang-Mills theory is the proper curvature
in an internal color space while 4, is the connection.

A historical remark

An analog of the phase factors was first introduced by Weyl [Wey19] in his
attempt to describe gravitational and electromagnetic interaction of an elec-
tron on equal footing. What he did is associated in the modern language
with the scale rather than gauge transformation, i.e. the vector-potential was
not multiplied by ¢ as in Eq. (1.1.154). This explains the term “gauge invari-
ance” — gauging literally means fixing a scale. The factor of ¢ was inserted
by London [Lon27] after the creation of quantum mechanics and recognition
of the fact that electromagnetic interaction corresponds to the freedom of a
choice of the phase of a wave function and not with a scale transformation.
However, the terminology was left.

2.1.4 Aharonov—Bohm effect

The simplest example of a gauge field is the electromagnetic field whose
transversal components describe photons. Otherwise, the longitudinal com-
ponents of the vector-potential, which are changeable under the gauge trans-
formation, are related to gauging the phase of a wave function, i.e. permit to
compare its values at different space-time points when an electron is placed
in an external electromagnetic field.

As is well-known in quantum mechanics, the wave-function phase itself
is unobservable. Only the phase differences are observable, e.g. via interfer-
ence phenomena. For the electron in an electromagnetic field, the current
(gauged) value of the phase of the wave function ¢ at the point y is related,
as is discussed in Subsect. 1.1.7, to its value at some reference point x by
the parallel transport which is given by Eq. (1.1.159). Therefore, the phase
difference depends on the value of the phase factor for a given path I'y, along
which the parallel transport is performed.

It is essential that the phase factors are observable in quantum theory,
contrary to classical theory. This is seen in the Aharonov-Bohm effect. The
corresponding experiment is depicted schematically in Fig. 2.2.
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electron beam

. interference
solenoid

electron beam

source plane

screen

Fig. 2.2:  Principal scheme of the experiment which demonstrates the Aharonov—
Bohm effect. Electrons do not pass inside the solenoid where the magnetic
field is concentrated. Nevertheless, a phase difference arises between the
electron beams passing through the two slits. The interference picture
changes with the value of electric current.

It allows one to measure the phase difference between electrons pass-
ing through the two slits and, therefore, going across opposite sides of the
solenoid. The fine point is that magnetic field is nonvanishing only inside the
solenoid where electrons do not penetrate. Hence the electrons pass through-
out the region of space where the magnetic field strength vanishes! Neverthe-
less, the vector potential A, itself does not vanish which results in observable
consequences.

The probability amplitude for an electron to propagate from the source at
the point x to the point y at the interference plane is given by the Minkowski-
space analog of Eq. (1.1.151):

dz" A,(z)

ie dzt A, (2 ie | _
\I/(:C7y) _ Z/e fr‘;’z_ u(2) +Z/e fr‘yz , (2166)
ry T,

Yy

where the contour FZ{I passes through the upper slit while the contour I',
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passes through the lower one.
The intensity of the interference pattern is given by |¥(x,y)|> which con-
tains, in particular, the term which is proportional to
j dz" A —ie [ _ dz" A ,

o e, D L A e farane) (6
where the closed contour I' is composed from FZ{I and I';, . This is nothing
but the phase factor associated with a parallel transport along the closed
contour I'.

For the given process this phase factor does not depend on the shape of
I‘;rm and I'_,. Applying the Stokes theorem, one gets
e’ie fr‘ det A, _ eiefdg““ F.. _ eieHS ) (2168)

where HS is the magnetic flow through the solenoid. Therefore, the interfer-
ence picture changes when H changes®.

Remark on quantum vs. classical observables

A moral from the Aharonov-Bohm experiment is that the phase factors are
observable in quantum theory while in classical theory only the electric and
magnetic field strengths are observable. The vector potential plays, in classi-
cal theory, only an auxiliary role to determine the field strength.

For the non-Abelian gauge group G = SU(NN,.), a quark can alter its color
under the parallel transport so the non-Abelian phase factor (2.1.22) is a
unitary N, x N, matrix. A non-Abelian analogue of the quantity, which is
measurable in the Aharonov—Bohm experiment, is the trace of the matrix of
the parallel transport along a closed path. It is gauge invariant according to
Eq. (2.1.58).

It looks suggestive to reformulate gauge theories entirely in terms of these
observable quantities. How to do that will be explained in Chapter 3.

3A detailed computation of the interference picture for the Aharonov-Bohm experiment
is contained, e.g., in the review by Kobe [Kob79].
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2.2 Gauge fields on a lattice

The modern formulation of non-Abelian lattice gauge theories is due to Wil-
son [Wil74]. Independently, gauge theories were discussed on a lattice by
Wegner [WegT1] as a gauge invariant extension of the Ising model and in an
unpublished work by A. Polyakov in 1974 which deals mostly with Abelian
theories.

Placing gauge fields on a lattice provides, firstly, a non-perturbative reg-
ularization of ultraviolet divergencies. Secondly, the lattice formulation of
QCD possesses some non-perturbative terms in addition to perturbation the-
ory. A result of this is that one has a nontrivial definition of QCD beyond
perturbation theory which guarantees confinement of quarks.

The lattice formulation of gauge theories deals with phase-factor like quan-
tities, which are elements of the gauge group, and are natural variables for
quantum gauge theories.

The gauge group on the lattice is compact therefore offering the possibility
of non-perturbative quantization of gauge theories without fixing the gauge.
The lattice quantization of gauge theories is performed in a way to preserve
the compactness of the gauge group.

The continuum limit of lattice gauge theories is reproduced when the
lattice spacing is many times smaller than a characteristic scale. This is
achieved when the non-Abelian coupling constant tends to zero as it follows
from the renormalization-group equation.

We consider in this Section the Euclidean formulation of lattice gauge
theories. We first introduce the lattice terminology and discuss the action
of lattice gauge theory at the classical level. Then, we quantize gauge fields
on the lattice by the path-integral method, where the integration is over
the invariant group measure. We explain Wilson’s criterion of confinement
and demonstrate it by calculations in the strong-coupling limit. Finally, we
discuss how to pass to the continuum limit of lattice gauge theories.

2.2.1 Sites, links, plaquettes and all that

The first step in constructing a lattice gauge theory is to approximate the
continuous space by a discrete set of points — a lattice. In the Euclidean
formulation, the lattice is introduced along all four coordinates, while the
time is left continuous in the Hamiltonian approach*. We shall discuss only

4A Hamiltonian formulation of lattice gauge theories was developed by Kogut and
Susskind [KS75].
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Fig. 2.3: Two-dimensional lattice with periodic boundary conditions. The sites la-
belled by the same numbers are identified. The lattice spacing equals a
while the spatial size of the lattice corresponds to L1 = 6 and Lo = 4.

the Euclidean formulation of lattice gauge theories.
The lattice is defined as a set of points of the d-dimensional FEuclidean
space with the coordinates

T, = nua, (2.2.1)
where the components of the vector
n, = (n1,n2,...,nq) (2.2.2)

are integer numbers. The points (2.2.1) are called the lattice sites.

The dimensional constant a, which is equal to the distance between the
neighboring sites, is called the lattice spacing. Dimensional quantities are
usually measured in the units of a, putting therefore a = 1.

A two-dimensional lattice is depicted in Fig. 2.3. A four-dimensional lat-
tice for which the distances between sites are the same in all directions (as
for the lattice in Fig. 2.3) is called the hypercubic lattice.

The next concept is the link of a lattice. A link is a line which connects two
neighboring sites. A link is usually denoted by the letter [ and is characterized
by the coordinate x of its starting point and its direction u=1,...,d:

= {z,u}. (2.2.3)
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l
Oo——O
T x4+ aji

Fig. 2.4: A link of a lattice. The link connects the sites x and = + afi.

x + av T+ aft+ av

T x4 afi

Fig. 2.5: A plaquette of a lattice. The plaquette boundary is made of four links.

The link / connects sites with the coordinates x and z + afi, where i is a unit
vector along the u-direction, as shown in Fig. 2.4. The lengths of all links are
equal to a for a hypercubic lattice.

The elementary square enclosed by four links is called the plaquette. A
plaquette p is specified by the coordinate x of a site and by the two directions
w1 and v along which it is built on:

p = {x;u,v}. (2.2.4)

A plaquette is depicted in Fig. 2.5. The set of four links which bound the
plaquette p is denoted as Jp.

If the spatial size of the lattice is infinite, then the number of dynamical
degrees of freedom is also infinite (but enumerable). In order to limit the
number of degrees of freedom, one deals with a lattice which has finite size
Ly X Ly--+ x Ly in all directions (see Fig. 2.3).

Usually, one imposes periodic boundary conditions to reduce finite-size
effects which are due to the finite extent of the lattice. In other words, one
identifies pairs of sites which lie on parallel bounding hyperplanes. Usually
the sites with the coordinates (0, no, ..., nq) and (L1, na, ..., ng) are identified
and similarly along other axes.
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Problem 2.10 Calculate the numbers of sites, links and plaquettes for a symmetric
hypercubic lattice with periodic boundary conditions.
Solution Let us denote L1 = Ly =...=Lg = L. Then

d(d—1)
2

Problem 2.11 Label the lattice links by a natural number [ € [1, N;].
Solution One of the choices is as follows

N, = L%, N, = dL%, N, = L. (2.2.5)

I = p+nid+nedL + ... +ngdL? ", (2.2.6)

where n, = z,/a and p is the direction of the link {z, u}.

2.2.2 Lattice formulation

The next step is to describe how matter fields and gauge fields are defined on
a lattice.

A matter field, say a quark field, is attributed to the lattice sites. One
can just think that a continuous field ¢ (z) is approximated by its values at
the lattice sites®:

) = ¢o- (2.2.7)

It is clear that, in order for the lattice field ¢, to be a good approximation
of a continuous field configuration ¢ (), the lattice spacing should be much
smaller than a characteristic size of a given configuration. This is explained
in Fig. 2.6.

The gauge field is attributed to the links of the lattice:

A (z) = Upp. (2.2.8)

It looks natural since a link is characterized by a coordinate and a direction
(see Eq. (2.2.3)) — the same as A,(x). Sometimes the notation U, () is
alternatively used for U, .

The link variable Uy, can be viewed as

x+afl "
U, = Poli 44 (2.2.9)
where the integral is along the link {x, u}. As a — 0, this yields
Upyp — €@ (2.2.10)

T,u

5We write arguments of functions which are defined on a lattice as subscripts keeping
the standard notation for their continuum counterparts.
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Fig. 2.6: Description of continuum field configurations by lattices a) “coarse” and b)
“fine”. The lattice a) can represent the given continuum field configuration
very roughly, while the lattice b) has the spacing which is small enough.

so that Uy, is expressed via the exponential of the u-th component of the
vector potential, say, at the center of the link to agree with Eq. (2.1.26).

Since the path-ordered integral in Eq. (2.2.9) depends on the orientation,
the concept of the orientation of a given link arises. The same link, which
connects the points z and z + afi, can be written either as {z,u} or as
{z + afi, —p}. The orientation is positive for u > 0 in the former case (i.e.
the same as the direction of the coordinate axis) and is negative in the latter
case.

We have assigned the link variable U, , to links with positive orientations.
The U-matrices which are assigned to links with negative orientations are
given by

Ustapi—p = UL, (2.2.11)

This is a one-link analog of Eq. (2.1.47).

It is clear from the relation (2.2.9) between the lattice and continuum
gauge variables how to construct lattice analogues of the continuum phase
factors — one should construct the contours from the links of the lattice.

An important role in the lattice formulation is played by the phase factor
for the simplest closed contour on the lattice: the (oriented) boundary of a
plaquette, as is shown in Fig. 2.7. The plaquette variable is composed from
the link variables (2.2.9) as

Usp = ULU  UpiopUspi- (2.2.12)

T,V x+tab,pu
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Fig. 2.7: A contour in the form of an oriented boundary of a plaquette.

The link variable transforms under the gauge transformation, according
to Eq. (2.1.53), as

g.t.

Usp == QayaplUsn QL (2.2.13)
where the matrix Q, is equal to the value of Q(x) at the lattice site . This
defines the lattice gauge transformation.

The plaquette variable transforms under the lattice gauge transformation
as

Uspy 2% QuUs00. (2.2.14)

Therefore, its trace over the color indices is gauge invariant:

trUsp 25 trUp,. (2.2.15)

The invariance of the trace under the lattice gauge transformation is used
in constructing an action of a lattice gauge theory. The simplest (Wilson)
action is

SLatlUl = > (1 - NicRetrUap) . (2.2.16)

p

The summation is over all the elementary plaquettes of the lattice (i.e. over
all z, u, and v), regardless of their orientations.

Since a reversal of the orientation of the plaquette boundary results, ac-
cording to Eq. (2.1.47), in complex conjugation:

reorient

trUpp "2 U = (trUs,)" (2.2.17)
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one can rewrite the action (2.2.16) in the equivalent form

1 1
SratlU] = 5 Z (1—FtrUap), (2.2.18)

oriented p

where the sum is also over the two possible orientations of the boundary of a
given plaquette.

In the limit @ — 0, the lattice action (2.2.16) becomes in d = 4 the action
of a continuum gauge theory. In order to show this, let us first note that

Usp — exp [a2.7-'w,(:17) + O(a3)] , (2.2.19)

where F,,, () is defined by Eq. (2.1.15).

In the Abelian theory, the expansion (2.2.19) is easily found from the
Stokes theorem. The commutator of A, (z) and A, (z), which arises in the
non-Abelian case, complements the field strength to the non-Abelian one, as
is ensured by the gauge invariance. Equation (2.2.19) was in fact already
derived in Problem 2.8.

The transition to the continuum limit is performed by virtue of

a4zp: a9 %/d%;. (2.2.20)

Expanding the exponential on the RHS of Eq. (2.2.19) in a, we get

a—0 1
Stat — ~IN, /d4x; tr]—“ﬁ,,(a:), (2.2.21)

which coincides modulo a factor with the action of the continuum gauge
theory.

Problem 2.12 Derive the lattice version of the non-Abelian Maxwell equation
(2.1.18).
Solution : Let us perform the variation of the link variable

Usp — Uy (1 —i€ny) Ul — (1 +ies,) UL, (2.2.22)

where €., is an infinitesimal traceless Hermitean matrix.

A given link {z, u} enters 4(d—1) plaquettes p = {z; i, v} in the action (2.2.18).
One half of them has boundary with positive orientation and the other half with
negative one. The variation of the action (2.2.18) under the shift (2.2.22) is

sS[U] = ﬁ > (1 Uspeou — tree,uUf,) - (2.2.23)
v#Ep
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Since €5, is arbitrary, we get

Z (Ua{x;“'l’} _Ug{z;u,u}) =0, (2‘2'24)
v#EEp
or, graphically,
{ v
T
b - =0 (2.2.25)
v#tp
1

In the last equation we have depicted only plaquettes with the positive orientation,
while those with the negative one are recovered by the sum over v for v < 0.
Equation (2.2.24) (or (2.2.25)) is the lattice analog of the non-Abelian Maxwell
equation.

In order to show how this equation reproduces the continuum one (2.1.18) as
a — 0, let us rewrite the second term on the LHS of Eq. (2.2.25) using (2.2.11):

’ 12
xr
ol 2o | =0 (2.2.26)
v#tp
av M

or, analytically,

Z (UB{CL‘;/,L,V} - Uxfaf/,uUa{zfap;u’V}U;iaﬁyy) = 0. (2227)
v#Etu

It is now clear that the plaquette boundary in the second term on the LHS, which is
the same as the first one but transported by one lattice spacing in the v-direction,
is associated with F,,(x — a?). Using Egs. (2.2.10) and (2.2.19), we recover the
continuum Maxwell equation (2.1.18).

Remark on the naive continuum limit

The limit @ — 0, when Eqgs. (2.2.10) and (2.2.19) hold reproducing the contin-
uum action (2.2.21), is called the naive continuum limit. It is assumed in the
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naive continuum limit that A, (x) is weakly fluctuating at neighboring lat-
tice links. Fluctuations of the order of 1/a are not taken into account, since
discontinuities of the vector potential in the continuum theory are usually
associated with an infinite action.

Another subtlety with the naive continuum limit is that next order in a
terms of the expansion of the lattice action (2.2.16), say the term o atr F2,
are associated with non-renormalizable interactions and the smallness of a?
can be compensated, in principle, by quadratic divergencies.

The actual continuum limit of lattice gauge theories is in fact very similar
to the naive one modulo some finite renormalizations of the gauge coupling
constant. The large fluctuations of A, (z) of the order of 1/a become frozen
when passing to the continuum limit. How to pass to the continuum limit of
lattice gauge theories is explained in Subsect. 2.2.7 below.

Remark on ambiguities of the lattice action

The Wilson action (2.2.16) is the simplest one which reproduces the contin-
uum action in the naive continuum limit. One can alternatively use characters
of Upy in other representations of SU(NV;), e.g. in the adjoint representation

Xaaj(U) = [trU]* —1, (2.2.28)

to construct the lattice action.
The adjoint-representation lattice action reads

%WW:ZO‘%W%ﬂ- (2.2.29)

p

The naive continuum limit will be the same as for the Wilson action (2.2.16).
Moreover, one can define the lattice action as a mixture of the fundamental
and adjoint representations [BC81, KM8&1]:

Smixed[U]
= > 1 — L Retry +5—AZ 1—i|trUa ?) .(2.2.30)
~ N, P 20 ~ N2 P

The ratio 84/ is a constant ~ 1 which does not affect the continuum limit.
This action is called the mized action.

The lattice action (2.2.29) for N, = 2 is associated with the action of the
SO(3) lattice gauge theory. Since algebras of the SU(2) and SO(3) groups
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coincide, these two gauge theories coincide in the continuum while they differ
on the lattice.

One more possibility is to use the phase factor associated, say, with the
boundary of two plaquettes having a common link, or the phase factors for
more complicated closed contours of finite size on the lattice to construct the
action. These actions will also reproduce, in the naive continuum limit, the
action of the continuum gauge theory.

The independence of the continuum limit of lattice gauge theories on the
choice of lattice actions in called the universality. We shall say more about
this in the next Section when discussing renormalization group on the lattice.

2.2.3 The Haar measure
The partition function of a pure® lattice gauge theory is defined by
ZB) = | [[dUze 51", (2.2.31)
T,

where the action is given by Eq. (2.2.16).
This is an analog of a partition function in statistical mechanics at an

inverse temperature 3 given by’

2N,

9>

8= (2.2.32)
This formula results from Eq. (2.2.21).

A subtle question is what is the measure dU; ,, in Eq. (2.2.31). To preserve
the gauge invariance at finite lattice spacing, the integration is over the Haar
measure which is an invariant group measure. Invariance of the Haar measure
under multiplication by an arbitrary group element from the left or from the
right:

dU = d(QU) = d(U), (2.2.33)

guarantees the gauge invariance of the partition function (2.2.31).
This invariance of the Haar measure is crucial for the Wilson formulation
of lattice gauge theories.

6Here “pure” means without matter fields.
7One has instead 8 = 2N;/g?a*~? on a d-dimensional lattice since the Yang-Mills
coupling g is dimensionful for d # 4.



112 CHAPTER 2. LATTICE GAUGE THEORIES

It is instructive to present an explicit expression for the Haar measure in
the case of the SU(2) gauge group. An element of SU(2) can be parametrized

by the unit four-vector a,, (a2 = 1) as

U = ad+idc (2.2.34)

with & being the Pauli matrices. The Haar measure for SU(2) then reads
18
1) (2
v = — I dano® (af - 1), (2.2.35)
pn=1

since det U = ai.

Problem 2.13 Rewrite the Haar measure on SU(2) via a unit three-vector 7 (7% =

1) and an angle ¢ (¢ € [0, 27]).
Solution An element of SU(2) reads in this parametrization as

U = e¥™9/2 = cos g + 710 sin % . (2.2.36)
The geometric meaning of this parametrization is simple: the element (2.2.36) is

associated with a rotation through the angle ¢ around the 7i-axis. The Haar measure
for the SU(2) group then is

Piide . 5

This formula can be obtained from Eq. (2.2.35) by integrating over |@|.

Problem 2.14 For the U(N.) group represent the Haar measure as a multiple
integral over the matrix elements of U.

Solution Elements of a unitary matrix U are complex numbers U;; = Uj;. The
Haar measure can be represented as

/dU... = /HdReUidemUijé(ch)(UUT—I)... (2.2.38)
1,7

—o0

The integral in this formula goes over unrestricted U;; as if U were a general complex
matrix while the delta-function restricts U to be unitary.

The partition function (2.2.31) characterizes vacuum effects in the quan-
tum theory. Physical quantities are given by the averages of the type of
Eq. (1.2.6):

(F[U]) = Z’l(ﬂ)/Hde,#e*ﬁS[U] FlU], (2.2.39)
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where F'[U] is a gauge invariant functional of the link variable U, ;. The aver-
ages (2.2.39) become the corresponding expectation values in the continuum
theory as a — 0 and f3 is related to g2 by Eq. (2.2.32).

Remark on the lattice quantization

On a lattice of finite size, the integral over the gauge group in Eq. (2.2.39) is
finite since the integration is over a compact group manifold, in contrast to the
continuum case, where the volume of the gauge group is infinite. Therefore,
the expression (2.2.39) is a constructive method for calculating averages of
gauge invariant quantities, though the gauge is not fixed.

The gauge can be fixed on the lattice in the standard way by the Faddeev—
Popov method. This procedure involves extracting a (finite) common factor,
which equals to the volume of the gauge group, from the numerator and
denominator on the RHS of Eq. (2.2.39). Therefore, the averages of gauge
invariant quantities coincide for a fixed and unfixed gauge, while the average
of a functional which is not gauge invariant vanishes when the gauge is not
fixed.

The fixing of gauge is convenient (though not necessary) for calculations
in a lattice perturbation theory. A Lorentz gauge can not be fixed, however,
outside perturbation theory because of Gribov copies [Gri78]. In contrast,
the lattice path integral (2.2.39) with an unfixed gauge is a method of non-
perturbative quantization.

A price for the compactness of the group manifold on the lattice is the
presence of fluctuations A, (z) ~ 1/a which do not occur in the continuum
(say, the values of the vector potential A, and A, + 27/ae are identified for
the Abelian U(1) group). However, these fluctuations become unimportant
when passing to the continuum limit.

2.2.4 Wilson loops

As is already mentioned in Subsect. 2.2.2, lattice phase factors are associated
with contours which are drawn on the lattice.

In order to write down an explicit representation of the phase factor on
the lattice via the link variables, let us specify the (lattice) contour C' by its
initial point « and by the directions (some of which may be negative) of the
links which the contour is built of:

C = {zp1,..., tn}. (2.2.40)
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(R,0) (R, T)

(0,0) (0,7)
Fig. 2.8: Rectangular loop of the size R x 7.

Then the lattice phase factor Us reads as

Uc = Uz+aﬂ1+...+aﬂn71,un o 'Ur+aﬂ1,u2Ur,,u1 . (2-2-41)

For the links with a negative direction it is again convenient to use
Eq. (2.2.11).

A closed contour has fi1 + ...+ i, = 0. The trace of the phase factor for
a closed contour, which is gauge invariant, is called the Wilson loop.

The average of the Wilson loop is determined by the general for-
mula (2.2.39) to be

1
We = <EtrUc>
1
= 773 HdU%Me*ﬁS[U]EtrUC. (2.2.42)

This average is often called the Wilson loop average.

A very important role in lattice gauge theories is played by the averages of
the Wilson loops associated with rectangular contours. Such a contour lying
in the z,t plane is depicted in Fig. 2.8.

This Wilson loop average is related for 7 > R to the energy of the
interaction of the static (i.e. infinitely heavy) quarks which are separated by
the distance R by the formula

Wiy 128 o—EoR)T (2.2.43)

Problem 2.15 Derive Eq. (2.2.43) by fixing the gauge A4 = 0.
Solution In the axial gauge A4 = 0, we have Uy4 = 1 so that only vertical
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segments of the rectangle in Fig. 2.8 contribute to Urx7. Denoting

fP‘d Ay ( £
Ty (1) = [Pe o FrALFL } , (2.2.44)
ij
we then have
1
Wext = <Ftr\1/ij (0) wl, (T)>. (2.2.45)

Inserting in the last equation a sum over a complete set of intermediate states

> In)(nl =1, (2.2.46)
we get ”
Wi = 3 ate (U ) n) (n[0],(7))
= > WO e T (2:2.47)

where E, is the energy of the state |n). As 7 — oo, only the ground state with the
lowest energy survives in the sum over states and we finally find

large T —EoT
€ )

WrxT —— (2.2.48)

which results in Eq. (2.2.43).
Notice that nothing relies in this derivation on the lattice. = Therefore,
Eq. (2.2.43) holds for a rectangular loop in a continuum theory as well.

Equation (2.2.43) can also be understood as follows. Let us consider the
Abelian case when the interaction is described by the Coulomb law. The
contour integral can then be rewritten as the integral over the whole space

ej{dz“AM(z) = /dde“(x)AH(:v), (2.2.49)

c
where
JH(xz) = ej{dz“é(d) (x — 2) (2.2.50)
c

is a four-vector current of a classical particle moving along the trajectory C
which is described by the function z,(t).
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It is clear that
“mW(C) = — 1n<eifd4wJ“<w>Au<w>> (2.2.51)

determines a change of the action of the classical particle due to electromag-
netic interaction in accordance with Eq. (2.2.43).

A similar interpretation of Eq. (2.2.43) in the non-Abelian case is some-
what more complicated. For a heavy particle moving along some trajectory
in space-time, color degrees of freedom are quantum and easily respond to
changes of the gauge field A, (z), which interacts with them. Let us suppose
that a quark and an antiquark are created at the same space-time point in
some color state. Then this state must be singlet with respect to color (or col-
orless) since the average over the gauge field would vanish otherwise. When
quarks are going away, their color changes from one point to another simulta-
neously with changing the color of the gauge field, in order for the system of
the quarks plus the gauge field to remain colorless. Therefore, the averaging
over the gauge field leads to an averaging over fluctuations of quark color
degrees of freedom. FEy(R) in Eq. (2.2.43) is associated with the interaction
energy averaged over color in this way.

Problem 2.16 Derive a non-Abelian analog of Eq. (2.2.50).
Solution The proper non-Abelian extension of Eq. (2.2.50) is [Won70]

T

Jix) = g / dt 2, (t) 6D (z — 2(t)) I°(t) (2.2.52)

0

where I°(t), which describes the color state of a classical particle moving along the
trajectory z*(¢) in an external Yang-Mills field A,(z), is a solution of the equation

IU(t) + gf*2" (t) AL(2(t)) I°(t) = 0. (2.2.53)

It is convenient to use again Grassmann variables to describe color degrees of
freedom as in Problem 2.3. Then [BCL77, BSSW77]

Ti(x) = d(t)t"y(t) (2.2.54)
and ¥(t) is a solution of

(1) = 2 (1) Au(2(0) (1) = 0. (2.2.55)

2.2. GAUGE FIELDS ON A LATTICE 117

Remark on mass renormalization

By definition, FEy(R) in Eq. (2.2.43) includes a renormalization of the mass of
a heavy quark due to the interaction with the gauge field and which is thus
independent of R. To the first order in g2, it is the same as in QED and reads

2 N2_1
AEmass = % SN (2.2.56)

asa— 0.8
The potential energy of the interaction between the static quarks is there-
fore defined as the difference

E(R) = EO(R) — APFmass - (2257)

If ¢2 /4ma in AEpmags did not become infinite as a — 0, the term resulting
from the mass renormalization would not have to be subtracted, since it
simply changes the reference level for the potential energy.

2.2.5 Strong coupling expansion

We already mentioned in Subsect. 2.2.3 that the path integral (2.2.39) can
be calculated by the lattice perturbation theory in g2. As was pointed out
by Wilson [Wil74], there exists an alternative way of evaluating the same
quantity on a lattice by an expansion in 1/¢? or in 3 since they are related
by Eq. (2.2.32). This expansion is called the strong coupling expansion. It is
an analog of the high temperature expansion in statistical mechanics since 3
is an analog of an inverse temperature.

In order to perform the strong coupling expansion, we expand the expo-
nential of the lattice action, say in Eq. (2.2.42), in 8. Then the problem is to
calculate the integrals over the unitary group of the form

ok /dUU;’;...U;’:UTZI...UT?;, (2.2.58)

1 gmoliln

where the Haar measure (given for SU(2) by Eq. (2.2.35)) is normalized by

/dU = 1. (2.2.59)

8The calculation is presented below in Problem 3.20.
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It is clear from general arguments that the integral (2.2.58) is nonvanishing
only if n = m (mod N.), i.e. only if n = m + kN, where k is integer.

For the simplest case m = n = 1, the answer can easily be found by using
the unitarity of U’s and the orthogonality relation:

) 1 .
/dU iUty = o). (2.2.60)

Problem 2.17 Prove Eq. (2.2.60) for the U(N.) group.
Solution From the general arguments we get

/dUU;‘ Uty = Asiol + BoLsF. (2.2.61)

Contracting by 8¢, using the unitarity of U, and Eq. (2.2.59), we have
AN, +B = 1. (2.2.62)

One more relation between A and B comes from the fact that the character in
the adjoint representation is given by Eq. (2.2.28). Contracting Eq. (2.2.61) by 8]
and 627 and using the orthogonality of characters which says

/dU (teU?—1) = 1, (2.2.63)
we get
AN, + BN? = 1. (2.2.64)
Therefore, A = 1/N. and B = 0 which proves Eq. (2.2.60).

The simplest Wilson loop average, which is nonvanishing in the strong
coupling expansion, is the one for the loop which coincides with the boundary
of a plaquette (see Fig. 2.7). It is called the plaquette average and is denoted
by

1
Wop = <FtrUap>. (2.2.65)

In order to calculate the plaquette average to order (3, it is sufficient to re-
tain only the terms O(3) in the expansion of the exponentials in Eq. (2.2.42):

J 11 dU., (1 + B8 7 Retr U@p,> L tr Usp
i s .

Wop = +0(8%) . (2.2.66)

[Tl dU,,,. <1 + 6% §-Retr Uap,>
T, p’
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op’
dp

Fig. 2.9: Boundaries of the plaquettes p and p’ with the opposite orientations: 9p
and Op’, respectively.

The group integration can then be performed remembering that

i k 1 i
/dUW Uzl [US], = ~ O 0w 61 8% (2.2.67)

at different links.

Using this property of the group integral in Eq. (2.2.66), we immediately
see that the denominator is equal to one (each link is encountered no more
than once), while the only nonvanishing contribution in the numerator is from
the plaquette p’, which coincides with p but has the opposite orientation as
is depicted in Fig. 2.9.

It is convenient to use the graphic notations? for Eq. (2.2.60) at each link
of Op:

== =510 Q)

where the semicircles are associated with the Kronecker deltas:

(2.2.68)

TN s
z] = 00 (2.2.69)

This notation is convenient since the lines which denote the deltas in the last
equation can be associated with propagation of the color indices. Analogously
a closed line represents the contracted delta, which is summed up over the
color indices,

O =4 =N (2.2.70)

9A calculation of more complicated group integrals (2.2.58) in the graphic notations
is discussed in the lectures by Wilson [Wil75] and in the Chapter 8 of the book by
Creutz [Cre83]. An alternative way of calculating the group integrals by the character
expansion is described in the review by Drouffe and Zuber [DZ83].
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Fig. 2.10: Filling of a loop with elementary plaquettes.

Using the graphic representation (2.2.68) for each of the four links depicted
in Fig. 2.9, we get

XQQ

ST AU, tr Uspte US, = g2 =1

O O

)

(2.2.71)

where the contracted Kronecker deltas are associated with the four sites of
the plaquette.
The final answer for the plaquette average is

B .
Wop = 2—Nc2 for SU(N,) with N, > 3,
Wap, = g for SU(2). (2.2.72)

The result for SU(2) differs by a factor of 1/2 because tr Uy, is real for SU(2)
so that the orientation of the plaquettes can be ignored.

The graphic representation (2.2.68) is useful for evaluating the leading
order of the strong coupling expansion for more complicated loops. According
to Eq. (2.2.67), a nonvanishing result emerges only when plaquettes, coming
from the expansion of the exponentials of Eq. (2.2.42) in 8, completely cover
a surface enclosed by the given loop C as is depicted in Fig. 2.10. In this case
each link is encountered twice (or never), once in the positive direction and
once in the negative direction, so that all the group integrals are nonvanishing.
The leading order in 3 corresponds to filling a minimal surface, whose area
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takes on the smallest possible value. This yields
We = (Wp,) min(@) (2.2.73)

where Wy, is given by Eq. (2.2.72) and Api,(C) is the area (in units of a?)
of the minimal surface.

For the rectangular loop, which is depicted in Fig. 2.8, the minimal surface
is just a piece of the plane bounded by the rectangle. Therefore, we get

)RT

Wrxr = (Wap (2.2.74)

to the leading order in (.

More complicated surfaces, which do not lie in the plane of the rectangle,
will give the contribution to W¢ of the order of 347, They are suppressed
at small 3 since their areas are larger than App.

2.2.6 Area law and confinement

The exponential dependence of the Wilson loop average on the area of the
minimal surface (as in Eq. (2.2.73)) is called the area law. It is customarily
assumed that if an area law holds for loops of large area in pure gluodynam-
ics (i.e. in the pure SU(3) gauge theory) then quarks are confined. In other
words, there are no physical |in) or (out| quark states. This is the essence of
Wilson’s confinement criterion. The argument is that physical amplitudes,
e.g. the polarization operator, do not have quark singularities when the Wil-
son criterion is satisfied. I refer the reader to the well-written original paper
by Wilson [Wil74], where this point is clarified.

Another, somewhat oversimplified, justification for the Wilson criterion is
based on the relationship (2.2.43) between the Wilson loop average and the
potential energy of interaction between static quarks. When the area law

e large € _KAL(O) (2.2.75)

holds for large loops, the potential energy is a linear function of the distance
between the quarks:

E(R) = KR. (2.2.76)

The coefficient K in these formulas is called the string tension because
the gluon field between quarks contracts to a tube or string, whose energy
is proportional to its length, as is depicted in Fig. 2.11a. The value of K
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a) b)

Fig. 2.11: Lines of force between static quarks for a) linear and b) Coulomb in-
teraction potentials. For the linear potential the lines of force are con-
tracted into a tube, while they are distributed over the whole space for the
Coulomb one.

is the energy of the string per unit length. This string is stretched with the
distance between quarks and prevents them from moving apart to macroscopic
distances.

Equation (2.2.74) gives

1. 2N?
K = E In 6
1

= < (Neg?) (2.2.77)

for the string tension to the leading order of the strong coupling expansion.
Next orders of the strong coupling expansion result in corrections in § to this
formula.

Therefore, confinement holds in the lattice gauge theory to any order of
the strong coupling expansion.

Remark on the perimeter law

For the Coulomb potential

(2.2.78)
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the gauge field between quarks would be distributed over the whole space as
is depicted in Fig. 2.11b. The Wilson loop average would have the behavior

W(C) lagc efconst-L(C) 7 (2.2.79)

where L(C') stands for the length (or perimeter) of the closed contour C'.

This behavior of the Wilson loops is called the perimeter law. To each
order of perturbation theory, it is the perimeter law (2.2.79), rather than the
area law (2.2.75), that holds for the Wilson loop averages. A perimeter law
corresponds to a potential which can not confine quarks.

Remark on the Creutz ratio

To distinguish between the area and perimeter law behavior of the Wilson
loop averages, Creutz [Cre80] proposed to consider the ratio

WrxagWr— -
X(I,J) - _1 IxJVV (I-1)x(J-1)

n , 2.2.80
Wir—1yxsWrx-1) ( )

where Wy ; is as before the average of a rectangular Wilson loop of the size
I x J. The exponentials of the perimeter, which is equal to

LIxJ) = 2[+2J, (2.2.81)

cancel out in the ratio (2.2.80). In particular, the mass renormalization
(2.2.56) cancels out, which is essential for the continuum limit.

The Creutz ratio (2.2.80) has a meaning of a force of interaction between
quarks, which can be seen by stretching the rectangle along the “temporal”
axis (as is illustrated by Fig. 2.8). If the area law (2.2.75) holds for asymp-
totically large I and J, then

large I,J
=—

x(I,J) a’K (2.2.82)

i.e. does not depend on I or J and coincides with the string tension. This
property of the Creutz ratio was used for numerical calculations of the string
tension.

2.2.7 Asymptotic scaling

Equation (2.2.77) establishes the relationship between values of the lattice
spacing a and the coupling g? as follows. Let us set K to be equal to its
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experimental value!'?
K = (400 MeV)? ~ 1 Gev/fm. (2.2.83)

Then the renormalizability prescribes that variations of a, which plays the role
of a lattice cutoff, and of the bare charge g? should be done simultaneously
in order that K does not change.

Given Eq. (2.2.77), this procedure calls for a — oo as g — co. In other
words, the lattice spacing is large in the strong coupling limit, compared to
1 fm — the typical scale of the strong interaction. This is a situation of the
type shown in Fig. 2.6a. Such a coarse lattice can not describe correctly the
continuum limit and, in particular, the rotational symmetry.

In order to pass to the continuum, the lattice spacing a should be decreased
to have a picture like that in Fig. 2.6b. Equation (2.2.77) shows that a
decreases with decreasing ¢g2. However, this formula ceases to be applicable
in the intermediate region of g2 ~ 1 and, therefore, a ~ 1 fm.

The recipe for further decreasing of a is the same as in the strong coupling
region: further decreasing of g2. While no analytic formulas are available at
intermediate values of g2, the expected relation between a and g2 for small
g2 is predicted by the known two-loop Gell-Mann-Low function of QCD.

For pure SU(3) gluodynamics, Eq. (2.2.77) is replaced at small g by

1672\ B ex2
—> e N7, (2.2.84)

The exponential dependence of K on 1/¢? is called asymptotic scaling. An
asymptotic scaling sets in for some value of 1/g? as is depicted in Fig. 2.12.
For such values of g2, where an asymptotic scaling holds, the lattice gauge
theory enjoys a continuum limit.

The knowledge of the two asymptotics says nothing about the behavior
of a?K in the intermediate region of g2 ~ 1. There can be either a smooth
transition between these two regimes or a phase transition. Numerical meth-
ods were introduced to study this problem. Some of them are described in
the next Section.

10This value results from the string model of hadrons where the slope of the Regge
trajectory o’ and the string tension K are related by K = 1/2wa’. This formula holds
even for a classical string. The slope o/ = 1 Gev~2 say from the p — Aa — g trajectory. A
similar value of K is found from the description of mesons made out of heavy quarks by a
nonrelativistic potential model.
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strong coupling

lna’K —

asymptotic scaling

Fig. 2.12: Dependence of the string tension on 1/g2. The strong coupling formula
(2.2.77) holds for small 1/g2. The asymptotic scaling formula (2.2.84) sets
in for large 1/g%. Both formulas are not applicable in the intermediate
region of 1/g? ~ 1 which is depicted by the dashed line.

Remark on dimensional transmutation

The QCD action (2.1.14) does not contain a dimensional parameter of the
order of hundreds MeV. The masses of the light quarks are of the order of
a few MeV and can be disregarded. The only parameter of the action is the
dimensionless bare coupling constant g2. At the classical level, there is no
way to get the dimensional parameter of the order of hundreds MeV.

In quantum theory, these is always a dimensional cutoff (like a for the
lattice regularization). The renormalizability says that a and g? are not
independent but are related by the Gell-Mann-Low equation (1.3.73). It can
be integrated to give the integration constant

Aqep = éexp [_/BCZ;)]' (2.2.85)

Up to now there was no difference between QCD and QED. The difference
stems from the fact that the Gell-Mann-Low function B(g?) is positive for
QED and negative for QCD. In QED e?(a) increases with decreasing a while in
QCD g¢?(a) decreases with decreasing a. The latter behavior of the coupling
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constant is called asymptotic freedom. In both cases the Gell-Mann-Low
function vanishes when the coupling constant tends to zero. Such values of
coupling constants where the Gell-Mann—Low function vanishes are called the
fized points. Since the infrared behavior of e? in QED is interchangeable with
the ultraviolet behavior of ¢? in QCD, the origin is an infrared-stable fixed
point in QED and an ultraviolet-stable fixed point in QCD. In QED the fine-
structure constant (= 1/137) is measurable in experiments while in QCD the
constant Aqcp is measurable.

This phenomenon of an appearance of a dimensional parameter in QCD,
which remains finite in the limit of vanishing cutoff, is called dimensional
transmutation. All observable dimensional quantities, say the string tension
or hadron masses, are proportional to the corresponding powers of Aqcop-

Therefore, their dimensionless ratios, say the ratio of v/K to hadron masses,
are universal numbers which do not depend on ¢?. The goal of a non-
perturbative approach in QCD is to calculate these numbers but not the
overall dimensional parameter.

Remark on second-order phase transition

It is usually said in statistical physics that continuum limits of a lattice system
are reached at the points of second-order phase transitions when the corre-
lation length becomes infinite in lattice units. This statement is in perfect
agreement with what is said above about the continuum limit of lattice gauge
theories.

A correlation length is given by a formula similar to Eq. (2.2.85):

d 2
€ ~ Agbp = aexp [/ %]. (2.2.86)

The only chance for the RHS to diverge is to have a zero of the Gell-Mann—
Low function B(g?) at some fixed point g? = g2. Therefore, the bare coupling
should approach the fixed-point value g2 to describe the continuum.

As we have discussed, B(0) = 0 for a non-Abelian gauge theory so that
g? = 0 is a fixed-point value of the coupling constant. Therefore, the contin-
uum limit is associated with g2 — 0 as is said above.
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2.3 Lattice methods

Analytic calculations of observables in the non-Abelian lattice gauge theories
are available only in the strong coupling regime g? — oo, while one needs
g? — 0 for the continuum limit. When g2 is decreased, the lattice systems
can undergo phase transitions as it often happens in statistical mechanics.

To look for phase transitions, the mean-field method was first applied to
lattice gauge theories [Wil74, BDI74]. It turned out to be useful for studying
the first-order phase transitions which very often happen in lattice gauge
systems but do not affect the continuum limit.

The second-order phase transitions are better described by the lattice
renormalization group method. The approximate Migdal-Kadanoff recursion
relations [Mig75, Kad76] were the first implementation of the renormalization
group transformation on a lattice, which indicated the absence of a second-
order phase transition in the non-Abelian lattice gauge theories and, therefore,
quark confinement.

A most powerful method for practical non-perturbative calculations of
observables in lattice gauge theories is the numerical Monte Carlo method.
This method simulates statistical processes in a lattice gauge system and is
often called for this reason the numerical simulation. The idea of applying it
to lattice gauge theories is due to Wilson [Wil77] while the practical imple-
mentation was done by Creutz, Jacobs and Rebbi [CJR79] for Abelian gauge
groups and by Creutz [Cre79, Cre80] for the SU(2) and SU(3) groups.

We briefly describe in this Section the mean-field method, the lattice
renormalization group method and the Monte Carlo method. Few results
of the Monte Carlo simulations will be discussed.

2.3.1 Phase transitions

As is pointed out in the previous Section, analytic calculations of the string
tension are available only in the strong coupling regime g? — oo, while one
needs g2 — 0 for the continuum limit. A question arises what happens with
lattice systems when g2 is decreased. In particular, does an actual picture of
the dependence of the string tension on g2 look like that in Fig. 2.12?

We know from statistical mechanics that lattice systems can undergo
phase transitions with changing the parameters, say the temperature, which
completely alter macroscopic properties. A simplest example is that of a
first-order phase transition which occurs in a teapot.

First-order phase transitions very often happen in the lattice gauge theo-
ries. They are usually seen as a discontinuity in the 3 (or 1/¢?) -dependence of
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Fig. 2.13: Typical 3-dependence of the plaquette average for a first-order phase tran-
sition which occurs at 8 = («.

the plaquette average (2.2.65) as is depicted in Fig. 2.13. The form of Wy, ()
at small § is given to the leading order of the strong coupling expansion by
Eq. (2.2.72), while that at large [ is prescribed by the lattice perturbation
theory'! to be

Wop(B) = 1- gat 0B, (2.3.1)
where dg is the dimensionality of the gauge group (dg = N2 — 1 for SU(IV,.),
dc = N2 for U(N,)) and d is the dimensionality of the lattice as before.

This behavior of the plaquette average is quite analogous to a dependence
of the internal energy per unit volume (called the specific energy) in statistical
systems. In order to see an analogy between the specific energy and (1—-Wa,),

let us remember that 3 is an analog of the inverse temperature and rewrite
Eq. (2.2.65) as

1 9
W, =1+——=InZ 2.3.2
wlB) = 1+ 355 W Z(5). (232)
where the partition function is given by Eq. (2.2.31) and the number of pla-
quettes IV, is an analog of the volume of a statistical system.

Problem 2.18 Derive Eq. (2.3.1) for the SU(NV.) gauge group.
Solution The partition function (2.2.31) can be calculated at large 3 by the saddle-
point method. The saddle-point configurations are given by solutions of the classical

11t is often called, for obvious reasons, the weak coupling expansion.

2.3. LATTICE METHODS 129

equation (2.2.24). The proper solution reads
SP
vt = z,, (2.3.3)
where Z,, is an element of the Z(N.) group, the center of the SU(N.),
Z, = I1-e?™m/Ne . =1,... N.. (2.3.4)

It is evident that this is a solution because elements of the center commute so that
Z,, and Z_, cancel each other in Uy, ..

In order to take into account fluctuations around the saddle-point solu-
tion (2.3.3), let us expand

Upp = USE it (2.3.5)

where the order of multiplication is inessential since Z,, commute with the generators
t*. The expansion of tr Us, to the quadratic order in ¢ reads

1 1 o
N Uripp = 1— 4—Ncg’“”’"’ (2.3.6)
where
g;;u,u = E:,,u, + €;+aﬂ,u - €;+af/,,u, - E:,V . (237)

Due to the local gauge invariance, we can always choose, say, €;,4 = 0 so that there
are only N; — N, independent €’s.
Substituting into Eq. (2.2.31) and expanding the Haar measure, we get

d N. +oo
z@) o« [T > TI / det e =0 S 4Ne (2.338)

v=1 ny,=1 z,u<d,a _°

The sum over n,, which is due to the degenerate saddle points, is just an irrelevant
constant.
We see from Eq. (2.3.8) that only
a ! (2.3.9)
€xp ~ —= .3.
VB
are essential which justifies the expansion in e. Rescaling the integration variables
in Eq. (2.3.8), we get, therefore,

Z(B) o« - WNimNa)da/2 (2.3.10)

Substituting into Eq. (2.3.2) and remembering that (N; — Ni)/N, = 2/d (see
Eq. (2.2.5)), we obtain Eq. (2.3.1).
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Problem 2.19 Repeat the derivation of the previous Problem for the adjoint ac-
tion (2.2.29).

Solution The only difference from the Wilson action (2.2.16) is that the saddle-
point solution (2.3.3) is now modified as

USY = Zow, (2.3.11)

i.e. may take on different values at different links. It is evident that this is a
minimum of the action (2.2.29).
The only modification of Eq. (2.3.8) is

d N d Nec
1m> =1I> . (2.3.12)

v ny=1 T,V ng p=1

which only changes an irrelevant overall constant. Therefore, Eq. (2.3.1) remains
unchanged providing the plaquette average is also taken in the adjoint representa-
tion. This supports the expectation that the continuum limits for the both actions
coincide.

The first-order phase transitions of the type in Fig. 2.13 are usually harm-
less and are not associated with deconfinement. They are related with dy-
namics of some lattice degrees of freedom (say, with large fluctuations of the
link variable U, ,, which occur independently at adjacent links) which do not
affect the continuum limit and are called lattice artifacts. Moreover, these
lattice degrees of freedom become frozen for § > B, which is necessary for
the continuum limit to exist. A brief description of some lattice artifacts and
of the related phase transitions can be found in the Section 3 of the review
article [Mak84].

Another possibility for a lattice system is to undergo a second-order phase
transition in analogy with spin systems. In this case Wy, is continuous but
the derivative OWp, /08 becomes infinite at the critical point § = 3, as is
depicted in Fig. 2.14. Given Eq. (2.3.2), this derivative is to be considered
as an analog of the specific heat of statistical systems. Its behavior at small
and large (8 is governed by Egs. (2.2.72) and (2.3.1), respectively.

Differentiating Eq. (2.2.65) with respect to 3, the derivative 0Wp,, /0 can
be expressed via the sum of the connected correlators:

Wy, 1 1 1
aﬁ — 5 Z <EtrU6p ﬁctrUap/> . (2313)

oriented p’ conn
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Fig. 2.14: Typical (-dependence of O0Wp,, /0B for a second-order phase transition
which occurs at 8 = (.

This formula shows also that Wy, /00 is positive definite, since the RHS can
be rewritten using translational invariance as

1 1 1
5 Z <EtrUap EtrUap/>

oriented P’ conn
1 1 2 1 . )
B N A —tr U,
4Np < <Ori§d p Nc ' 8p> > 4Np <<ori(§d p Nc ' 8p> >
= (2.3.14)

where the equality is possible only for a Gaussian averaging, i.e. for a free
theory. This repeats the standard proof of the positivity of specific heat in
statistical mechanics.

Since each term of the sum in Eq. (2.3.13) is finite (remember that a trace
of a unitary matrix takes on values between — N, and N.), the only possibility
for the RHS to diverge is for the sum over plaquettes p’ to diverge. This is
possible only when long-range (in the units of the lattice spacing) correlations
are essential or, in other words, the correlation length is infinite. Thus, we
have once again reproduced the argument that the continuum limit of lattice
theories is reached at the points of second-order phase transitions.

Such a second-order phase transition seems to occur in compact QED (i.e.
the U(1) lattice gauge theory with fermions) at e? ~ 1. It is associated there
with deconfinement of electrons. Electrons are confined for e? > €2, similar

*)

to quarks in the lattice QCD, and are liberated for e? < e2. The interaction
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potential looks like that of Fig. 2.11b for e? < €2 and like that of Fig. 2.11a in
the confinement region e? > e2. 2 In order to reach the continuum limit with
deconfined electrons, the bare charge e? should be chosen slightly below the
critical value. Then the renormalized physical charge can be made as small as
the experimental value (o« = 1/137) according to the renormalization group
arguments which are presented in the Remarks to Subsect. 2.2.7.

The nature of the phase transition in a four-dimensional compact U(1)
lattice gauge theory without fermions was investigated by numerical methods.
While the very first paper [LN80] indicated that the phase transition is of
second order, some more advanced recent investigations say that it may be
weakly first order (see, e.g., the talks at the Lattice Conference [Lat94], Part
2.7). Anyway, we need fermions which usually weaken a phase transition that
happens in a pure lattice gauge theory.

There are no indications that a second-order phase transition occurs in
non-Abelian pure lattice gauge theories at intermediate values of 3. This
very strongly supports a behavior of the string tension of the type depicted
in Fig. 2.12. The second-order phase transition occurs in four dimensions at
B = oo (or g2 = 0) according to the general arguments of Subsect. 2.2.7,
which is necessary for the continuum limit to exist.

Remark on confinement in 4 + ¢ dimensions

In 4 + ¢ dimensions (¢ > 0), a second-order deconfining phase transition
always occurs in non-Abelian pure lattice gauge theories at some finite value
of 3 < oo (or g2 > 0). The case of ¢ < 1 can be considered analogous to
the e-expansion in statistical mechanics [WK74]. An ultraviolet-stable fixed
point now exists at g2 ~ e since the theory is asymptotically free in d = 4.
This phase transition is associated with deconfinement quite analogously to
compact QED in d = 4. The deconfining phase is associated with g < g.
while the confining phase is associated with g > g..

2.3.2 Mean-field method

The idea to apply the mean-field method, which is widely used in statis-
tical systems, to study phase transitions in the lattice gauge theories was
proposed by Wilson [Wil74] and first implemented for Abelian theories by
Balian, Drouffe and Itzykson [BDI74]. A mean field usually works well when
there are many neighbor degrees of freedom, interacting with a given one.

12The latter statement is not quite correct for the reasons which are discussed in Sub-
sect. 2.5.4.
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Fig. 2.15:  Graphic representation of the self-consistency condition (2.3.17). The link
variables are replaced by m - I at all links except for a given one denoted
by the bold line.

In the simplest version of the mean-field method, the link variable U, ,
is replaced by the mean-field value m - I everywhere but at a given link (see
Fig. 2.15) at which the self-consistency condition

<[Uz,u]ij>0 = mo (2.3.15)

is imposed.

The average on the LHS of Eq. (2.3.15) is calculated with the action which
is obtained from (2.2.16) by the substitution of m - I for all the link variables
(or their Hermitean conjugate) except at the given link. Since the given link
enters 2(d — 1) plaquettes, the average on the LHS of Eq. (2.3.15) is to be
calculated with the action

So[U] = 2(d—1)m*RetrU,,, + const. (2.3.16)

Therefore, the self-consistency condition (2.3.15) can be written by
the substitution of the mean-field ansatz into the lattice partition func-
tion (2.2.31) as

deeﬁ?NcRctrUN%trU
deechRetrU =m (2317)

with
Bo= 2(d- 1)m3%. (2.3.18)
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Fig. 2.16: Typical behavior of the solutions of the self-consistency equation (2.3.17).
The only solution with m = 0 exists for 8 < («. Two more solutions
appear for 8 > B+«. The one depicted by the dashed line is unstable. The
actual value of m versus (3 is depicted by the bold lines. A first-order phase
transition is associated with 8 = .

The meaning of Eq. (2.3.17) is very simple: the average of the trace of the
link variable at the given link should coincide with m which is substituted for
all other links of the lattice.

In order to verify whether the self-consistency condition (2.3.17) admits
nontrivial solutions, one should first calculate the group integral on the LHS
and then solve the self-consistency equation for m versus 8. A typical behav-
ior of the solution is depicted in Fig. 2.16. For all values of 3, there exists a
trivial solution m = 0 which is associated with no mean field. At some value
B+, two more solutions of the self-consistency equation appear. The upper of
them is associated with positive specific heat while the lower one corresponds
to negative one. This can be seen by noting that

Wap = m* (2.3.19)

in the mean-field approximation which follows from the substitution of the
link-variables in the definition (2.2.65) by the mean-field values. This non-
trivial solution is preferred for § > B, since the partition function for it is
larger (or the free energy is smaller) than for the m = 0 solution. The value
of 3, is often associated with the point of a first-order phase transition.

The mean-field method in such a simple form was first applied to non-
Abelian lattice gauge theories in Ref. [GL81, CGL81]. For the cases when a
first-order phase transition occurs (say, for the SU(N.) groups with N, > 3
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or for the SO(3) group), agreement with numerically calculated positions of
the phase transitions is remarkable.

Problem 2.20 Calculate §, for the SU(oco) lattice gauge theory, when the group
integral on the LHS of Eq. (2.3.17) equals: 3/2 for 3 <1 (a strong coupling phase)
and 1 —1/203 for § > 1 (a weak coupling phase).
Solution For the strong coupling phase, the self-consistency equation

3 B

(d=1)m Nz = m (2.3.20)

has the only solution m = 0. The other solutions are unacceptable due to stability
consideration.

The nontrivial solutions of the self-consistency equation appear in the weak
coupling phase when dm/dB3 = oo or d3/dm = 0. Differentiating, we get in d = 4

8ﬂ71N3 2 3
== = 12(3m" —4m?®) (2.3.21)
which yields
3 B 43

It is still left to verify that the proper B is indeed associated with the weak coupling
phase. From Eq. (2.3.18), we get 3. = 2 and this is the case.

2.3.3 Mean-field method (variational)

There are some puzzles with the simplest mean-field ansatz described above.
First of all, the average value of the link variable U, , in a lattice gauge the-
ory must vanish due to the gauge invariance (remember that U, , changes
under the gauge transformation according to Eq. (2.2.13) while the action
and the measure are gauge invariant). This is in accordance with Elitzur’s
theorem [Eli75] which says that a local gauge symmetry can not be sponta-
neously broken, so that any order parameter for phase transitions in lattice
gauge theories must be gauge invariant.

A way out is to reformulate the mean-field method in lattice gauge theories
as a variational method [BDI74] which is similar to that proposed by R. Peierls
in thirties. It is based on Jensen’s inequality!'?

(e), > e (2.3.23)

13More detail can be found, e.g., in the books [Fey72, Sak85] cited in the reference list
to Chapter 1.
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which is due to the convexity of the exponential function, where (...)o means
averaging with respect to a trial action.
Let us choose the trial partition function

T,

as a product of one-link integrals. Adding and subtracting the trial action,
we write down the following bound on the partition function (2.2.31):

zZ > Zoe<Nic 2, RetrUop=BNe}S, | RetrUs,) (2.3.25)

Here (. ..)o means averaging with respect to the same action as in Eq. (2.3.24).

Since the expression which is averaged in the exponent in Eq. (2.3.25) is
linear in each of the link variables, it can be calculated via the one-matrix
integral given by the LHS of Eq. (2.3.17). Therefore, we get

ﬁ _
<_Nc zp: RetrUpp — BN. > Retr U,
0

T,u

= BN,m*—BN2Nm, (2.3.26)

where Eq. (2.3.19) has been used.

The idea of the variational mean-field method is to fix 3 from the condition
for the trial ansatz (2.3.24) to give the best approximation to Z in the given
class. Calculating the derivative of the RHS of Eq. (2.3.25) with respect to 3
and taking into account that m depends on (3 according to Eq. (2.3.17), we
find the maximum at 3 given by Eq. (2.3.18), which reproduces the simplest
version of the mean-field method described above.

To restore Elitzur’s theorem, a more sophisticated trial ansatz [Dro81] can

be considered:

r T B
Zo = [ J[dUspe ™ 2w BerrBrntion (2.3.27)
T,

where we choose B, , to be an arbitrary complex N, x N, matrix. Now the
best approximation is reached for

B, = B9Q.0Q! (2.3.28)

z+af

where 3 is given by exactly the same equation as before, while Q, € SU(N..)
but is arbitrary otherwise. Now <UI” u> 0 vanishes after summing over equiv-
alent maxima which results in integrations over df2,.
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Problem 2.21 Perform the variational mean-field calculation with the ansatz
(2.3.27).
Solution Let us denote

NedT  Retr Bl , Ui
s > J
B J1L,, dUspe @.p U2,

My, = (2.3.29)
T etr B -
f H:c MdUcv,p,eNc ZI,M Ret Bm’”U H
Then the analog of Eq. (2.3.26) reads
B i
<F¢ > RetrUs, — No Y Retr Bl U,
p T, 0
= Nﬂ > Retr My, — No»_ Retr B , M., (2.3.30)
oy @,
so that the inequality (2.3.25) takes on the form
i elr — etr I 4
7 > Zye Ve dup ReUMop=Ned | RetrBl My (2.3.31)

By, can now be determined by maximizing with respect to B,,, and taking into
account Eq. (2.3.29).

It is easy to see that if B, , = 31 is a solution as before, then (2.3.28) is also
a solution. Therefore, we get

(U2, = m/dQHaﬁ A% Qurap QL = 0, (2.3.32)

where the integration over 2 takes into account different equivalent maxima. Thus,
all gauge invariant quantities for the ansatz (2.3.27) are the same as for the
ansatz (2.3.24) while gauge noninvariant quantities now vanish in agreement with
Elitzur’s theorem.

Remark on the criterion for phase transition

Another puzzle with the simplest mean-field method is why the point of the
first-order phase transition is choosen as is explained in Fig. 2.16 but not
when the free energy of both phases coincide (the standard Maxwell rule in
statistical physics). Perhaps, the criterion of Fig. 2.16 should be choosen if
a barrier between two phase is impenetrable which happens at large N, or
if quantum fluctuations are not taken into account as for the simplest mean
field. The mean-field calculations of Ref. [FLZ82], which take into account
fluctuations around the mean-field solution (2.3.28), agree for the Maxwell-
rule criterion with numerical data. These results are reviewed in Ref. [DZ83].
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I
a) b)

Fig. 2.17: Lattice renormalization group transformation (2.3.33). The thin lines of
the old lattice a) represent links on which integration is performed. The
new lattice b) has the lattice spacing 2a but the same spatial extent La.

2.3.4 Lattice renormalization group

While the mean-field method is useful for studying the first-order phase tran-
sitions, the second-order phase transitions in lattice statistical systems are
better described by the renormalization group method (see, e.g., the review
by Wilson and Kogut [WK74]). The idea to apply a similar method to lattice
gauge theories is due to Migdal [Mig75].

A simple renormalization group transformation in lattice gauge theories is
associated with doubling of the lattice spacing a. One has originally a lattice
depicted in Fig. 2.17a. The lattice renormalization group transformation
consists in integrating over the link variables U ,, on the links shown by the
thin lines which results in a lattice with spacing 2a,

r.g.
a:g>2a

: (2.3.33)

which is depicted in Fig. 2.17b. The space size of the lattice is L before the
transformation and becomes L/2 after the transformation,

L = = (2.3.34)

ro |t~

so that the lattice extent is L - a in both cases which is expected to reduce an
influence of finite size effects on the transformation.
The Wilson action on the lattice of Fig. 2.17a becomes a more general one
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under the renormalization group transformation:

S[U] = ZﬁNi tr U,
P C

T

2 1
=X S/[U]:;ﬂiﬁctr[]p
1 1
+Zggﬁtr(]p2+2ﬁgﬁtwpg+.... (2.3.35)
P2 ¢ P3 ¢

The new action S’[U] is not necessarily a single-plaquette action and can
involve traces of the Wilson loops for boundaries of double plaquettes, triple
plaquettes and so on.

The new action would be the same as the old one only at a fixed point.
This usually happens after the renormalization group transformation is ap-
plied several times when the lattice theory does have a fixed point. The
resulting action is then associated with an action of a continuum theory.

The great success of non-Abelian lattice gauge theories with the Wilson
action in describing the continuum limit even at a relatively small spatial
extent or, which is the same, at relatively large g and a, is because it is
not far away from the fixed-point action of the renormalization group. The
proper numerical results are presented below in this Subsection.

If both actions S[U] and S’[U] are the single-plaquette Wilson actions,
then

B g =p-A8 (2.3.36)

under the renormalization group transformation on the lattice.
Since the Gell-Mann—Low function B(g?) in the continuum is known, A3
versus  is determined by the equation

B
dx 6 2In2
—=B (=) = - : 2.3.37
/ w3/ (w) V6 (2337
B-AB
Here the In2 on the RHS is due to Eq. (2.3.33) and the relation (2.2.32)

between 3 and g2 is used with N, = 3.
For the pure SU(3) gauge theory, we get from Eq. (2.3.37)

0,204 1
AB = 0,579 + 5+ o) (@) (2.3.38)
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at asymptotically large 3.

One can integrate over the thin links in Fig. 2.17a either approximately
or numerically. The following procedure for an approximate integration is
known as Migdal-Kadanoff recursion relations.

Let us expand the exponential of the old action in characters

e S = N frdyxe (U) (2.3.39)

where
d- = xr-(1) (2.3.40)

is the dimension of a given representation r and f, are the coefficients which
depend on the form of S[U].

Migdal [Mig75] proposed to approximate the new action, which appear
after

a = pa, (2.3.41)

by the formula

pd—2

P L [Zfrpzdrxr(U’) , (2.3.42)

which is exact in d = 2 dimensions. Kadanoff [Kad76] slightly modified the
recursion relation (2.3.42).

The study of the Migdal-Kadanoff recursion relations was historically the
first argument that second-order phase transitions do not occur in the non-
Abelian lattice gauge theory when g? is decreased. Moreover, these relations
in d = 4 are the same as for spin systems (with the same symmetry group)
in d = 2 where this phenomenon is known. A disadvantage of the method is
that it is difficult to estimate its accuracy.

A final answer to the question of whether or not a second-order phase
transition occurs in the non-Abelian lattice gauge theory was done by the
numerical integration. This is known as the Wilson Monte Carlo renormal-
ization group. Some typical results [Ake93] for the AS, which is defined by
Eq. (2.3.36), versus 8 are depicted in Fig. 2.18. The solid line represents
the asymptotics (2.3.38). The agreement confirms that the continuum limit
is reached already at these values of 3, while the deviation of the Monte
Carlo data from the asymptotics for smaller values of § is due to lattice
non-perturbative effects.

2.3. LATTICE METHODS 141

0.651

0.6f bare g2

2 el

05
AB 35
045} é‘@
04l éq}f}
0.35[ i f‘?

0.3] (a)
0.25 -

Fig. 2.18: Monte Carlo data by Akemi et al. [Ake93] for AB. The errorbars represent
statistical errors. The solid line represents the asymptotics (2.3.38).

2.3.5 Monte Carlo method

The idea of the Monte Carlo method is to calculate the partition func-
tion (2.2.31) and the averages (2.2.39) for arbitrary values of 8 numerically,
using the fact that the multiplicity of the integral is large. Fora L x L x L X L
lattice in four dimensions, a typical multiplicity of the integral is as large as
4-(N2—1)-L* (~ 107 for L = 24). Tt is hopeless to calculate such an integral
exactly. On the contrary, the larger the multiplicity the better the Monte
Carlo method works.

As usual, the Monte Carlo method is applied not to sequential integrals
over U, at each link but rather to the multiple integral as a whole, which
can be viewed as a sum over states of a statistical system.

A state is identified with a gauge field configuration which is described by
the values of the link variables at all the links of the lattice:

C o= {UZ ey ey} (2.343)

There are as many positions in this row as the multiplicity of the integral.
Then the sequential integral can be represented as

/HdUW... = > ... (2.3.44)

c
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The averages (2.2.39) can be rewritten as
S e PO R (C)
C

S o -ASO)
C

(F(C)) =

(2.3.45)

where S(C) and F(C) are the values of F' and S for the given configuration
C.

The task of Monte Carlo calculations is not to sum over all possible con-
figurations whose number is infinite but rather to construct an ensemble, say,
of N configurations

E = {Ci,...,Cy} (2.3.46)

such that for a given configuration C),, to encounter with the Boltzmann
probability

Ppol(Cp) = Z7H(B) e 75O, (2.3.47)

Such a sample of configurations is called the equilibrium ensemble.
Given an equilibrium ensemble, the averages (2.3.45) take the form of the
arithmetic mean

N
(FIU) = & D F(C) (23.49)
n=1

because each configuration “weighs” already as much as is required. In par-
ticular, the Wilson loop average for a rectangular contour is given by

N
1 1
Wrxr = N;EUURXT (Cn) (2.3.49)

If all configurations in the equilibrium ensemble are independent, then the
RHS of Eq. (2.3.49) will approximate the exact value of Wgyx7 with an ac-
curacy ~ v/N.

An analogy of this method of calculating averages with statistical physics
is obvious. The equilibrium ensemble simulates actual states of a statistical
system while the index n describes a time evolution.

A crucial point in the Monte Carlo method is to construct the equilibrium
ensemble. It is not simple to do that because the Boltzmann probability is
not known at the outset. A way out is to establish a random process for
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which each new configuration in the sequence (2.3.46) is obtained from the
previous one by a definite algorithm but stochastically. In other words, the
random process is completely determined by the probability P(C,,—1 — C.,)
for a transition from a state C,,_1 to a state C), and does not depend on the
history of the system, i.e.

P (Cn—l — Cn) = P(Cn_l, Cn) (2350)

Such a random process is known as the Markov process.

The transition probability P(C, C") should be chosen in such a way to pro-
vide the Boltzmann distribution (2.3.47). This is ensured if P(C, C") satisfies
the detailed balance condition

e IOpc,.cy = e PS()p, 0. (2.3.51)
Then

1) an equilibrium sequence of states will transform into another equilib-
rium sequence,

2) a nonequilibrium sequence will approach an equilibrium one when mov-
ing through the Markov chain.

Problem 2.22 Prove the statements 1) and 2) listed in the previous paragraph
using the detailed balance condition (2.3.51).

Solution Let a state C is encountered in ensembles E and E’ with the probability
densities P(C) and P’(C), respectively. Then a distance between the two ensembles
can be defined as

12— E = Y |P(C) - P(C). (2.3.52)
C

For a Markov process when Eq. (2.3.50) holds, we have

P'(C) = ) _P(C.C)P(C) (2.3.53)
C/

if E' is obtained from E by a Monte Carlo algorithm. The transition probability
P(C,C") is nonnegative and obeys

Y pe.c) = > P =1 (2.3.54)
C c’

since each new state is obtained from an old one and vice versa.
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It is now easy to prove the statement 1). Summing the detailed balance condi-
tion (2.3.51) over C’, we get

Ppol(C) = Y P(C,C")Ppqi(C'), (2.3.55)
C/

i.e. the Boltzmann distribution is an eigenvector of P(C,C’). Comparing with
Eq. (2.3.53), we see that the new distribution is again the Boltzmann one, which
proves 1).

To prove the statement 2), let us compare the distances from E and E’ to some
equilibrium ensemble E'p,) associated with the Boltzmann distribution (2.3.47).
We have the inequality

IE' = Epotl = Y _|P'(C) = Ppa(O)]
C

= Y D PE.C) [P - Ppa(C)]
C c’

< ) P(C.C)|P(C) = Ppa(C)]

cc’
= D |P(@) - Ppa(C)
Cl
= |[[E - Egall, (2.3.56)

where Egs. (2.3.53), (2.3.55) and (2.3.54) are used. Thus, 2) is proven.

Specific Monte Carlo algorithms differ in the choice of the transition prob-
ability P(C,C’) while the detailed balance condition (2.3.51) is always satis-
fied. The two most popular algorithms, which act at one link, are

Heat bath algorithm: A new link variable U;ﬁ ,, is selected randomly from
the group manifold with a probability given by the Boltzmann factor

P(U.,) o« e P8(@), (2.3.57)

Then this procedure is repeated for the next link and so on until the
whole lattice is passed. This can be imagined as if a reservoir with a
temperature 1/5 touches each link of the lattice in succession. It is
clear from physical intuition that the system will be brought to the
thermodynamic equilibrium sooner or later.

Metropolis algorithm: This algorithm is used in statistical physics since
the fifties and consists of several steps.
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a) A trial new link variable U} , is selected (suppose randomly on the
group manifold).

b) The difference between the action for this trial configuration and
that for the old one is calculated:

AS=S(C")—5(C). (2.3.58)

¢) A random number r € [0,1] is generated.
d) If

e RS > (2.3.59)

then U, , is accepted. Otherwise, U, , is rejected and the old value
Us,u is kept.

e) All this is repeated for the next links.

A new configuration C’, which is obtained by applying either Monte Carlo
algorithm to each links of the lattice once (this procedure is often called the
Monte Carlo sweep), will be strongly correlated with the old one C. This
is because the lattice action depends not only on the variable at the given
link but also on those at the neighboring link which form plaquettes with the
given one. In order for C’ to become independent on C, this procedure should
be repeated many times or special tricks to reduce the correlations should be
implemented. Then this new configuration can be added to the equilibrium
ensemble (2.3.46) as C,.

More detail about the Monte Carlo algorithms as well as their practical
implementation in lattice gauge theories can be found in the review [CJR83]
and the book by Creutz [Cre83].

2.3.6 Some Monte Carlo results

The first Monte Carlo calculation in non-Abelian lattice gauge theories, which
is relevant for the continuum limit, was that by Creutz [Cre79] who evalu-
ated the string tension for the SU(2) gauge group. His result is reproduced
in Fig. 2.19 and looks very much like what is expected in Fig. 2.12. This
calculation was the first demonstration that the continuum limit sets in for
relatively large g2 ~ 1.9 (8 ~ 2.2) and that results for the continuum can
therefore be extracted from relatively small lattices.

The restoration of rotational symmetry for these values of g2 was explic-
itly demonstrated by Land and Rebbi [LR82]. They calculated equipotential
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Fig. 2.19: Monte Carlo data by Creutz [Cre79] for the string tension in the SU(2)
pure lattice gauge theory.

surfaces for the interaction between static quarks. In the strong coupling
region g2 — oo, they appear as in Fig. 2.20a since the interaction potential
is given by

E(z,y,z) = K (|z|+ |yl + |2|) (2.3.60)

because the distance between the quarks is measured along the lattice. This
is associated with a cubic symmetry on the lattice (i.e. rotations through
an angle which is a multiple of 7/2 around each axis and translations by a
multiple of the lattice spacing along each axis) rather than with the Poincaré
group. The rotational symmetry must be restored in the continuum limit.

The Monte Carlo data by Land and Rebbi [LR82] are shown in
Figs. 2.20b, c. They demonstrate the restoration of rotational symmetry
when passing from § = 2 (Fig. 2.20b) to § = 2.25 (Fig. 2.20c).

The old Monte Carlo calculations played an important role for developing
the method. A dramatic improvement of the Monte Carlo technology in
lattice gauge theories happened during the last ten years.

As an example of modern Monte Carlo calculations, the Monte Carlo
data by Bali and Schilling [BS92] for the interaction potential in the SU(3)
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Fig. 2.20:

<)

Behavior of equipotential lines at different values of 3: a) the strong cou-
pling limit 8 =0, b) 8 = 2, ¢) 8 = 2.25. Figs. b) and c), taken from the
paper by Lang and Rebbi [LR82], show how the rotational symmetry is
restored as (3 is increased.



148 CHAPTER 2. LATTICE GAUGE THEORIES

Ve(R)

0.9

0.8

Q.7

0.6

a.5

0.4

O Vi(R) =V, + KR — e/R + f/R?
03 N N SRR R BRI B

4 8 12 16 20 24
R

Fig. 2.21: Monte Carlo data [BS92] for the continuum interaction potential E(R).
The solid curve is a sum of linear and Coulomb potentials.

pure lattice gauge theory are shown in Fig. 2.21. The solid curve represents
how the data are described by a sum of linear and Coulomb potentials. The
maximal lattice size was 32% and the spatial extent of the lattice was up to
3.3 fm.

The Proceeding of the Lattice Conference [Lat94] are very useful, as is
already mentioned, for a today’s look at the subject.
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2.4 Fermions on a lattice

It turned out to be most difficult in the lattice approach to QCD to deal with
fermions. Putting fermions on a lattice is an ambiguous procedure since the
cubic symmetry of a lattice is less restrictive than the continuous Lorentz
group.

The simplest chiral-invariant formulations of lattice fermions lead to a
doubling of fermionic degrees of freedom, as was first noted by Wilson [Wil75],
and describe from 16 to 4 relativistic continuum fermions, depending on the
formulation. Omne half of them has a positive axial charge and the other
half has a negative one, so that the chiral anomaly cancels. There is a no-
go theorem which says that the fermionic doubling is always present under
natural assumptions about a lattice gauge theory.

A practical way out is to choose the fermionic lattice action to be explicitly
noninvariant under the chiral transformation and to have, by tuning a mass
of the lattice fermion, 1 relativistic fermion in the continuum and the masses
of the doublers to be of the order of the inverse lattice spacing. The chiral
anomaly is recovered in this way.

We consider in this Section various formulations of lattice fermions and
the doubling problem. We discuss briefly the results on spontaneous breaking
of chiral symmetry in QCD.

2.4.1 Chiral fermions

The quark fields are generically matter fields, whose gauge transformation in
the continuum is given by Eqgs. (2.1.1) and (2.1.3), and can be put on a lattice
according to Eq. (2.2.7). Then the lattice gauge transformation is

Pe BN gL =4,00. (2.4.1)
The lattice analog of the QCD action (2.1.14) reads'4

S[U 0] = BSpat [Ul+ MY dhuthy

1 _ _
+5 > (el y¥atap = Patantu Usp V] - (2.4.2)
z,u>0

14 A standard formula differs from this one by an interchange of U and Ut due to the
inverse ordering of matrices in the phase factors (see the footnote on p. 91). It does not
matter how to define Uy, since the Haar measure is invariant under Hermitean conjugation.
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The first term on the RHS is the pure gauge lattice action (2.2.16). The
second term is a quark mass term on a lattice. The sum in the third term is
over all lattice links (i.e. over all sites x and positive directions p). This action
is Hermitean and invariant under the lattice gauge transformation (2.2.13),
(2.4.1) at a finite lattice spacing.

The partition function of lattice QCD with fermions is defined by

Z(B,M) = /HdUm,HHd@d%e—s[va], (2.4.3)
z,u T

where the action is given by Eq. (2.4.2). The integration over U, , is as in
Eq. (2.2.31), and the integral over the quark field is the Grassmann one. The
averages are defined by

(FUdy]) =
27 6. M) [ Tt T ddadie S0 F [0,5,4] (249

which extends Eq. (2.2.39) to the case of fermions. Since both the action
and the measure in Eq. (2.4.4) are gauge invariant at finite lattice spacing, a
nonvanishing result is only when the integrand, F' [U 1), 1/1] , is gauge invariant
as well.

In order to show how the lattice action (2.4.2) reproduces (2.1.14) in the
naive continuum limit a — 0, let us assume that the lattice quark field v,
slowly varies from site to site and substitute

¢m - a3/21/1(x),
Votap — a2 (x) + adyt (z)) (2.4.5)

in d = 4. Here 9(z) is a continuum quark field and the power of a is due to
dimensional consideration (remember that v, is dimensionless).
Equation (2.4.5) together with Eq. (2.2.10) yields

b Ul Woran — @0yt +a*PVimy, 0 + 0 (a®) ,  (2.4.6)

where there is no summation over p in the second term as before in this
Chapter. The first term cancels when substituted into Eq. (2.4.2) while the
second one reproduces the fermionic part of the continuum action. The mass
term is also reproduced if M = am.
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The fermionic lattice action (2.4.2) was proposed in Ref. [Wil74]. For
M = 0 it is invariant under the global chiral transformation

Yo T ey, T pe’T (2:4.7)

For this reason, these lattice fermions are called chiral fermions. Since the
lattice action is both gauge and chiral invariant, there is no Adler—Bell-Jackiw
anomaly according to the general arguments of Sect. 1.3.

Problem 2.23 Show that the lattice action (2.4.2) is invariant under

Yo — iy (=17 . (2.4.8)

Find 15 more similar transformations.
Solution Let us defined the generators T, by

Yo = Tatpa, Ve — 'l/_)acTLlL . (2.4.9)
The transformation (2.4.8) can be performed for each of the d = 4 axes which gives
To = iyuys (—1)/° . (2.4.10)

The other generators are given by products of (2.4.10). Their explicit form
is [KS81a]

T /a (zptav)/a (

s v (=1) p>v),
— (_1)(y+z+t)/a 5 (_1)(z+y+z+t)/a (2.4.11)

To =1, ivuys (—1)
T ()

There are all together 1 +4 + 6 + 4 4+ 1 = 16 independent transformations which
form a discrete subgroup of the U(4) group.

2.4.2 Fermion doubling

As is pointed out at the end of the previous Subsection, the lattice fermionic
action (2.4.2) is both gauge and chiral invariant (for M = 0) so that there
is no axial anomaly in the continuum. Since the anomaly is present for one
continuum fermion, this suggests that the action (2.4.2) is associated with
more than one species of continuum fermions.

In order to verify this explicitly, let us calculate the poles of the lattice
fermionic propagator.

As usual, it is easier to work with the Fourier image of v,:

U = dPY e (2.4.12)
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The free fermionic action then reads

- d*k -
So[¥,0] = / kaGA (k) g (2.4.13)
—7/a
with
1 &
G '(k) = Ezmusinkua (2.4.14)
p=1
for M = 0.

In the naive continuum limit, the sin in Eq. (2.4.14) can be expanded in
the power series in a, which results in the free (inverse) continuum propagator

4
GH(k) = ik, =ik, (2.4.15)
pn=1

The Lorentz invariance has been restored after summing over u.

When passing from the lattice expression (2.4.14) to the continuum
one (2.4.15), it was saliently assumed that the momentum £k, is not of order
of 1/a because otherwise the sin can not be expanded in a. The doubling of
relativistic continuum fermionic states occurs exactly for this reason.

To find the poles of the propagator, let us return to Minkowski space
substituting k4 = ¢F with E being the energy. The poles are then determined
by the dispersion law

3
sinh? Ea = Z sin® pa. (2.4.16)
p=1

Let us look for solutions of Eq. (2.4.16) with positive energy E > 0
(solutions with negative energy are associated as usual with antiparticles).
Suppose that a particle moves along the z-axis so that components of the
four-momentum

pY = (E,0,0,p.) (2.4.17)
are related by

sinh Fa = sinp.a, (2.4.18)
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which follows from the substitution of (2.4.17) into the dispersion law.
Since the sin is a periodic function, the four-vector

p® = (E,O,OE—pz) (2.4.19)

is also a solution of Eq. (2.4.18) if (2.4.17) is. Quite analogously, the four-
vectors

p(3) = (Eaﬁaoupz) ’
a

p(g) = (E7E7E,z _pz) ) (2420)
a a a

which are obtained from p» and p® by changing zeros for 7/a, also sat-
isfy Eq. (2.4.18). Therefore, a quark state with the energy E is eightfold
degenerate.

The quark states with the four-momenta p), ... p(® are different states.
Their wave functions equal

W9 (t,2,y,2) o« exp (iEt —ipWa — ipéj)y - ipij)z) . (2.4.21)

The wave function in the state with the momentum p(®) differs, say, from the
wave function in the state p(!) by an extra factor (—1)%/¢. In other words, it
strongly changes as a — 0 with one step along the lattice in the z-direction.
One more step returns the initial value.

For such functions, the naive continuum limit of the lattice action (2.4.2)
is as good as for the slowly varying functions when Eq. (2.4.5) holds. In order
to see that, let us rewrite the action (2.4.2) as

S[U 0, 0] = BSpat [Ul+ MY dhuthy

+% > [‘Zﬂu (Ul,uwwaﬂ - U;,—#@bm—aﬂ)} : (2.4.22)

z, >0

Even if 4, has opposite signs at neighboring lattice sites along the p-axis, as
is illustrated by Fig. 2.22a, i.e.

Yotap — — Y, (2.4.23)

then the difference ¢; a5 — ¥z—qp on the RHS of Eq. (2.4.22) is still of the
correct order in a:

wm - a3/2 1/) (CC) ’ waraﬂ - 1/1:,;7@1 - - 2045/28#1/} (CC) ) (2424)
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Fig. 2.22:  Altering signs of 1, on a lattice along a) one axis and b) two axes.

so that the continuum fermionic action is reproduced except for the sign of
the ,-matrix which is opposite to that in Eq. (2.1.14).

This extra minus sign can be absorbed in the redefinition of the contin-
uum fermionic field ¥ (x) — #7y,7v51¢(x), which changes its chirality. Therefore,
the axial charge of the doublers is opposite. Analogously, four of the eight
doublers have positive axial charge and four others have negative one depen-
dently on whether the sign of 1, alters at neighboring sites along even or odd
number of axes (see Fig. 2.22). In Euclidean space the doubling occurs also
along the temporal axis, so the number of doublers is equal to 2¢ = 16: 8 of
them with positive and 8 with negative axial charge. This explains why the
chiral anomaly cancels.

Problem 2.24 Calculate the vector and axial charges of the doublers deriving the
vector and axial currents on a lattice.

Solution The vector and axial currents on a lattice can be derived using a lattice
analog of the Noether theorem. The invariance of the lattice fermionic action under

e — ey, Yo — Ppe OT (2.4.25)
results in the lattice vector current
Vow = 5 [FormUbutora + Potaitn Vs ] (2.4.26)
which is conserved in the sense that

> Ve = Varapu) = 0. (2.4.27)

pn>0
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This can be proven using the lattice (quantum) Dirac equation

1 s 0
= v (U ptbaran = UL - thea) + Mype "= =, (2.4.28)
2 s
n>0
which is the lattice analog of Eq. (1.3.20).
Analogously, the lattice chiral transformation
Yo — e By ahy — e’ (2.4.29)
results in the lattice axial current
ir- -
Ao = 5 [BeVursUS utbotan + YotapTu¥sUs,utz] » (2.4.30)

2

which reproduces (1.3.11) as a — 0. The current (2.4.30) is conserved for M = 0.
It is now easy to verify that 16 generators (2.4.11) commute with the lattice U(1)
transformation (2.4.25) so that the lattice vector current (2.4.26) is left invariant.
Analogously, the lattice axial U(1) transformation (2.4.29) commutes only with
14641 =8 of 16 generators (2.4.11) which are built out of the products of an
even number of the generators (2.4.10) and does not commute with the 4 + 4 =
8 other generators. Therefore, the axial current (2.4.30) is invariant under the
14 6 + 1 = 8 transformations, which are the products of an even number of the
generators (2.4.10), and alters its sign under the other 4 + 4 = 8 transformations,
which are the products of an odd one. Thus, the vector charge of all the doublers is
the same while the axial charge is positive for 8 and negative for 8 other doublers.

It is worth noting that the mass term in Eq. (2.4.2) is not 75 invariant
but does not remove the fermionic doubling.

One might think of removing the doubling problem by modifying the
expression for the inverse lattice propagator G~!(k) in the free fermionic
lattice action (2.4.13), for instance, by adding next-to-neighbor terms. It is
easy to see that it does not help if the function G~*(k) is periodic as it should
be on a lattice. A typical form of G~1(k) as a function of, say, k4 is depicted
in Fig. 2.23. The behavior around k4 = 0 is prescribed by Eq. (2.4.15) and is
just a straight line with a positive slop. Therefore, G~!(k) will have inevitably
another zero at k4 = 7/a due to periodicity.

This is the difference between the fermionic and bosonic cases. For bosons
G~1(k) is quadratic in k4 near ks = 0 rather than linear as for fermions. A
typical behavior of G7!(k) for bosons is shown in Fig. 2.24. There is no
doubling of states in the bosonic case.
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G—l

k4

Fig. 2.23: Momentum dependence of G~ for the chiral lattice fermions. The peri-
odicity leads to an extra zero at k4 = 7/a.

Remark on the Nielsen—Ninomiya theorem

A general proof of the theorem which says that there is no way to avoid the
fermion doubling under natural assumptions about the structure of a lattice
gauge theory was given by Nielsen and Ninomiya [NN81]. It is formulated
sometimes as an absence of neutrinos on a lattice. In other words, this is a no-
go theorem for putting theories with unequal number of left- and right-handed
massless Weyl particles on a lattice, such as in the standard electroweak
theory.

A way to bypass the Nielsen—Ninomiya theorem is, say, to choose a
fermionic lattice action which is highly nonlocal. Then it is possible to replace
sink,a in Eq. (2.4.14) by k,a itself to get an expression which is similar to
the continuum propagator (2.4.15). However, such a nonlocal modification is
useless for practical calculations. Some other modern approaches to resolving
the fermion doubling problem can be found in the Proceedings of the Lattice
Conference [Lat94].

2.4.3 Kogut—Susskind fermions

The number of continuum fermion species is not necessarily equal to 16. It
can be reduced down to 4 by the trick which was proposed for the Hamil-
tonian formulation in Refs. [KS75, Sus77] and elaborated for the Euclidean
formulation in Refs. [STW81, KS81b).
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k4

Fig. 2.24: Momentum dependence of G~ for the lattice bosons. No doubling of
states is associated with this behavior.

Let us substitute
Yo = % N e (2.4.31)
into the free fermionic action (2.4.13). Then it takes the form

Sofi0] = 3 Z T e [0

x i pu>0

“[Grranl — [%W} (¢] ) (2.4.32)

which is diagonal with respect to the spinor indices since

N, (—1)letetenen/e (2.4.33)
or explicitly
N, p = 1 for n = 1 ,
ey = (—1)™/® for p =2,
Moy = (_1)(11+»»»+Id—1)/a for p=d, (2.4'34)

does not depend on spinor indices.
The idea is to leave only one component of ¢! in order to reduce the
degeneracy:

(2.4.35)

oo o
|
O O O
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These lattice fermions are known as the staggered fermions, since 7, is

staggering from one lattice site to another. They are more often called the

Kogut—Susskind fermions due to their relation to those of Refs. [KS75, Sus77].
The action of the Kogut—Susskind fermions is

S[U 9] = BSrat[Ul+ MY XeXe

1 _ _
+3 Z Mo (Xa UL Xataii — Xo+ap Uz Xa) - (2.4.36)
z,u>0

It describes 29/2 = 4 species for complex x, or 24/2=1 = 2 species for Majo-
rana x,. Components of a continuum bispinor are distributed in this approach
over four lattice sites.

There is no axial anomaly for the Kogut—Susskind fermions as with the
chiral fermions.

Remark on four generations

It is suggestive to identify four species of Kogut—Susskind fermions with four
generations of quarks and leptons (see, e.g., Ref. [KMNP83]). Remember that
one of the motivations to add the fourth generation to the standard model is
to cancel the anomaly. However, there are problems with this idea concerning
the splitting of fermion masses for the four generations.

2.4.4 Wilson fermions

The chiral lattice fermions were proposed by Wilson [Wil74]. Soon after
that he recognized [Wil75] the problem of fermion doubling and proposed a
lattice fermionic action which describes only one relativistic fermion in the
continuum. The latter fermions are called Wilson fermions.

The lattice action for the Wilson fermions reads

S[U, 0] = BSrat [U)+ MY duthy
1 - _
_5 Z [1/11 (1 - ’yH) U;,ywlﬂﬂ-aﬂ + "/Jw-l-aﬂ (1 + ’YM) U%M ’Q/Jm} . (2437)
x,11>0

The difference between this action and the action (2.4.2) for chiral fermions
is due to the projector operators (1++,) which pick only one fermionic state.

2.4. FERMIONS ON A LATTICE 159

Substituting the expansion (2.4.5) in the action (2.4.37), we get, in the
naive continuum limit, the continuum fermionic action (2.1.14) with the mass
being
M -4

—

m =

(2.4.38)

Therefore, the Wilson lattice fermions describe a relativistic fermion of the
mass m in the continuum when

M — 44 ma. (2.4.39)

In order to see that there are no other relativistic fermion states in the
limit (2.4.39), let us consider the fermionic propagator which is given by

4
1 , .
G 'k = M- 3 Z [(1— ) ™ + (1 +7,) e "] (2.4.40)
p=1
Introducing the Minkowski-space energy E = —iky, we get the following

dispersion law

2
3 3
1+ <M -3 cosp#a> + 3 sin’pLa
p=1

p=1

3
2 <M - cospua>

p=1

coshFa =

(2.4.41)

Let a particle be at rest, i.e. p; = po = p3 = 0 and £ = m > 0. Then
Eq. (2.4.41) reduces for ma < 1 to the relation (2.4.39). It is easy to show
that a particle at rest is the only solution to Eq. (2.4.41) whose energy is
finite as a — 0.

The difference between the dispersion laws for the chiral and Wilson
fermions is because the function on the RHS of Eq. (2.4.41) is no longer
periodic. It reduces for a — 0 and M — 4 to a usual relation

E = \/P +m? (2.4.42)

between the energy and momentum of a relativistic particle.

Problem 2.25 Show that a solution to the dispersion law (2.4.41) is unique for
M~ 4.
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Solution For M = 4, we can replace the LHS of Eq. (2.4.41) by 1 and substi-
tute M = 4 on the RHS. Then Eq. (2.4.41) reduces to the equation for spatial
components of the four-momentum:

3 2 3
<3 - Z cosp,ﬂ) + <3 — Z cos’ p#a> =0, (2.4.43)

pn=1 p=1

whose only solution is p1 = p2 = ps = 0 since both terms on the LHS are non-
negative.

It is instructive to discuss what happens with the fermion doublers under
the change of £+, by (1++,) in the lattice fermionic action. Let us consider
one of such states, say, that with p; = 7/a, p2 = ps = 0. Its energy is
determined by Eq. (2.4.41) to be ~ 1/a so that this state is inessential as
a— 0.

The chiral anomaly is correctly recovered by the Wilson fermions. The 15
states of the mass ~ 1/a play thereat a role of regulators which result in the
anomaly as a — 0.

Problem 2.26 Calculate the masses of all 16 fermionic states.
Solution Substituting Eqgs. (2.4.23), (2.4.24) and so on into the action (2.4.37),
we get

M-t s
m = M (2.4.44)
a
where
ipua +1 p =0
. Pu M
Sy = e { 1 pu=nja (2.4.45)

Therefore, 1 state is relativistic as M — 4 while 15 others have the masses ~ 1/a.

Remark on backtrackings for Wilson fermions

Another way to understand why the doubling problem is removed for the
Wilson fermions is to consider how they propagate on a lattice. The projectors

" 5 Wilson fermions (2.4.46)

restrict the propagation of the Wilson fermions. One half of the states prop-
agates only in the positive directions and the other half propagates only in
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Fig. 2.25: A path I'y. made out of the string bits, which leads to a nonvanishing term
of the hopping parameter expansion for the quark propagator (2.4.49) on
a lattice. Each site involves at least two quark fields (depicted by the
circles). Otherwise the Grassmann integral at a given site vanishes.

the negative ones. In particular, there are no backtrackings in the (lattice)
sum over paths since

+p— _
PP = 0. (2.4.47)
This removes the doubling.

Problem 2.27 Represent the fermion propagator in an external Yang-Mills field
as a sum over paths on a lattice, performing an expansion in 1/M.

Solution Let us rescale the fermion field, absorbing the parameter M in front of
the mass term. The fermionic part of the new action reads

Sy = Z"Z’zq/)x -k Z I:'J):CP;:U;,/,L'(/)CE+0,;1 + djzﬁ»aﬂP:Uz,MQ/)x} ,  (2.4.48)

z,u>0

where k = 1/M is usually called the hopping parameter. The large mass expansion
in 1/M is now represented as the hopping parameter expansion in .

It is convenient to depict each of the two terms in the square brackets in
Eq. (2.4.48) by a string bit as in Fig. 2.4 with the quark fields at the ends and
the gauge variable at the link. The first term corresponds to the negative direction
of the link, and the second term corresponds to the positive direction. Substi-
tuting Eq. (2.4.48) into the definition (2.4.4) and expanding the exponential in k&,
we get a combination of terms constructed from the string bits. A nonvanishing
contribution to the quark propagator

G (@,5:0) = (Un(@)P0(y)),, (2.4.49)

where 7, 7 and m,n represent, respectively, color and spinor indices, emerges when
the links form a path I'y, that connects z and y on the lattice as is depicted
in Fig. 2.25. Otherwise, the average over v and 1 vanishes due to the rules of
integration over Grassmann variables described in Problem (1.17).

Therefore, we get

T
G (z,y;U0) = ZWU][FHI] pr ; (2.4.50)

Tya Tya
v v mn
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where P,ZL or P, are associated with the positive or negative direction of a given
link € I'y,. For the Wilson fermions, they are given by Eq. (2.4.46), while

Pl = +% (2.4.51)

for chiral fermions. The sum in Eq. (2.4.50) runs over all the paths between z and y
on the lattice, while L(I") stands for the length of the path I'y, in the lattice units.
Eq. (2.4.50) is a lattice analog of the continuum formula (2.1.43) for the case of
fermions.

Problem 2.28 Represent the integral over fermions in Eq. (2.4.3) as a sum over
closed paths on a lattice, performing an expansion in 1/M.

Solution The calculation is analogous to that of the previous problem. The result
reads

/ H dippdipy e S = e Smalll (2.4.52)
with

trU I
Sina [U Z T ML(F) sp H : (2.4.53)

where the combinatoric factor 1/L(T") is due to identity of L links forming the closed
contour I', and the minus sign is because of fermions.

Equation (2.4.53) defines an effective action of a pure lattice gauge theory,
which is nonlocal since involves arbitrary large loops. However, it can be made
the single-plaquette lattice action (2.2.16) by introducing many flavors of lattice
fermions [Ban83, Hamg&3].

2.4.5 Quark condensate

The lattice action (2.4.37) is not invariant under the chiral transformation.
Therefore, the chiral symmetry is explicitly broken for the Wilson fermions.

Nevertheless, one expects a restoration of chiral symmetry as a — 0 when
the relativistic fermion is massless (say, for M = 4 in the free case) while
heavy states with m ~ 1/a play the role of regulators. For the interacting
theory, this restoration happens at some value M = M, which is no longer
equal to 4. A signal of this restoration is the vanishing of the mass of the
m-meson (as is illustrated by Fig. 2.26). m, = 0 is usually associated with
the fact that the chiral symmetry is realized in a spontaneously broken phase
and the m-meson is the corresponding Goldstone boson.
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amy
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Fig. 2.26: Dependence of the m-meson mass on the lattice quark mass M. At
M = M, the m-meson becomes massless and the chiral symmetry is re-
stored.

For the chiral or Kogut—Susskind fermions with M = 0, the lattice ac-
tion is invariant under the global chiral transformation (2.4.7). The order
parameter for breaking the chiral symmetry is

c.t.

By S feZiany (2.4.54)

which is not invariant under the chiral transformation. Therefore, the average
of 17 must vanish if the symmetry is not broken spontaneously'®. Such
spontaneous breaking results in

() # 0. (2.4.55)

This nonvanishing value of the average of 1,1, does not depend on z due to
translational invariance and is called the quark condensate.

The spontaneous breaking of the chiral symmetry in QCD was demon-
strated by the Monte Carlo calculations of the quark condensate. This quan-
tity has a dimension of [mass]® and should depend on g2 at small g2 as is
prescribed by the asymptotic scaling. The Monte Carlo data for the quark
condensate from the pioneering paper by Hamber and Parisi [HP81] are shown
in Fig. 2.27. Its agreement with asymptotic scaling demonstrates that the chi-
ral symmetry is spontaneously broken in the continuum QCD.

Remark on Monte Carlo with fermions

Monte Carlo simulations with quarks are much more difficult than in a pure
gauge theory. Integrating over the quark fields by using Eq. (1.2.15), one is

15Spontaneous symmetry breaking usually occurs when the vacuum state is not invariant
under the symmetry transformation.
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Fig. 2.27: Monte Carlo data by Hamber and Parisi [HP81] for the quark condensate
in the quenched approximation.

left with the determinant, say for the Kogut—Susskind fermions, of the matrix

1
DIU) = M,y + 5 > e UL u0storany — e UsuOs(o—apy]  (2.4.56)
n>0

for a given configuration of the gluon field U, ,,. This results in a pure gauge-
field problem with the effective action given by

e P5esslUl = det D[U] e 7 5IUI (2.4.57)

The matrix that appears in this determinant has at least N.L* x N.L* ele-
ments, and is to be calculated at each Monte Carlo upgrading of Uy .

Several methods are proposed to manage the quark determinant approx-
imately. The simplest one is not to take it into account at all. This approxi-
mation is known as the quenched approximation when only valence quarks are
considered, while the effects of virtual quark loops are disregarded. Recently
a progress in the full theory has been achieved using some tricks for evaluating
the quark determinants (see Ref. [Lat94] for a review of the subject).
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2.5 Finite temperatures

Finite-temperature quantum field theories at thermodynamic equilibrium are
naturally described by Euclidean path integrals. The time-variable in this
approach is compactified and varies between 0 and the inverse temperature
1/T. Periodic boundary conditions are imposed on Bose fields while antiperi-
odic ones are imposed on Fermi fields in order to reproduce the standard Bose
or Fermi statistics, respectively.

The lattice formulation of QCD at finite temperature is especially simple,
since the Euclidean lattice has a finite extent in the temporal direction. The
Wilson criterion of confinement is not applicable at finite temperatures and is
replaced by another one, which is based on the thermal Wilson lines passing
through the lattice in the temporal direction. They are closed due to the
periodic boundary condition for the gauge field.

When the temperature increases, QCD undergoes [Pol78, Sus79| a decon-
fining phase transition which is associated with the liberation of quarks. At
low temperatures below the phase transition, thermodynamical properties of
the hadron matter are well described by a gas of noninteracting hadrons while
at high temperatures above the phase transition these are well described by
an ideal gas of quarks and gluons.

The situation with the deconfining phase transition becomes less definite
when effects of virtual quarks are taken into account. The deconfining phase
transition makes strict sense only for large values of the quark mass. For light
quarks, a phase transition associated with the chiral symmetry restoration at
high temperatures occurs with increasing the temperature. It makes strict
sense only for massless quarks.

We first derive, in this Section, a path-integral representation of finite-
temperature quantum field theories starting from the Boltzmann distribution.
Then we apply this technique to QCD and discuss the confinement criterion at
finite temperatures as well as the deconfining and chiral symmetry restoration
phase transitions which occur with increasing the temperature.

2.5.1 Feynman—Kac formula

Thermodynamic properties of an equilibrium system in 3 + 1 dimensions are
determined by the partition function

Z(T,V) = Y e /T

= Spe H/T (2.5.1)
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which is associated with the Boltzmann distribution at the temperature T'.
Here H is a Hamiltonian of the system and Sp is calculated over any complete
set of states, say, over eigenstates of the Hamiltonian whose eigenvalues are
characterized by the energy F,,.

For a quantum theory of a single scalar field ¢ (Z,t), the (Schrédinger)
states are described by the bra- and ket-vectors (g| and | f):

glz) = 9@, @IH = @, (2.5.2)

as is explained in Subsect. 1.1.1. The matrix element of the evolution operator
exp (—H/T) is given by the formula

(gl e /T |f) = / D@ty b’ #9253

»(%,0)=f(&)
e (&,1/T)=g(F)

where L is the proper Lagrangian, say for example,

1 1 A

cld = [ @7 (500 + guie+ 36) (25.4)

for the cubic self-interaction of ¢. The derivation is quite analogous to that
of Problem 1.8.

In order to calculate the trace over states, one should put g(Z) = f(Z) and
perform the additional integration over f(&). This yields the Feynman-Kac
formula'6

Spe T — [ D@ (e p)
1/T
= / Do(@,t) e Jo “ER (255
e(Z,1/T)=¢(Z,0)

Notice that the path integral in Eq. (2.5.5) is taken with periodic boundary
conditions for the field ¢:

¢ (2,1/T) = ¢ (Z,0) . (2.5.6)

It reproduces as T' — 0 the standard Euclidean formulation of quantum field
theory which is discussed in Sect. 1.2. The point is that nothing depends on

16Tts derivation in the modern context of non-Abelian gauge theories, which extends the
Feynman derivation [Fey53] for statistical mechanics, is due to Bernard [Ber74].
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real time for a system at equilibrium. The variable ¢ in Eq. (2.5.5) is just
the proper time of the disentangling procedure. This analogy between the
partition functions of statistical systems and the Euclidean formulation of
quantum field theory is already mentioned in the Remark to Subsect. 1.1.7.

Problem 2.29 Derive the Feynman—Kac formula for a quantum particle with non-
relativistic Hamiltonian (1.1.103).

Solution The matrix element (z|exp (—H/T)|z) is determined by Eq. (1.1.114)
to be

/T
<:c ‘ e 7H/T‘ m> = / Dz, (t) e 7f01 et , (2.5.7)

zp (0)=zy
zpu(1/T)=zy

where the Lagrangian L(t) is given by Eq. (1.1.115). Integrating over d’z, we
get [Feyb3]

SpefH/T = /ddx <:c ‘ efH/T‘ x>
%
= Dz, () o= Jo e (2.5.8)
2u(0)=2,(1/T)
This integral is over the trajectories with periodic boundary conditions
2, (0) = 2, (1/T) . (2.5.9)

Problem 2.30 Calculate the partition function (2.5.8) for the free case.
Solution The Gaussian path integral with the boundary conditions

2, (0) = 2, (1/T) = =z, (2.5.10)

is calculated in Subsect. 1.1.5 with the result given by Eq. (1.1.86). In order to
calculate the partition function (2.5.8), we need to integrate this expression over x,,
which yields [Fey53]

mT

Z(T,V) = /ddx}'(l/mT) = V(g)dm. (2.5.11)

\%4

The formula (2.5.11) is to be compared with that given by the Boltzman dis-
tribution in classical statistics. Since the energy of a free non-relativistic particle
is
b
m

2
)

E(p) = (2.5.12)

Do
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the Boltzmann distribution is given by the sum over positions of the particle in a
box of volume V and the integration over its momentum p:

ddﬁ B mT d/2
Z(T = it PIT — (—) 2.5.1
(T,V) v/(%)de v(e) . (2.5.13)

which coincides with Eq. (2.5.11) derived from the path integral.

Problem 2.31 Calculate the partition function (2.5.5) for the free case.
Solution Since the path integral over (&, t) is Gaussian, it can be represented as

nZ(T,V) = —%lndet(—ai-&-mz)

1 2 2
—§Sp In (—8 +m )

- —%V/ (gz; Sp, In (~D? + w?) (2.5.14)

where

w = /P +m2. (2.5.15)

We have used the fact that the ¥ variable is not restricted while the remaining
trace of the one-dimensional operator is to be calculated with periodic boundary
conditions.

We shall perform the calculation by expressing the trace via the diagonal re-
solvent of the same operator as it was already done in the Problem 1.29. The
Green function G, (t —t') is no longer given by Eq. (1.1.38) because of the periodic
boundary conditions. We get, instead, the sum over even frequencies:

127L7rT(t —t)

n=

which satisfies G.,(1/T) = G.,(0), as it should be for periodic boundary conditions,
and reproduces Eq. (1.1.38) as T' — 0. The diagonal resolvent is given by
o 1 1
G,(0) =T —_— = th— 2.5.17
©0) > Cnrl)? +w? 2w Ot ar (2:5.17)

n=—oo
Therefore,
w? 1/T

Sp, In (—D2+w2) = /dw2 / dt G, (0)

0

w

1 w w —w/T
= /dchothﬁ = 5 t2h(1-e7) (2.5.18)
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modulo an w-independent constant. Substituting into Eq. (2.5.14), we get

(gd; [i +1In(1- e*“/T)} . (25.19)

2T
which is the standard result for an ideal Bose gas in quantum statistics modulo the
first term on the RHS associated with the zero-point energy of the vacuum.

InZ(T,V) = —V/

2.5.2 QCD at finite temperature

QCD at finite temperatures is described by the partition function
_ 1/T - —
Z(T,V) = /DA# Do DyeJo Sy PEEAI] g 5 o)

which is the proper analog of Eq. (2.5.5). The path integral is taken with the
boundary conditions

A (Z,1/T) = A (2,0, (2.5.21)
$(Z1)T) = —(&,0), (2.5.22)
¢ (Z,1/T) = —4(Z,0) (2.5.23)

which are periodic for the gauge field (gluon) and antiperiodic for the Fermi
fields (quarks). The antiperiodicity of the Fermi fields is related, roughly
speaking, with the famous extra minus sign of fermionic loops in the vacuum
energy.

Problem 2.32 Calculate the partition function for free massive one-dimensional
fermions with antiperiodic boundary conditions

GOT) = —6(0), AT = —§(0). (2.5.24)
Solution The calculation is analogous to that of Problem 2.31. We get
InZ(T,V) = Indet(D+m) = Spln(D+m). (2.5.25)
The fermion Green function G, (t —t') is given by the sum over odd frequencies:
I gilen+)nT(E 1)

T L
Z i(2n+ DT +m’

n=—oo

Gm(t—t) = (2.5.26)

which satisfies Gm (1/T) =
conditions.

—Gm(0), as it should be for antiperiodic boundary
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AsT — 0, we get
—+oo

et/ —1)
de e 70 0(t—1) (2.5.27)

mt—t) = —
Gim( ) 2w te+m

— o0

since the contour of integration over € can be closed for ¢ > t' (¢ < t’) in the lower
(upper) half-plane. We have thus reproduced the fermionic Green function (2.1.35)
from Problem 2.3.
The diagonal resolvent is given by
— 1 1 m
Gm(0) =T ————————— = —tanh —, 2.5.28
0) Z i2n+ )7l +m 2 Mg ( )

n=-—oo

which differs from Eq. (2.5.17) by the change of the coth for the tanh. Therefore,

InZ(T,V) = /dm% tanh% = % +In (14 e ™7) (2.5.29)
modulo an m-independent constant. The second term on the RHS involves the
plus sign which characterizes the Fermi statistics (remember that w = m if there is
no spatial dimensions). If we were choose periodic boundary conditions instead of
antiperiodic ones, we would get the minus sign as in Eq. (2.5.19) which is wrong for
fermions. The first term on the RHS is associated again with the zero-point energy
of the vacuum.

The discussion of the previous Subsection about the relation between the
finite-temperature and Euclidean formulations explains why the latter allows
to calculate in QCD only static quantities, say hadron masses or interaction
potentials, which do not depend on the time. It is also worth noting that
we did not add a gauge fixing term in Eq. (2.5.20) having in mind a lattice
quantization as before.

The lattice formulation of finite-temperature QCD is especially simple.
One should take an asymmetric lattice whose size along the temporal axis is
much smaller than that along the spatial ones:

1
Ly = — L. 2.5.30
t Ta < ( )

This guarantees the system to be in a thermodynamic limit. Then the tem-

perature is given by

T = — 2.5.31
T (2:5.31)
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i.e. coincide with the inverse extent of the lattice along the temporal axis.
The periodic boundary conditions are usually imposed on the lattice by con-
struction.

Since the lattice spacing a and the bare coupling constant g2 are related
by Eq. (2.2.85), the temperature (2.5.31) can be rewritten as

1 dg?
T = LtAQCD exp [/ 3(92)] . (2.5.32)

Therefore, one can change the temperature on the lattice varying either the
size along temporal axis L; or ¢2.

2.5.3 Confinement criterion at finite temperature

The Wilson’s criterion of confinement, which is discussed in Subsect. 2.2.6, is
not applicable at finite temperatures. A proper criterion for confinement at
finite temperatures was proposed by Polyakov [Pol78].

The Polyakov criterion of confinement at finite temperature uses the ther-
mal Wilson loop which goes along the temporal direction:

1/T .
L&) = trPelo WAED (2.5.33)

It is gauge invariant because of the periodic boundary conditions for the gauge
field and is called the Polyakov loop or the Wilson line. One can imagine that
the time-variable ¢ = x4 is compactified so that the Polyakov loop winds
around the torus in the temporal direction as is shown in Fig. 2.28.

The lattice Polyakov loop

Ly = tr [[Usa (2.5.34)
xq

is just the trace of the product of the link variables along a line which goes in
the temporal direction through the lattice with imposed periodic boundary
conditions.

Using the lattice gauge transformation (2.2.13), almost all link variables,
associated with links pointing in the temporal direction, can be put equal 1
except for one time slice since the gauge transformation is periodic:

Q(#,0) = Q& 1/T). (2.5.35)



172 CHAPTER 2. LATTICE GAUGE THEORIES
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Fig. 2.28: Polyakov loop which winds around compactified temporal direction.

The average of the Polyakov loop is related to the free energy Fo(Z) of
a single quark (minus that of the vacuum) nailed at the point Z of a three-
dimensional space by

(L(Z)) = e P/T, (2.5.36)

If F} is infinite, which is associated with confinement, then

(L) =0 [confinement . (2.5.37)
On the contrary,
(L(@) # 0 (2.5.38)

is associated with deconfinement. This is the Polyakov criterion of confine-
ment at finite temperature.

This criterion establishes a connection on a lattice between confinement
and the Z(3) symmetry — the center of the SU(3). The Z(3)-transformation
of the link variables

Uz,d - sz Um7d ( Zmd € Z(3) ) (2539)

leaves the lattice action to be invariant. This transformation is not of the
type of the local gauge transformation (2.2.13) since only the temporal link-
variables are transformed. The parameter Z,, of the transformation (2.5.39)
depends on x4 but is independent of the spatial coordinates & so that the
symmetry is a global one.
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While the lattice action is invariant under the transformation (2.5.39), the
Polyakov loop transforms as

Ly — ZL: (Z€Z(3)), (2.5.40)

where

Z = [] 2. (2.5.41)
x4

Therefore, Eq. (2.5.37) holds if the symmetry is unbroken, while Eq. (2.5.38)
signalizes about spontaneous breaking of the symmetry. Thus, confinement
or deconfinement are associated with the unbroken or broken global Z(3)
symmetry, respectively.

On a lattice of a finite volume, the number of degrees of freedom is finite
and spontaneous breaking of the Z(3) symmetry is impossible. It is more
convenient to use then the criterion which is based on the correlator of two
Polyakov loops separated by a distance R along a spatial direction. This
correlator determines the interaction energy E(R) between a quark and an
antiquark by the formula

(LE@LY @)ooy, = € ZU/T. (2.5.42)

A finite correlation length is now associated with confinement while an infinite
one corresponds to deconfined quarks.

More about the Z(3) symmetry in finite-temperature lattice gauge theories
can be found in the review by Svetitsky [Sve86].

Problem 2.33 Calculate the correlator (2.5.42) to the leading order of the strong
coupling expansion.

Solution The calculation is analogous to that of Subsect. 2.2.5. The group integral
is nonvanishing when the plaquettes completely fill a cylinder, spanned by two
Polyakov loop, whose area is R/T. This is an analog of the filling shown in Fig. 2.10.
Contracting the indices, we get

(LzL%) = (Wap)/7 (2.5.43)

conn

where W, is given by Eq. (2.2.72). This yields the same interaction potential E(R)
as before (see Egs. (2.2.76) and (2.2.77)).
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Remark on high temperatures

At high temperatures T" — oo, the temporal direction shrinks and the par-
tition function (2.5.20) reduces to a three-dimensional one with the coupling
constant

93a = 9°T, (2.5.44)

which has a dimension of [mass] in three dimensions. The three dimensional
QCD and QED always confine. If we take a Wilson loop in the form of a
rectangle along spatial directions in four-dimensional QCD at high tempera-
ture, its average coincides with that in three dimensions and obeys the area
law. This does not mean, however, that we are in a confining phase since the
confinement criterion at finite temperature is different [Pol78].

2.5.4 Deconfining transition

The effects of finite temperatures are negligible under normal circumstances
in QCD where the typical energy scale is of the order of hundreds MeV while
the temperature, say, of T =~ 300 °K is associated with the energy'” kT ~
3-108 MeV. However, for the times ~ us in the very early universe, energies
of thermal fluctuations were ~ 200 MeV, i.e. of the order of the mass of the -
meson. Therefore, m-mesons can be created out of the vacuum at those times
while their density in a unit volume is described by thermodynamics of an
ideal gas. Heavier hadrons are suppressed at these energies by the Boltzmann
factor.

The energy density £(T') of the hadron matter is given by the standard
thermodynamical relation

£(T) = %% nZ(T.V)| (2.5.45)

with Z(T, V') given by Eq. (2.5.20).

When the density of hadrons is small, £(T') is given by the formula

> i [mIKi(mi/T) + 3m?Ka(mi/T)],  (2.5.46)
T=T,p,W,...

where gr = 3, g, = 9, g, = 3, ... are the statistical weights of the =, p, w,
... mesons while K; and Ko are the modified Bessel functions.

"Here k = 8.6 - 10711 Mev/°K is Boltzmann constant.

2.5. FINITE TEMPERATURES 175

Problem 2.34 Derive Eq. (2.5.46) starting from the partition function (2.5.19).
Solution For a dilute gas, the logarithm in Eq. (2.5.19) can be expanded in
exp (—E/T). Therefore, we get

34’ —
mZ(T,V) = const+v/ d’p o /32 +m? )T

T (2m)3
const VTm?
T + 92 Kao(m/T). (2.5.47)

The second term on the RHS describes the classical statistics of an ideal gas of
relativistic particles. Equation (2.5.46) can now be derived by differentiating this
formula with respect to 1/T according to Eq. (2.5.45) and taking into account
statistical weights of the hadron states. The zero-point energy term gives a T-
independent contribution to &, which only changes the reference level of energy.

At low temperatures, the hadron matter is in the confinement phase.
However, when the temperature is increased, a phase transition associated
with deconfinement occurs at some temperature T' = T, as was first pointed
out by Polyakov [Pol78] and Susskind [Sus79]. For T' < T, the interaction
potential between static quarks is linear, as is shown in Fig. 2.11a, while for
T > T. the potential is deconfining, as is shown in Fig. 2.11b. The state
of the hadron matter with deconfined quarks and gluons is often called the
quark-gluon plasma.

There exists a very simple physical argument why the deconfining phase
transition must occur in QCD when the temperature is increased. It is based
on the string picture of confinement which was considered in Subsect. 2.2.6.
The string is made of the gluon field between static quarks in the confining
phase, which are associated with the string end points. With increasing the
temperature, a condensation of strings of an infinite length will inevitably
occur due to a large entropy of such states, which corresponds to a deconfining
phase transition.

Problem 2.35 Derive the temperature of a phase transition for an elastic string
analyzing the temperature dependence of its free energy.
Solution Let us consider the thermodynamics of an elastic string with nailed end
points. For low temperatures, thermal fluctuations of the length of the string are
suppressed by the Boltzmann factor since the energy is proportional to the length.
Therefore, the string is tightened along the shortest distance between the quarks
which leads to a linear potential.

When the temperature is increased, entropy effects associated with fluctuations
of a shape of the string become essential. An increment of the string length [ by Al
looses the energy

AE = %—?Al — KAl (2.5.48)
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where K is the string tension as before, but gains the entropy

a8
AS = ZTAL (2.5.49)

The change of the free energy is given by

AF = AE-TAS = {K - T%—ﬂ Al (2.5.50)
A phase transition occurs at the temperature
as\ !
n_KQW)7 (2.5.51)

when the changes of the energy and entropy compensate each other, so that the free
energy ceases to depend on Al. Therefore, the phase transition is associated with
a condensation of arbitrary long strings.

The energy density £(T') is described by a free gas of hadrons for low
temperatures, as is already mentioned, and by a free gas of quarks and gluons
at high temperatures. The latter statement is due to asymptotic freedom,
which says that the effective coupling constant describing strong interaction
at the temperature T is given by

2
ATy = — 5 (2.5.52)
b1 [ Aacp
T
with
P
b= —11+2N; (2.5.53)

and Ny being the number of fermion species (or flavors) whose mass is much
less than 7. This formula has the same structure as the running constant
g%(Q) which describes strong interaction at the momenta Q. Since Q ~ T for
thermal fluctuations, these two coupling constants coincide with logarithmic
accuracy.'®

The energy density £(T') of the quark-gluon plasma is given by Boltzmann
law

2

@@):%%ﬂ+3 (2.5.54)

18The perturbative calculations in QCD at finite temperature are described in the book
by Kapusta [Kap89].
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Fig. 2.29: Temperature dependence of the energy density of the hadron matter. &(T)
for the hadron and plasma phases are given by Eqs. (2.5.46) and (2.5.54).
The difference £p — &}, at the temperature T¢ of the deconfinement phase
transition is equal to the latent heat AE.

where
7
gp:2-8+§~2~2-3-Nf (2.5.55)

is the statistical weight, i.e. the number of independent internal degrees of
freedom of the particles of the ideal gas. There are 2 spin and 8 color states
of gluons, and 2 spin, 2 particle-antiparticle, 3 color and Ny flavor states of
quarks (Ny = 2 for the u- and d-quarks). The factor 7/8 is a usual one for
fermions.

The T-independent constant B > 0 in Eq. (2.5.54) is associated with
the fact that the vacuum energy in the plasma phase is higher than in the
hadron one. In other words, the energy density of the perturbative vacuum is
larger by B than that of a non-perturbative one. It is because of this energy
difference that hadrons are stable at low temperatures. Such a shift of energy
densities between perturbative and non-perturbative vacua is typical for the
bag models of hadrons.

Numerical Monte Carlo simulations of lattice gauge theory at finite tem-
perature indicate that the deconfining phase transition is of the first order
and occurs at T, ~ 200 MeV. The actual dependence of the energy density on
T, calculated by the Monte Carlo method, is well described by Eq. (2.5.46) for
T < T, and Eq. (2.5.54) for T' > T.. This behavior is illustrated by Fig. 2.29.
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Problem 2.36 Calculate T and the latent heat AE approximating &}, by an ideal
gas of massless m-mesons.

Solution It is reasonable to disregard the mass of the m-mesons for 7' > 200 Mev.
Then

2
s
& (T) = gh%T4 (2.5.56)

with g, = 3 being due to the three isotopic states (7, 77, and 7°). &, (T) for the
plasma state is given by Eq. (2.5.54).

The pressure for the relativistic gases with the energy densities (2.5.56) and
(2.5.54) is given, respectively, by

2

Py (T) = go—T" (2.5.57)
90
and
2
T 4
Pp(T) = gpgsT'—B. (2.5.58)

The positive constant B in the energy density (2.5.54) leads to a negative pres-
sure in the plasma state at low temperatures. Therefore, the hadron phase is prefer-
able at low temperatures. This is in a spirit of the bag model of hadrons. At high
energies the pressure is higher for the plasma phase, since

gp =37 > g, =3, (2.5.59)

so that the plasma phase is realized. The pressure against T is shown in Fig. 2.30
for both phases of the hadron matter.

The deconfinement phase transition occurs when the pressures in both phases
coincide. Therefore, we get

T = # (2.5.60)
90 (gp - gh)
and
AE=E(T) - & (T) = 4B. (2.5.61)

If we were put g;, = 0 in Eq. (2.5.60), this would change the value of T. by few
percents. This justifies the approximation of massless w-mesons.
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plasma

hadrons

Fig. 2.30: Pressure against 7% for the two phases of the hadron matter. The solid
and dashed lines represent Eqs. (2.5.57) and (2.5.58), respectively. The
hadron phase is stable for T' < T¢, while the plasma phase is stable for
T>Te.

Remark on deconfining transition in cosmology

The confining phase transition from quark-gluon plasma to hadrons happened
in the early universe when its age was =~ us. The equation of state of the
hadron matter is described by Egs. (2.5.54), (2.5.58) before that time and by
Egs. (2.5.46), (2.5.57) after that time. There are presumably no cosmolog-
ical consequences of this phase transition, which survive till our time, since
it happened too long ago. For instance, fluctuations of the hadron matter
density which might occur just after the phase transition were washed out by
the further expansion. The confining phase transition in the early universe is
considered in the review [CGS86], Section 6.

2.5.5 Restoration of chiral symmetry

The chiral symmetry is spontaneously broken in QCD at T' = 0, as is discussed
in Subsect. 2.4.5. With increasing the temperature, the chiral symmetry
should restore at some temperature T,;, (which not necessarily coincides with
T.) since perturbation theory is applicable at high T'. This restoration occurs
as a phase transition with <1M1> being the proper order parameter. Therefore,
the quark condensate is destroyed at T = T.;. Monte Carlo simulations
indicates this phase transition to be of the first order.

However, there is a subtlety in the above string picture of quark con-
finement when virtual quarks are taken into account. The effects of virtual
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Fig. 2.31: Breaking of the flux tube by creating a quark-antiquark pair (depicted by
the open circles) out of the vacuum.

quarks are suppressed when their mass m is infinitely large and the picture
of confinement is the same as in pure gluodynamics: quarks are permanently
confined by strings made of the flux tubes of the gluon field. This is associated
with a linear interaction potential.

For light virtual quarks, the flux tube can break creating a quark-
antiquark pair out of the vacuum as is shown in Fig. 2.31. This happens
when the energy saved in the flux tube is large enough to compensate the
kinetic energy of the produced particles. Hence, the linear growth of the
potential will stop at such distances.

The average of the Polyakov loop (2.5.33) is no longer criterion for quark
confinement in the presence of virtual quarks. The test static quark can
always be screened by an antiquark created out of the vacuum (a quark
created at the same time will go to infinity). Therefore, the free energy Fp in
Eq. (2.5.36) is always finite so that (L(Z)) # 0 in both phases.

The effects of virtual quarks usually weaken a phase transition in a pure
gauge theory. If the deconfining phase transition in the SU(3) pure gauge the-
ory was of the second order rather than of the first order, it would presumably
disappear for an arbitrary large but finite value of m. Such a phenomenon
happens in the Ising model where an arbitrary small external magnetic field
(which is an analog of the quark mass) destroys the second order phase tran-
sition. A discontinuity of (L(Z)) at the first order deconfining transition con-
tinues in the T', m-plane as is illustrated by Fig. 2.32. It seems to terminate
at some value m, of the quark mass.

This situation with the order parameter for the deconfinement phase tran-
sition is somewhat similar to that for the chiral phase transition. <1/_)z/1> van-
ishes in the unbroken phase only for m = 0. If m # 0 but is small, there is a
small explicit breaking of chiral symmetry due to the quark mass. Since the
chiral phase transition is of the first order for m = 0, it is natural to expect
that a discontinuity of <1/71/)> continues in the T, m-plane up to some value
mep, of the quark mass.
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Fig. 2.32: Expected phase diagram of the hadron matter in the T,m-plane. The
deconfining phase transition starts at T = T, for m = oco. (L(Z)) is its
order parameter for m > m.. The chiral phase transition starts at 7' = Ty,
for m = 0. ¢ is its order parameter for m < m,.

If men, < me, the phase diagram in the T, m-plane may look like that
shown in Fig. 2.32. In the intermediate region m.;, < m < m,, the behavior
of neither (L(Z)) nor (11)) can answer the question whether a phase transition
(or two separate transitions) occurs. A proper parameter, which signals about
a phase transition is this region, could be the temperature dependence of the
energy density £(T") that undergoes discontinuities at the points of first order
phase transitions.

It is worth noting that an alternative behavior of the phase diagram in the
T, m-plane, when m.p > m, is not confirmed by Monte Carlo simulations.
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2.6 Reference guide

There is a lot of very good introductory lectures/reviews on lattice gauge the-
ories. For a perfect description of motivations and the lattice formulation, I
would recommend the original paper [Wil74] and lectures [Wil75] by Wilson.
Various topics of the lattice gauge theories are covered by the well-written
book by Creutz [Cre83]. The book by Seiler [Sei82] contains some mathe-
matically rigorous results. The recently published book [MM94] contains a
contemporary look at the lattice theories.

I shall also list some of the reviews on lattice gauge theories which might
be useful for deeper studies of the subject. The strong coupling expansion
and the mean-field method are discussed in [DZ83]. The Monte Carlo method
and some results of numerical simulations are considered in [CJR83, Mak84].
The fermion doubling problem and the Wilson fermions are discussed in the
lectures [Wil75].

An introduction to quantum field theory at finite temperature is given
in the book by Kapusta [Kap89], which contains, in particular, a discussion
of perturbation theory in QCD at finite temperature. Lattice gauge theory
aspects of the deconfinement phase transition at finite temperature is consid-
ered in the review [Sve86]. A description of the phases of the hadron matter at
various temperatures, a comparison with results of the Monte Carlo simula-
tions and a discussion of the deconfining phase transition in the early universe
is contained in the review [CGS86].

Most of the reviews mentioned above were written in the beginning or
middle of the eighties. Since that time a great progress happens in the
Monte Carlo simulations of lattice gauge theories. New calculations are
performed on larger lattices and with better statistics. A vast amount of
papers on lattice gauge theories was published during the last ten years.
There are more than 1000 subscribers to an electronic preprint archive
hep-lat@ftp.scri.fsu.edu. The proceedings of the Lattice Conferences
([Lat94] and for the preceeding years) provide an updated information about
this subject.
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“Can I schedule parades and then call
them off?”

“But just send out announcements post-
poning the parades. Don’t even bother to
schedule them.”

J. HELLER, Catch-22

Chapter 3

1/N Expansion

In many physical problems, especially when fluctuations of scales of different
orders of magnitude are essential, there is no small parameter which could
simplify a study. A typical example is QCD where the effective coupling,
describing strong interaction at a given distance, becomes large at large dis-
tances so that the interaction really becomes strong.

't Hooft [Hoo74a] proposed in 1974 to use the dimensionality of the gauge
group SU(N,) as such a parameter, considering the number of colors, N,
as a large number and performing an expansion in 1/N.. The motivation
was an expansion in the inverse number of field-components N in statistical
mechanics where it is known as the 1/N-expansion, and is a standard method
for non-perturbative investigations.

The expansion of QCD in the inverse number of colors rearranges diagrams
of perturbation theory in a way which is consistent with a string picture of
strong interaction, whose phenomenological consequences agree with experi-
ment. The accuracy of the leading-order term, which is often called multicolor
QCD or large-N QCD, is expected to be of the order of the ratios of meson
widths to their masses, i.e. about 10-15%.

While QCD is simplified in the large- N, limit, it is still not yet solved.
Generically, it is a problem of infinite matrices, rather than of infinite vectors
as in the theory of second-order phase transitions in statistical mechanics.

We shall start this Chapter by showing how the 1/N-expansion works for
the O(IV)-vector models, and describing some applications to the four-Fermi
interaction, the ¢* theory and the nonlinear sigma model. Then we shall
concentrate on multicolor QCD.
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3.1 O(N) vector models

The simplest models, which become solvable in the limit of a large number of
field components, deal with a field which has N components forming an O(N)
vector in an internal symmetry space. A model of this kind was first consid-
ered by Stanley [Sta68] in statistical mechanics and is known as the spherical
model. The extension to quantum field theory was done by Wilson [Wil73]
both for the four-Fermi and ¢* theories.

In the framework of perturbation theory, the four-Fermi interaction is
renormalizable only in d = 2 dimensions and is non-renormalizable for
d > 2. The 1/N-expansion resums perturbation-theory diagrams after which
the four-Fermi interaction becomes renormalizable to each order in 1/N for
2 <d< 4. An analogous expansion exists for the nonlinear O(N) sigma
model. The ¢* theory remains trivial in d = 4 to each order of the 1/N-
expansion while has a nontrivial infrared-stable fixed point for 2 < d < 4.

The 1/N expansion of the vector models is associated with a resummation
of Feynman diagrams. A very simple class of diagrams — the bubble graphs
— survives to the leading order in 1/N. This is why the large-N limit of the
vector models is solvable. Alternatively, the large-N solution is nothing but
a saddle-point solution in the path-integral approach. The existence of the
saddle point is due to the fact that N is large. This is to be distinguished from
a perturbation-theory saddle point which is due to the fact that the coupling
constant is small. Taking into account fluctuations around the saddle-point
results in the 1/N-expansion of the vector models.

We begin this Section with a description of the 1/N-expansion of the
N-component four-Fermi theory analyzing the bubble graphs. Then we in-
troduce functional methods and construct the 1/N-expansion of the O(N)-
symmetric ¢* theory and nonlinear sigma model. At the end we discuss the
factorization in the O(N) vector models at large N.

3.1.1 Four-Fermi theory

The action of the O(N)-symmetric four-Fermi theory in a d-dimensional Eu-
clidean space! is defined by

Slby] = /ddx(iz?éwww—%(wf)- (3.1.1)

n d = 2 this model was studied in the large-N limit in Ref. [GN74] and is often called
the Gross—Neveu model.
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Here 8 = Y10y and
v o= (Y1,...,%N) (3.1.2)

is a spinor field which forms an N-component vector in an internal-symmetry
space so that

N
b= it (3.1.3)
i=1

The dimension of the four-Fermi coupling constant G is
dim[G] = m*>™. (3.1.4)

For this reason, the perturbation theory for the four-Fermi interaction is
renormalizable in d = 2 but is non-renormalizable for d > 2 (and, in partic-
ular, in d = 4). This is why the old Fermi theory of weak interactions was
replaced by the modern electroweak theory, where the interaction is mediated
by the W+ and Z bosons.

The action (3.1.1) can be equivalently rewritten as

2

S, v,x] = /ddiE(T/;éd}-l-mU_n/)—XU_ﬂ/J-l-;—G), (3.1.5)

where x is an auxiliary field. The two forms of the action, (3.1.1) and (3.1.5),
are equivalent due to the equation of motion which reads in the operator
notation as

x = G:y:, (3.1.6)

where :...: stands for the normal ordering of operators. Equation (3.1.6) can
be derived by varying the action (3.1.5) with respect to .

In the path-integral quantization, where the partition function is defined
by

7 = /DXD&D¢675[¢’¢’X] (3.1.7)

with S [1&, P, x] given by Eq. (3.1.5), the action (3.1.1) appears after perform-
ing the Gaussian integral over x. Therefore, one alternatively gets

7 = /Dq/?Dwe’S[J”w] (3.1.8)
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with S [¢, %] given by Eq. (3.1.1).

The perturbative expansion of the O(N)-symmetric four-Fermi theory can
be conveniently represented using the formulation (3.1.5) via the auxiliary
field x. Then the diagrams are of the type of those in Yukawa theory, and
resemble the ones for QED with ¢ and ¢ being an analog of the electron-
positron field and x being an analog of the photon field. However, the aux-
iliary field x(z) does not propagate, since it follows from the action (3.1.5)
that

Do (x—y) = (X(@)X¥) ) ganss = G0 Pz —y) (3.1.9)

or

Dy (p)

in momentum space.
It is convenient to represent the four-Fermi vertex as the sum of two terms

X

where the empty space inside the vertex is associated with the propaga-
tor (3.1.9) (or (3.1.10) in momentum space). The relative minus sign makes
the vertex antisymmetric in both incoming and outgoing fermions as is pre-
scribed by the Fermi statistics.

The diagrams that contribute to second order in G for the four-Fermi ver-
tex are depicted, in these notations, in Fig. 3.1. The O(V) indices propagate
through the solid lines so that the closed line in the diagram in Fig. 3.1b
corresponds to the sum over the O(N) indices which results in a factor of N.
Analogous one-loop diagrams for the propagator of the 1-field are depicted
in Fig. 3.2.

(X(=P)X(P) )qanss = G (3.1.10)

Problem 3.1 Calculate the one-loop Gell-Mann—-Low function of the four-Fermi
theory in d = 2.
Solution Evaluating the diagrams in Fig. 3.1 which are logarithmically divergent
in d = 2, and noting that the diagrams in Fig. 3.2 do not contribute to the wave-
function renormalization of the w-field, which emerges to the next order in GG, one
gets

(N-1)G?

B(G) = — 5. (3.1.12)
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a) b) c)
d) e)

Fig. 3.1: Diagrams of the second order of perturbation theory for the four-Fermi
vertex. The diagram b) involves the sum over the O(N) indices.

The four-Fermi theory in 2 dimensions is asymptotically free as was first noted by
Anselm [Ansh9] and rediscovered in Ref. [GNT74].

The vanishing of the one-loop Gell-Mann—Low function in the Gross—Neveu
model for N = 1 is related to the same phenomenon in the Thirring model. The
latter model is associated with the vector-like interaction (1/}@1/))2 of one species
of fermions with v, being the ~-matrices in 2 dimensions. Since a bispinor has
in d = 2 only two components 11 and 2, both the vector-like and the scalar-like
interaction (3.1.1) for N = 1 reduce to 17/;11/)11[)217/12 since the square of a Grassmann
variable vanishes. Therefore, these two models coincide. For the Thirring model, the
vanishing of the Gell-Mann-Low function for any G was shown by Johnson [Joh61]
to all loops.

Remark on auxiliary fields

An introduction of the auxiliary field is often called, in English scientific ter-
minology, the Hubbard—Stratonovich transformation in analogy with statis-
tical mechanics. In spite of the original paper by Stratonovich [Str57] being
published in a Russian journal, the proper Russian term is just “auxiliary
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O L

a) b)

Fig. 3.2:  One-loop diagrams for the propagator of the t-field. The diagram b)
involves the sum over the O(N) indices.

OO0 -0O00L

Fig. 3.3: Bubble diagram which survives the large- N limit of the O(N) vector mod-
els.

field”.

3.1.2 Bubble graphs as zeroth order in 1/N

The perturbation-theory expansion of the O(N)-symmetric four-Fermi theory
contains, in particular, the diagrams of the type depicted in Fig. 3.3 which are
called bubble graphs. Since each bubble has a factor of N, the contribution of
the n-bubble graph is oc G N™ which is of the order of

G"TIN" ~ @ (3.1.13)
as N — oo since
1
G ~ —. 3.1.14
N (3.1.14)

Therefore, all the bubble graphs are essential to the leading order in 1/N.

Let us denote
n loops

=G +...+ G2©+ G”“Q---Q +...

(3.1.15)
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Fig. 3.4: Some diagrams of the 1/N-expansion for the O(N) four-Fermi theory. The
wavy line represents the (infinite) sum of the bubble graphs (3.1.15).

In fact the wavy line is nothing but the propagator D of the x field with the
bubble corrections included. The first term G on the RHS of Eq. (3.1.15) is
nothing but the free propagator (3.1.10).

Summing the geometric series of the fermion-loop chains on the RHS of
Eq. (3.1.15), one gets analytically?

1 4%k SP (l%—i—im) (l%—kﬁ-i—im)
G /@ﬂdW+m%w+muwﬂ'

This determines the exact propagator of the x field at large N. It is O (N ’1)
since the coupling G is included in the definition of the propagator.

The idea is now to change the order of summation of diagrams of perturba-
tion theory using 1/N rather than G as the expansion parameter. Therefore,
the zeroth-order propagator of the expansion in 1/N is defined as the sum over
the bubble graphs (3.1.15) which is given by Eq. (3.1.16). Some of the dia-
grams of the new expansion for the four-Fermi vertex are depicted in Fig. 3.4.
The first diagram is proportional to G while the second and third ones are
proportional to G2 or G, respectively, and therefore are of order O(N 1) or
O(N~2) with respect to the first diagram. The perturbation theory is thus
rearranged as the 1/N-expansion.

The general structure of the 1/N-expansion is the same for all vector
models, say, for the N-component ¢* theory which is considered in the next
Subsection.

D7 (p) = (3.1.16)

2Recall that the free Euclidean fermionic propagator is given by So(p) = (ip +m)~?
due to Egs. (3.1.5), (3.1.7) and the additional minus sign is associated with the fermion
loop.
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The main advantage of the expansion in 1/N for the four-Fermi interac-
tion, over the perturbation theory, is that it is renormalizable in d < 4 while
the perturbation-theory expansion in G is renormalizable only in d =
Moreover, the 1/N-expansion of the four-Fermi theory in 2 < d < 4 demon-
strates [Wil73] an existence of an ultraviolet-stable fixed point, i.e. a nontriv-
ial zero of the Gell-Mann-Low function.

Problem 3.2 Show that the 1/N-expansion of the four-Fermi theory is renormal-
izable in 2 < d < 4 (but not in d = 4).

Solution In order to demonstrate renormalizability, let us analyze indices of the
diagrams of the 1/N-expansion.

First of all, we shall get rid of an ultraviolet divergence of the integral over the
d-momentum k in Eq. (3.1.16). The divergent part of the integral is proportional
to A2 (logarithmically divergent in d = 2) with A being an ultraviolet cutoff. It
can be cancelled by choosing

92 2—d
G = =A%, 3.1.17
" (3.0.17)
where g2 is a proper dimensionless constant which is not necessarily positive since
the four-Fermi theory is stable with either sign of G. The power of A in Eq. (3.1.17)
is consistent with the dimension of GG. This prescription works for 2 < d < 4
where there is only one divergent term while another divergency o p?In A emerges
additionally in d = 4. This is why the consideration is not applicable in d = 4.
The propagator D(p) is therefore finite, and behaves at large momenta [p| > m
as

1
pl*=2"

The standard power-counting arguments then show that the only divergent dia-
grams appear in the propagators of the ¥ and x fields, and in the t-x-1 three-
vertex. These divergencies can be removed by a renormalization of the coupling g,
mass, and wave functions of ¢ and x.

This completes a demonstration of renormalizability of the 1/N-expansion for
the four-Fermi interaction in 2 < d < 4. For more detail, see Ref. [Par75].

D(p) o (3.1.18)

Problem 3.3 Calculate in d = 3 the value of g in Eq. (3.1.17).
Solution To calculate the divergent part of the integral in Eq. (3.1.16), we put
p =0 and m = 0. Remembering that the y-matrices are 2 x 2 matrices in d = 3,

we get
Al ik A3 A
d°k spkk &’k 11 A
/ @n)?® kK2 2/ e F/ dk| = —. (3.1.19)
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Note that the integral is linearly divergent in d = 3 and A is the cutoff for the
integration over |k|. This divergence can be cancelled by choosing G according to
Eq. (3.1.17) with g equal to

g = m. (3.1.20)

Problem 3.4 Calculate in d = 3 the coefficient of proportionality in Eq. (3.1.18).
Solution Let us choose G = n°/NA as is prescribed by Eqgs. (3.1.17), (3.1.20) and
put in Eq. (3.1.16) m = 0 since we are interested in the asymptotics |p| > m. Then
the RHS of Eq. (3.1.16) can be rearranged as

_ d3 k2+kp 1
1 f— J—
d3k: p? —|—k:p
- oN [ =22 P TR 1.21
/(%)3 k2(k + p)2 (3-1.21)

This integral is obviously convergent.
To calculate it, we apply the standard technique of the a-parametrization, which
is based on the formula

/dae*a’“2 (3.1.22)

‘We have

[ ittt = Joo o [

after which the Gaussian integral over d®k can easily be performed. We get then

(p° + kp) e 1K me2(v4)® (31 93)

_ 12 2

_ N Qi
D! = —— _p* [ d dog————— artez 3.1.24
) = gy’ [ [t e -
0 0

The remaining integration over a1 and a2 can easily be done introducing the new
variables a € [0, 00] and = € [0, 1] so that

a = ax, az = ol —x),
Jd(a1,a2)
e = o (3.1.25)
This gives finally
8
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N

a) b)

Fig. 3.5: Diagrams for the 1/N-correction to the 1-field propagator (a) and the
three-vertex (b).

Equation (3.1.26) (or (3.1.18) in d dimensions) is remarkable since it shows that
the scale dimension of the field x, which is defined in Subsect. 1.3.5 by Eq. (1.3.66),
changes its value from I, = d/2 in perturbation theory to Iy, = 1 in the zeroth
order of the 1/N expansion (remember that the momentum-space propagator of a
field with the scale dimension [ is proportional to |p|217d). This appearance of scale
invariance in the 1/N-expansion of the four-Fermi theory at 2 < d < 4 was first
pointed out by Wilson [Wil73] and implies that the Gell-Mann—Low function B(g)
has a zero at g = g« which is given in d = 3 by Eq. (3.1.20).

Problem 3.5 Find the (logarithmic) anomalous dimensions of the fields ¢, x, and
of the -x-1 three-vertex in d = 3 to order 1/N.

Solution The 1/N-correction to the propagator of the t)-field is given by the
diagram depicted in Fig. 3.5a). Since we are interested in an ultraviolet behavior,
we can put again m = 0. Analytically, we have

_ k—l—p
§71(p) — 3.1.27
(p) N/ V TRIE T p)E (3.1.27)

The (logarithmically) divergent contribution emerges from the domain of integration
|k| > |p| so we can expand the integrand in p. The p-independent term vanishes
after integration over the directions of k so that we get

oot/ S

L A?
ip {1 + m In ) + ﬁmte] . (3.1.28)

S~ (p)
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The diagram, which gives a non-vanishing contribution to the three-vertex in
order 1/N, is depicted in Fig. 3.5b. It reads analytically

(k + 1) (k + p2)
T(p1,p2) = , 3.1.29
(p1.p2) N/ 7 TR £ po)? (6 & pa)? (8.1.29)

where p1 and p2 the incoming and outgoing fermion momenta, respectively. The
logarithmic domain is |k| > |p|max With |p|max being the largest of |pi| and |p2].
This gives

2 A2

2 N ln max

L(p1,p2) = 1— + finite . (3.1.30)

An analogous calculation of the 1/N correction for the field x is a bit more com-
plicated since involves three two-loop diagrams (see Ref. [CMS93]). The resulting
expression for D™*(p) reads

(ND(p))i1 = g—A2+ [—— + |§|] + 7r21N { — Il < lnA— —|—ﬁn1te>} .(3.1.31)

The linear divergence is cancelled to order 1/N providing g is equal to

1
ge = 7r(1+ﬁ) : (3.1.32)

which determines g. to order 1/N. After this D~*(p) takes the form

2
D '(p) = Nl (1— 16 1n2—2) . (3.1.33)

8 3m2N

To make all three expressions (3.1.28), (3.1.30), and (3.1.33) finite, we need log-
arithmic renormalizations of the wave functions of ¥- and x-fields and of the vertex
I". This can be achieved by multiplying them by the renormalization constants

2
Zi(A) = 1—~In % (3.1.34)

where p stands for a reference mass scale and 7; are anomalous dimensions. The
index ¢ stands for v, x, or v for the ¥- and y-propagators or the three-vertex I,
respectively. We have, therefore, calculated

_ 2
71/) - 37T2N7
- 2
T~ - 7T2N7
16
= —-— 1.
7 e (8.1.35)
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to order 1/N. Due to Eq. (3.1.6) 7y coincides with the anomalous dimension of the
composite fields ¥y

Yoy = Vx - (3.1.36)
Note, that
Z32;°Z = 1. (3.1.37)

This implies that the effective charge is not renormalized and is given by Eq. (3.1.32).
Thus, the nontrivial zero of the Gell-Mann—Low function persists to order 1/N (and,
in fact, to all orders of the 1/N-expansion).

Remark on scale invariance at fixed point

The renormalization group says that

i = Aexp [— Bd(igz)}, (3.1.38)

which is the same as Eq. (2.2.86) since the correlation length ~ p. If B has a
nontrivial fixed point g2 near which

B(¢*) = b(s* —g2) (3.1.39)
with b < 0, then the substitution into Eq. (3.1.38) gives
—b
@ =g+ (ﬁ) . (3.1.40)
A
Therefore, the approach to the critical point is power-like rather than loga-
rithmic as for the case of g2 = 0 when
B(g%) = bg*. (3.1.41)

The latter bahavior of B results, after the substitution into Eq. (3.1.38), in
the logarithmic dependence

9 1

- (3.1.42)
bln &

9

when b < 0 which is associated with asymptotic freedom.
If g is choosen exactly at the critical point g., then the renormalization-
group equations

pdlnT

il (9%) (3.1.43)
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where I'; stands generically either for vertices or for inverse propagators,
possess the scale invariant solutions

I oo pilel), (3.1.44)

This complements the heuristic consideration of Subsect. 1.3.5 on the relation
between scale invariance and the vanishing of the Gell-Mann-Low function.
For the four-Fermi theory in d = 3, Eq. (3.1.44) yields

S(p) = 4 <ﬁ>w, (3.1.45)

ip \ p2
8 p2 Tx
D(p) = W<F) ) (3.1.46)
2\ W 2
H Py p1ip
D(p1,p2) = (p—2> f(p—g, ]1?22), (3.1.47)
1 1 P

where f is an arbitrary function of the dimensionless ratios which is not
determined by scale invariance. The indices here obey the relation

1

Y=Yy 5'7)( (3148)

which guarantees that Eq. (3.1.37), implied by scale invariance, is satisfied.

The indices 7; are given to order 1/N by Egs. (3.1.35). When expanded
in 1/N, Egs. (3.1.45) and (3.1.46) obviously reproduces Egs. (3.1.28) and
(3.1.33). Therefore, one gets the exponentiation of the logarithms which
emerge in the 1/N-expansion. The calculation of the next terms of the 1/N-
expansion for the indices ~; is contained in Ref. [Gra91].

Remark on conformal invariance at fixed point

Scale invariance implies, in a renormalizable quantum field theory, more gen-
eral conformal invariance as is first pointed out in Refs. [MS69, GW70]. The
conformal group in a d-dimensional space-time has (d + 1)(d 4+ 2)/2 param-
eters as is illustrated by Table 3.1. More about the conformal group can be
found in the lecture by Jackiw [Jac72].

A heuristic proof [MS69] of the fact that scale invariance implies con-
formal invariance is based on the explicit form of the conformal current K,
which is associated with the special conformal transformation, via the energy-
momentum tensor:

K = (2z,2% — 2%6%) 6, - (3.1.49)
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|| Group | Transformations | # Parameters ||
Lorentz @ rotations x/H = Q. d(dz—l)
Poincaré | + d translations x’u =z, +au @
Weyl | + 1 dilatation @l = pay, & 4d+2
Conformal | + d special conformal (z,;*)2 = ’;—'g +ay w

Table 3.1: Contents and the number of parameters of groups of space-time symmetry.

Differentiating, we get
O K = 22%0,, (3.1.50)

which is analogous to Egs. (1.3.67) and (1.3.68) for the dilatation current.
Therefore, both the dilatation and conformal currents vanish simultaneously
when 6, is traceless which is provided, in turn, by the vanishing of the
Gell-Mann—Low function.

Conformal invariance completely fixes three-vertices as was first shown by
Polyakov [Pol70] for scalar theories. The proper formula for the four-Fermi
theory reads [Mig71]

L(HT(E — ~,
Fpypa) = 2 L2EE =)

()
d?k lgi—i—f)l ];34-[32 1 3151
w2 [(k + p1)2] /2 [(k 4 pg) 2] Tx/2 |k|d= 220w = /2 (3.1.51)

where the coefficient in the form of the ratio of the I'-functions is prescribed
by the normalization (3.1.45) and (3.1.46) and the indices are related by
Eq. (3.1.48) but can be arbitrary otherwise?.

3The only restriction vy > 0 is imposed by the Kéllén—Lehmann representation of the
propagator while there is no such restriction on v, since it is a composite field.
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Equation (3.1.51), which results from conformal invariance, unambigu-
ously fixes the function f in Eq. (3.1.47). In contrast to infinite-dimensional
conformal symmetry in d = 2, the conformal group in d > 2 is less restrictive.
It fixes only the tree-point vertex while, say, the four-point vertex remains an
unknown function of two variables.

Problem 3.6 Calculate the integral on the RHS of Eq. (3.1.51) in d = 3 to order
1/N.

Solution The integral on the RHS of Eq. (3.1.51) looks in d = 3 very much like that
in Eq. (3.1.29) and can easily be calculated to the leading order in 1/N when only
the region of integration over large momenta with |k| > |p|max = max{|p1], |p2|} is
essential to this accuracy.

Let us first note that the coefficient in front of the integral is o v ~ 1/N, so
that one has to peak up the term ~ 1/v5 in the integral for the vertex to be of order
1. This term comes from the region of integration with |k| > |p|max. Recalling that
|p1 — p2| < |plmax in Euclidean space, one gets

&k k+p ke + po 1
/ 27 [(k + p1)2 /2 [(k + p2) 2|10/ [ 120w /2

dk® 1
= / (k2] - Yo (D) ™ (3.1.52)
Phax
where Eq. (3.1.48) has been used and
w2\
L(p1,p2) = <p2 ) : (3.1.53)

While the integral in Eq. (3.1.52) is divergent in the ultraviolet for v < 0, this
divergence disappears after the renormalization.

Equation (3.1.30) is reproduced by Eq. (3.1.52) when expanding in 1/N. This
dependence of the three-vertex solely on the largest momentum is typical for log-
arithmic theories in the ultraviolet region where one can put, say, p1 = 0 without
changing the integral with logarithmic accuracy. This is valid if the integral is fast
convergent in infrared regions which is our case.

Remark on broken scale invariance

Scale (and conformal) invariance at a fixed point g = g, holds only for large
momenta |p| > m. For smaller values of momenta, scale invariance is broken
by masses. In fact, any dimensional parameter breaks scale invariance. If the
bare coupling g is chosen in the vicinity of g, according to Eq. (3.1.40), then
scale invariance holds even in the massless case only for |p| > p while it is
broken if |p| < u.
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3.1.3 Functional methods for ¢* theory

The large-N solution of the O(N) vector models, which is given by the sum
of the bubble graphs, can alternatively be obtained by evaluating the path
integral at large N by the saddle-point method. We shall restrict ourselves
to the scalar O(N)-symmetric p* theory while the analysis of the four-Fermi
theory is quite analogous.

The action of the O(N)-symmetric ¢* theory reads

1 1 A
S[e?] = /ddw [5 (Du")” + mPe%e® + 2 (9%6")" (3.1.54)
where
e* = (p'...,9") . (3.1.55)

The coupling A in the action (3.1.54) must be positive for the theory to be
well defined. The vertices of Feynman diagrams are associated with —A\.

Problem 3.7 Calculate the one-loop Gell-Mann—Low function of the O(N)-
symmetric ¢* theory in d = 4.

Solution The corresponding diagrams are similar to those of Fig. 3.1, though now
the arrows are not essential since the field is real. The diagrams are logarithmically
divergent in 4 dimensions. Each diagram contribute with the positive sign while
the diagram of Fig. 3.1b has now an extra combinatoric factor of 1/2. The dia-
grams of Fig. 3.2 result in a mass renormalization and there is no wave-function
renormalization of the ¢-field in one loop so that one gets

(N +8)\?

B = 5

(3.1.56)

The positive sign in this formula is the same as for QED and is associated with
“triviality” of the ? theory in 4 dimensions. It is also worth noting that the
coefficient (N + 8) is large even for N = 1.

Introducing the auxiliary field x(z) as in Subsect. 3.1.1, the action (3.1.54)
can be rewritten as

1 2
Sl x] = /ddw [;ﬁ" (=07 +m*+x) " — % : (3.1.57)

The two forms are equivalent due to the equation of motion

A
X =3 LI LR (3.1.58)

3.1. O(N) VECTOR MODELS 203

In other words x is again a composite field.
The correlators of ¢’s and x’s are determined by the generating functional

210 K] = /T Dx(a) [ D¢ (2)

« o Sl X[ d'a I @) @)+ [ a2 K @)x(@) (3.1.59)

which is a functional of the sources J* and K for the fields ¢® and x and
extends Eq. (1.2.49).

To make the path integral over x(z) in Eq. (3.1.59) convergent, we inte-
grate at each point x over a contour which is parallel to imaginary axis. This
is specific to the Euclidean formulation. The propagator of the x-field in the
Gaussian approximation reads

Do(p) = (X(=p)X(D) )auss = — > (3.1.60)

which reproduces the four-boson vertex of perturbation theory.
Since the integral over ¢ is Gaussian, it can be expressed via the Green
function

G(2,y;x) = <y’ ! ’:v> (3.1.61)

=02 +m? +x

as

[J*, K]
_ /DX (JJ) efddngr% fddzddyJa(I)G(m,y;x)(]a(y)Jrf ddIK(I)X(I)
1

x e~ 7 SPIGTX] (3.1.62)
We have used here the obvious notation
G'IX] = -9 +m’+x. (3.1.63)
It will also be convenient to use the short-hand notation
gof = @lf) = [des@t). (31,64
Then, Eq. (3.1.62) can be rewritten as

Z[J* K] = /DX (z) e);;'/\x+%JQOG[X]OJa+KOX7g SplnGil[x]. (3.1.65)
T
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The exponent in Eq. (3.1.65) is O(N) at large N so the path integral can
be evaluated as N — oo by the saddle-point method. The saddle-point field
configuration

X (7) = xsp (@) (3.1.66)

is determined (implicitly) by the saddle-point equation

AN
Xsp (z) = TG (z,z; XSP)

+3JaOG('vx;XSp)G(‘TV;XSp)OJa+)‘K(x) = 0. (3.1.67)

If K ~ 1/, each term here is O(1) since

A~ (3.1.68)

1
N
in analogy with Eq. (3.1.14).

‘When the sources J* and K vanish so that the last two terms on the LHS
of Eq. (3.1.67) equal zero, this equation reduces to

AN
Xsp — —G(:c T;Xsp) = 0. (3.1.69)

Its solution is z independent due to translational invariance and can be
parametrized as

Xsp = Mmi —m? (3.1.70)

where m and mp are the bare and renormalized mass, respectively. Equa-
tion (3.1.69) then reduces to the standard formula [Wil73]

)\N ddk 1
m? = m / D (3.1.71)

for the mass renormalization at large N.
To take into account fluctuations around the saddle point, we expand

x(x) = xsp +0x(2) (3.1.72)
where

ox(x) ~ VA~ NT12 (3.1.73)
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The Gaussian integration over dy (x) determines the pre-exponential factor
n (3.1.65).

To construct the 1/N expansion of the generating functional (3.1.65), it
is convenient to use the generating functional for connected Green’s func-
tions, which was already introduced in Eq. (1.2.52). It is usually denoted by
W [J%, K] and is related to the partition function (3.1.59) by

Z[J K] = eWIUNEL (3.1.74)
Then we get
. 1 N _
W[J* K] = Ty Xep © Xsp — 5 SPING ! [Xspl
1
—|—§J‘IOG[XSP] oJ+ K oxep
1
—5Spln (AD™ ' xspl) +O(NTY),  (3.1.75)
where
_ 1 N
D7 (z,y;x) = _Xé(d) (@ —y) = 5 Gz,y:x) Gy, 2:X)
+J%0 G (-, 2;x) G (2, y;x) G (y, 5 x) 0 J*. (3.1.76)

This operator emerges when integrating over the Gaussian fluctuations
around the saddle point. The corresponding (last) term on the RHS of
Eq. (3.1.75) is associated with the pre-exponential factor and, therefore, is
~ 1.

The next terms of the 1/N expansion can be calculated in a systematic
way by substituting (3.1.72) in Eq. (3.1.65) and performing the perturbative
expansion in dy.

If the sources J* and K vanish so that the saddle-point value x5, is given
by the constant (3.1.70), than the RHS of Eq. (3.1.76) simplifies to

i 1 N
D' (z,y;xsp) = — X5(d) (z—y)— o} G (z,y; xsp) G (¥, 25 Xsp) (3.1.77)

Remembering the definition (3.1.61) of G and passing to the momentum-space
representation, we get

D' (p) =

N ddk .
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The sign of the first term on the RHS is consistent with Eq. (3.1.60).

Equation (3.1.78) is an analog of Eq. (3.1.16) in the fermionic case and can
be alternatively obtained by summing bubble graphs of the type in Fig. 3.3
for

D(p) = (x(-=p)x(»)) - (3.1.79)

The extra symmetry factor 1/2 in Eq. (3.1.78) is the usual combinatoric one
for bosons. Therefore, the large-N saddle-point calculation of the propaga-
tor (3.1.79) results precisely in the zeroth-order of the 1/N-expansion.

We see from Eq. (3.1.75) the difference between perturbation theory and
the 1/N-expansion. The perturbation theory in A can be constructed as an
expansion (3.1.72) around the saddle point xsp given again by Eq. (3.1.67),
with the omitted second term on the LHS, which is now justified by the fact
that A is small (even for N ~ 1). The second term on the RHS of Eq. (3.1.75),
which is associated with a one-loop diagram, appears in perturbation theory
as a result of Gaussian fluctuations around this saddle-point.

Remark on the effective action

The effective action is a functional of the mean values of fields

ow ow

Palr) = 579 (z) Xet(z) = TR (D) (3.1.80)

in the presence of the external sources. The effective action is defined as the
Legendre transformation of W [J%, K] by
Tle%,xet] = =W+ J0 0%+ Ko Xel, (3.1.81)

where the sources J* and K, which are regarded as functionals of ¢¢, and X,
are to be determined by an inversion of Eq. (3.1.80). To the leading order in
1/N we get

J(x) G xalpa(z) +O (N7,
Xel () Xsp() + O (N71) . (3.1.82)

When Eq. (3.1.82) (with the 1/N correction included) is substituted into
Eq. (3.1.81) and account is taken of the 1/N terms, most of them cancel and
we arrive at the relatively simple formula

N
— Ay Ac c o 1 -1 c
Sy Xel © Xet + 5 SpIn G [xal]

1 1
+590 0 G xal o 9l + 5 SpIn (AD ™ [xal) + O (N77) - (3.1.83)

[ [oe; xel]
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where
1 N
DY (z,y;xa) = —X5(d) (x—y) - ) G (z,y;xa) G (Y, x5 xet)
+oo ()G (z,y; xe1) o1 () (3.1.84)

coinciding with (3.1.76) to the leading order in 1/N.

The second and fourth terms on the RHS of Eq. (3.1.83), which involve
Sp, are associated with one-loop diagrams of the fields ¢® and y, respectively,
in the classical background fields ¢% and x.;. Higher orders in 1/N are given
by diagrams which are one-particle irreducible with respect to both ¢ and x.

It follows immediately from the definitions (3.1.80) and (3.1.81) that

or ol
= J% ),
oo - T s

Therefore, % (x) and X (x) are determined in the absence of external sources
by the equations

= K(z). (3.1.85)

Ol [¢%, xel
P Xell 3.1.86
5<Pléz(517) ( )
and
OT [0%, Xei
O Wep Xl _ 3.1.87
e (3.1.87)

Substituting (3.1.83) into Eqs. (3.1.86) and (3.1.87), we get to the leading
order in 1/N, respectively, the equations

(=05 +m* + xa(@)) p4(z) = 0 (3.1.88)

and

A, AN
xal@) = Sel@)el(e) + 5G w,wixa) (3.1.89)

The first equation is just a classical equation of motion in an external field
Xei(x) while the second one is just the average of the (quantum) equa-
tion (3.1.58). Equation (3.1.89) is often called the gap equation.

A solution to Eqgs. (3.1.88) and (3.1.89) depends on what initial (or bound-
ary) conditions are imposed.
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Problem 3.8 Find translationally invariant solutions to Egs. (3.1.88) and (3.1.89)
and calculate the corresponding effective potential.

Solution The effective potential V (9%, x1) is defined via the integrand in the
effective action I [p%), x] for translationally invariant

palz) = ¢, Xa = X (3.1.90)
by the formula
' = Vol. x V(¢%, %) - (3.1.91)
From Eq. (3.1.83) we get at large N

1

o Ll N [dk (K +m>+%) + 5 (m*+%) °,  (3.1.92)
2 2 | @n) LORE

N =

*+

which obviously recovers Egs. (3.1.88) and (3.1.89) after varying with respect to
constant ¢* and Y.

It is convenient to perform renormalization by introducing, in d = 4, the renor-
malized coupling Ar given by

A 4 2
1 1 1 d*k 1 1 N A
PN / ey R ) A Re ey O

and
XR =X+ m’. (3.1.94)

Assuming that Yr < A? (also mr < A as usual) and representing Eq. (3.1.71) in
the form

m2R_ ° N

m
- - A 3.1.95
AR A 32727 ( )
we rewrite Egs. (3.1.88) and (3.1.89) as [Sch74, CJP74]
xre® = 0, (3.1.96)
_ ARN . Xr 2, AR _2
1- In = = =g . 1.
XR ( 35,2 10 mQR) mg + 5 P (3.1.97)
Equation (3.1.92) results then in the renormalized effective potential
1 o  mixr N _ 1 XR 1. .,
VR = — —— ——+InZ - 3.1.98
R e T T T g T ) Famen, (3198

which obviously reproduces Egs. (3.1.96) and (3.1.97).
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Equations (3.1.96) and (3.1.97) possess the solution

3" =0, Yr = m& formi >0, (3.1.99)

2m3
7 = - )\RR7 XR =0

for mg < 0. (3.1.100)

The first of them is associated with an unbroken O(N) symmetry, while the second
one corresponds to a spontaneous breaking of O(N) down to O(N — 1). Both
formulas look like the proper tree-level ones while the only effect of loop corrections
at large NNV is the renormalization of the coupling constant and mass.

A subtle point is a question of stability of these solutions. For small devia-
tions of @* from the mean value given by Egs. (3.1.99) and (3.1.100), the effective
potential V& is a monotonically increasing function of @2, as can be shown for
ArN < 3272 eliminating the auxiliary field xr from Eq. (3.1.98) by solving the gap
equation (3.1.97) iteratively in @, and the solutions are locally stable. Both solu-
tions are, however, unstable globally with respect to large fluctuations of the fields.
This can be seen by eliminating @ from Vi by solving the gap equation (3.1.97)
for @* which yields

1 -, (1 N XR N
V= = - — = hcF | - —=X&- 3.1.101
"7 gXR (AR 3272 mQR) 12872 X% ( )

This function is monotonically decreasing for very large

3272

YR > mye RN, (3.1.102)

where the theory becomes unstable. This is related to the usual problem of “trivial-
ity” of the ¢* theory which makes sense only for small couplings Ag N as an effective
theory and cannot be fundamental at very small distances of the order of

1672

r ~ mg'e BN (3.1.103)

Problem 3.9 Find a solution to Egs. (3.1.88) and (3.1.89) which exponentially
decreases as

mRT

po(x) = "mre for 7 — —o0 (3.1.104)

where 7 = x4 and £° is an O(NN) vector.

Solution The difference from the previous problem is that ¢ is no longer transla-
tionally invariant along the time-variable due to the initial condition (3.1.104). Let
us denote

palz) = %),
Xet ()

Il
>
—~
)
~—

(3.1.105)
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The the saddle-point equations (3.1.88) and (3.1.89) can be rewritten as

(=D*+m®+v(r)) @ (1) = 0 (3.1.106)
and
Agar \aga AN [ d’k _
u(r) = FUT)NT) + = WGw (r,750) , (3.1.107)
where
p = 4 (3.1.108)
odr’ s

w = VkZ+m? (3.1.109)

and we have introduced the Fourier image of the Green function (3.1.61)
Gy (t,T3v) = /dafeigiG ((7’7 ), (1,0); v)

oy -

— D2 + w?2 + v
with respect to the spatial coordinate.
The solution to Egs. (3.1.106) and (3.1.107) can easily be found to be

T> (3.1.110)

gamR e MRT

1) = "o 3.1.111
( ) 1— % eQmRT ( )
S‘R a a
u(r) = 7@ (1)®@%(7) (3.1.112)
where the renormalized coupling
- AR
AR = ——~ (3.1.113)
L+ 38

differs from Eq. (3.1.93) only by an additional final renormalization and the renor-
malized mass mg is defined in Eq. (3.1.71). This solution is nontrivial for £2 ~ N
and obviously satisfies the initial condition (3.1.104).
The solution is so simple because the diagonal resolvent (3.1.110) takes on the
very simple form
) = L v (1)

Gw (7'77'71}) = % — m (31114)
for the potential v(7) given by Egs. (3.1.111), (3.1.112). This can be easily verified
by substituting into the Gelfand-Dickey equation (1.1.123) with G = 1. This is a
feature of an integrable potential which was already discussed in Problem 1.29.

The function ®°(7) given by Eq. (3.1.111) describes large-N amplitudes of mul-
tiparticle production at a threshold [Mak94].
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3.1.4 Nonlinear sigma model

The nonlinear O(N) sigma model* in 2 Euclidean dimensions is defined by

the partition function
1 _
/Dﬁ5 <ﬁ2 - ?) o3 [ P2 (0u)? (3.1.115)

where
i = (ni,...,nn) (3.1.116)

is an O(V) vector. While the action in Eq. (3.1.115) is pure Gaussian, the
model is not free due to the constraint
1
i(z) = =, (3.1.117)
g
which is imposed on the 7 field via the (functional) delta-function.
The sigma model in d = 2 is sometimes considered as a toy model for
QCD since it possesses:

1) asymptotic freedom [Pol75];
2) instantons for N = 3 [BP75].

The action in Eq. (3.1.115) is ~ N as N — oo but the entropy, i.e. a
contribution from the measure of integration, is also ~ N so that a straight-
forward saddle point is not applicable.

To overcome this difficulty, we proceed as in the previous Subsection,
introducing an auxiliary field u(z), which is ~ 1 as N — oo, and rewrite the
partition function (3.1.115) as

Z / Du (z / Dii (x
where the contour of integration over u(z) is parallel to imaginary axis.
Doing the Gaussian integration over 71, we get

7 /TDu(:c)e

4The name comes from elementary particle physics where a nonlinear sigma model in
4 dimensions is used as an effective Lagrangian for describing low-energy scattering of the
Goldstone m-mesons.

)t S ae [oun—u(@-5)] (31 118)

—Fsein(-oftu@) gy [deu@) 5 1)
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The first term in the exponent is as before nothing but the sum of one-loop
diagrams in 2 dimensions

%spm (-2 +u() = Y %

n

(3.1.120)

where the auxiliary field u is denoted again by the wavy line. Equa-
tion (3.1.119) looks very much like Eq. (3.1.65) if we put there J* = K = 0.
The difference is that the exponent in (3.1.119) involves the term which is
linear in u, while the analogous term in (3.1.65) is quadratic in x.

Now the path integral over u(x) in Eq. (3.1.119) is a typical saddle-point
one: the action ~ N while the entropy ~ 1 since only one integration over
is left. The saddle-point equation for the nonlinear sigma model

1
F—NG(:Z:,:E;USP) =0 (3.1.121)

is quite analogous to Eq. (3.1.69) for the ¢* theory while G is defined by

1
G(%y;u) = <y‘m
"

:17> , (3.1.122)

which is an analog of Eq. (3.1.61).

The coupling g2 in Eq. (3.1.121) is ~ 1/N as is prescribed by the con-
straint (3.1.117) which involves a sum over N terms on the LHS. This guaran-
tees that a solution to Eq. (3.1.121) exists. Next orders of the 1/N-expansion
for the 2-dimensional sigma model can be constructed analogously to the
previous Subsection.

The 1/N-expansion of the 2-dimensional nonlinear sigma model has many
advantages over perturbation theory, which is usually constructed solving
explicitly the constraint (3.1.117), say, choosing

(3.1.123)

and expanding the square root in g2. Only N —1 dynamical degrees of freedom
are left so that the O(N)-symmetry is broken in perturbation theory down to

3.1. O(N) VECTOR MODELS 213

O(N —1). The particles in perturbation theory are massless (like Goldstone
bosons) and it suffers from infrared divergencies.
On the contrary, the solution to Eq. (3.1.121) has the form

47r

usp = m =A?e N7, (3.1.124)

where A is an ultraviolet cutoff. Therefore, all N particles acquires the same
mass mpg in the 1/N-expansion so that the O(N) symmetry is restored. This
appearance of mass is due to dimensional transmutation which says in this
case that the parameter mp rather than the renormalized coupling constant
g% is observable. The emergence of the mass cures the infrared problem.

Problem 3.10 Show that (3.1.124) is a solution to Eq. (3.1.121).
Solution Let us look for a translationally invariant solution

usp(z) = mp . (3.1.125)
Then Eq. (3.1.121) in the momentum space reads

A? 2 2
1 N dk N A

— = N = — ——— = —In—. (3.1.126
g2 / 27r2k2—|—m dr Jo K2+ mE 471'nm2R ( )

The exponentiation results in Eq. (3.1.124).
Equation (3.1.126) relates the bare coupling g2 and the cutoff A and allows us
to calculate the Gell-Mann-Low function yielding
Adg? Ng*

2 = — —
B(g*) = —¢ vt (3.1.127)

The analogous one-loop perturbation-theory formula for any N reads [Pol75]

N —2)g*

Bt = - N -29 3.1.128
(%) — (3.1.128)
Thus, the sigma-model is asymptotically free in 2-dimensions for N > 2 which is
the origin of the dimensional transmutation. There is no asymptotic freedom for

N = 2 since O(2) is Abelian.

3.1.5 Large-N factorization in vector models

The fact that a path integral has a saddle point at large N implies a very
important feature of large-N theories — the factorization. It is a general
property of the large-N limit and holds not only for the O(N) vector models.
However, it is useful to illustrate it by these solvable examples.
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The factorization at large N holds for averages of singlet operators, for
example

= Z_l/TDue_%spln[_aﬁuhﬁfd%uU(ﬂCl)---u(ack) (3.1.129)

in the 2-dimensional sigma model.

Since the path integral has a saddle point at some®

u(x) = usp(x), (3.1.130)

we get to the leading order in 1/N:

(u(xr)...u(zg)) = usp(xl)...usp(xk)—i—(’)(%), (3.1.131)

which can be written in the factorized form

(u(zy)...u(zg)) = <u(:c1)><u(xk)>+(9<%> (3.1.132)

Therefore, u becomes “classical” as N — oo in the sense of the 1/N-
expansion. This is an analog of the WKB-expansion in i = 1/N. “Quantum”
corrections are suppressed as 1/N.

We shall return to discussing the large-N factorization in the next Section
when considering the large-N limit of QCD.

5This saddle point is, in fact, z-independent due to translational invariance.
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3.2 Multicolor QCD

The method of the 1/N-expansion can be applied to QCD. This was done
by 't Hooft [Hoo74a] using the inverse number of colors for the gauge group
SU(N.) as an expansion parameter.

For a SU(N.) gauge theory without virtual quark loops, the expansion
goes in 1/N? and rearranges diagrams of perturbation theory according to
their topology. The leading order in 1/N? is given by planar diagrams, which
have a topology of a sphere, while the expansion in 1/N2 plays the role of a
topological expansion. This reminds an expansion in the string coupling con-
stant in string models of the strong interaction, which also has a topological
character.

Virtual quark loops can be easily incorporated in the 1/N_.-expansion. One
distinguishes between the 't Hooft limit when the number of quark flavors Ny
is fixed as N, — oo and the Veneziano limit [Ven76] when the ratio Ny/N.
is fixed as N, — oo. Virtual quark loops are suppressed in the 't Hooft limit
as 1/N, and lead in the Veneziano limit to the same topological expansion as
dual-resonance models of strong interaction.

The simplification of QCD in the large- N, limit is due to the fact that the
number of planar graphs grows with the number of vertices only exponentially
rather than factorially as do the total number of graphs. Correlators of gauge
invariant operators factorize in the large- N, limit which looks like the leading-
order term of a “semiclassical” WKB-expansion in 1/N,.

We begin this Section with a description of the double-line representation
of diagrams of QCD perturbation theory and rearrange it as the topological
expansion in 1/N.. Then we discuss some properties of the 1/N_ -expansion
for a generic matrix-valued field.

3.2.1 Index or ribbon graphs

In order to describe the 1/N.-expansion of QCD, whose extension to N,
colors has already been considered in Subsect. 2.1.1, it is convenient to use
the matrix-field representation (2.1.5). In this Section we shall use a slightly
different definition

[Au @] = > AL (@) [t (3.2.1)

which is similar to that used by ’t Hooft [Hoo74a] and differs from (2.1.5) by
a factor of ig:

Al (z) = igAl] (z). (3.2.2)
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The matrix (3.2.1) is Hermitean.
The propagator of the matrix field A% (x), in this notation, takes on the
form

ij 1 (il ok 1
(A7 () AL (Y) ) anes. = 5 (5 Loks — FC(S JW) D, (z—y), (3.2.3)

where we have assumed, as usual, a gauge fixing to define the propagator in
perturbation theory. For instance, one has

Dy (x—-y) = —S——= (3.2.4)

in the Feynman gauge.
Equation (3.2.3) can be immediately derived from the standard formula

(A2 (2) A (W) e = 0Dy (z — ) (3.2.5)

multiplying by the generators of the SU(NV.) gauge group according to the
definition (2.1.5) and using the completeness condition

NZ-1
>t = %<5i15’fi _Ni5ij5’fl) for SU(N.)|, (3.2.6)
a=1 c

where the factor of 1/2 is due to the normalization (2.1.6). Eq. (3.2.3) can
be derived directly from a path integral over matrices.

We concentrate in this Section only on the structure of diagrams in the
index space, i.e. the space of the indices associated with the SU(N,) group.
We shall not consider, in most cases, space-time structures of diagrams which
are prescribed by Feynman’s rules.

Omitting at large N, the second term in parentheses on the RHS of
Eq. (3.2.3), we depict the propagator by the double line

ij Kl ilskj J—

<A;f (x) A (y) >Gauss x 0% = i . (3.2.7)

Each line represents the Kronecker delta-symbol and has orientation which

is indicated by arrows. This notation is obviously consistent with the space-

time structure of the propagator which describes a propagation from z to
Y.

The arrows are due to the fact that the matrix Afj is Hermitean and its

off-diagonal components are complex conjugate. The independent fields are,

3.2. MULTICOLOR QCD 217

say, the complex fields A% for i > j and the diagonal real fields A/. The
arrow represents the direction of the propagation of the indices of the complex
field Aff for ¢ > j while the complex-conjugate one, Aff = (Aff)*, propagates
in the opposite direction. For the real fields A}f, the arrows are not essential.

The double-line notation (3.2.7) looks similar to that of Subsect. 2.2.5.
The reason for that is deep: double lines appear generically in all models
describing matriz fields in contrast to vector (in internal symmetry space)
fields whose propagators are depicted by single lines as in the previous Section.

The three-gluon vertex, which is generated by the action (2.1.14), is de-
picted in the double-line notations as

Ji, 4 i1, J1
. /J k - ) l\ xg (6i1j36i2j1 Stz _ §hjz §isd1 5i2j3)
iz /\ Js Jj2 /\ i3
J2 3 i2 J3

where the subscripts 1, 2 or 3 refer to each of the three gluons. The rel-
ative minus sign is due to the commutator in the cubic in A term in the
action (2.1.14). The color part of the three-vertex is antisymmetric under
interchanging the gluons. The space-time structure, which reads in the mo-
mentum space as

(3.2.8)

Yp1pzps (p17p27p3)
5#1#2 (pl - p2)H3 + 5#2#3 (p2 —pg)m + 5#1#3 (pg — pl)Hz ,(3.2.9)

is antisymmetric as well. We consider all three gluons as incoming so that
their momenta obey p; + ps + ps = 0. The full vertex is symmetric as is
prescribed by Bose statistics.

The color structure in Eq. (3.2.8) can alternatively be obtained by multi-
plying the standard vertex

I‘ala2(13

12 3 (p17p2ap3) = fa1a2a3’7mu2u3 (p17p27p3) (3'2'10)

by (to1)71 (¢92)"92 ($03)755  with fabe being the structure constants of the
SU(N,.) group, and using the formula
farazas (tal)iud (taz)izjz (ta3)i3j3
= % (5i1j35i2j1 5i3j2 _ 5i1j25i3j1 5i2j3) , (3_2'11)

which is a consequence of the completeness condition (3.2.6).
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A
—{(_)—

Fig. 3.6:  Double-line representation of a one-loop diagram for the gluon propagator.
The sum over the N, indices is associated with the closed index line. The
contribution of this diagram is ~ g2 N, ~ 1.

The four-gluon vertex involves six terms — each of them is depicted by a
cross — which differ by interchanging of the color indices. We depict the color
structure of the four-gluon vertex for simplicity in the case when i; = jo =1,
i = Jjs = J, i3 = ja = k, i4 = j1 = [ but 4,5, k,l take on different values.
Then only the following term is left

l_J [_1 x g2
kj F] (3.2.12)

and there are no deltas on the RHS since the color structure is fixed. In other
words, we pick up only one color structure by equaling indices pairwise.

The diagrams of perturbation theory can now be completely rewritten
in the double-line notation [Hoo74a]. The simplest one which describes the
one-loop correction to the gluon propagator is depicted in Fig. 3.6.5 This
diagram involves two three-gluon vertices and a sum over the N, indices which
is associated with the closed index line analogous to Eq. (2.2.70). Therefore,
the contribution of this diagram is ~ g2N..

In order for the large- N, limit to be nontrivial, the bare coupling constant
g2 should satisfy

P o~ . (3.2.13)

This dependence on N, is similar to Eqgs. (3.1.14) and (3.1.68) for the vector

6Here and in the most figures below the arrows of the index lines are omitted for
simplicity.

3.2. MULTICOLOR QCD 219

models and is prescribed by the asymptotic-freedom formula

2472
2 _
g n llNcln (A/AQCD) (3214)

of the pure SU(N,.) gauge theory.
Thus, the contribution of the diagram of Fig. 3.6 is of order

Fig. 3.6 ~ ¢°N, ~ 1 (3.2.15)

in the large- N, limit.

The double lines of the diagram in Fig. 3.6 can be viewed as bounding
a piece of a plane. Therefore, these lines represent a two-dimensional object
rather than a one-dimensional one as the single lines do in vector models.
These double-line graphs are often called in mathematics the ribbon graphs
or fatgraphs. We shall see below their connection with Riemann surfaces.

Remark on the U(N,) gauge group

As is said above, the second term in the parentheses on the RHS of Eq. (3.2.6)
can be omitted at large N.. Such a completeness condition emerges for the
U(N.) group whose generators T4 (A =1,..., N2) are

1
T4 = (t“,ﬁ), wTAT? = 2§47, (3.2.16)

They obey the completeness condition
N2
- ij 1 g s
S @M (@ = 5016 [for UNG) |- (3.2.17)
A=1
The point is that elements of both the SU(N,) group and the U(N.) group
can be represented in the form

U= e'B, (3.2.18)

where B is a general Hermitean matrix for U(N,) and a traceless Hermitean
matrix for SU(N,).

Therefore, the double-line representation of perturbation-theory diagrams
which is described in this Section holds, strictly speaking, only for the U(N.)
gauge group. However, the large-N, limit of both the U(N,.) group and the
SU(N.) group is the same.
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Fig. 3.7:  Double-line representation of a four-loop diagram for the gluon propagator.
The sum over the N, indices is associated with each of the four closed index
lines whose number is equal to the number of loops. The contribution of
this diagram is ~ g8 N2 ~ 1.

3.2.2 Planar and non-planar graphs

The double-line representation of perturbation theory diagrams in the index
space is very convenient to estimate their orders in 1/N.. Each three- or
four-gluon vertex contributes a factor of g or g2, respectively. Each closed
index line contributes a factor of N.. The order of g in 1/N,. is given by
Eq. (3.2.13).

Let us consider a typical diagram for the gluon propagator depicted in
Fig. 3.7. It has eight three-gluon vertices and four closed index lines which
coincides with the number of loops. Therefore, the order of this diagram in
1/N, is

Fig. 3.7 ~ (¢°N.)' ~ 1. (3.2.19)

The diagrams of the type in Fig. 3.7, which can be drawn on a sheet of
a paper without crossing any lines, are called the planar diagrams. For such
diagrams, an adding of a loop inevitably results in adding of two three-gluon
(or one four-gluon) vertex. A planar diagram with ns loops has ny closed
index lines. It is of order

ne-loop planar diagram ~ (g2]\]c)n2 ~ 1, (3.2.20)

so that all planar diagrams survive in the large-V, limit.

Let us now consider a non-planar diagram of the type depicted in Fig. 3.8.
This diagram is a three-loop one and has six three-gluon vertices. The crossing
of the two lines in the middle does not correspond to a four-gluon vertex and
is merely due to the fact that the diagram cannot be drawn on a sheet of a
paper without crossing the lines. The diagram has only one closed index line.
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Fig. 3.8:  Double-line representation of a three-loop non-planar diagram for the
gluon propagator. The diagram has six three-gluon vertices but only
one closed index line (while three loops!). The order of this diagram is
~ g8N. ~ 1/N2.

The order of this diagram in 1/N, is

1

Fig. 3.8 ~ ¢°N. ~ e

(3.2.21)
It is therefore suppressed at large N, by 1/N2.

The non-planar diagram in Fig. 3.8 can be drawn without line-crossing on
a surface with one handle which is usually called in mathematics a torus or
the surface of genus one. A plane is then equivalent to a sphere and has genus
zero. Adding a handle to a surface produces a hole according to mathematical
terminology. A general Riemann surface with A holes has genus h.

The above evaluations of the order of the diagrams in Figs. 3.6-3.8 can
now be described by the unique formula

1 genus
genus-h diagram ~ (Nc2> . (3.2.22)
Thus, the expansion in 1/N, rearranges perturbation-theory diagrams accord-
ing to their topology [Hoo74a]. For this reason, it is referred to as the topo-
logical expansion or the genus expansion. The general proof of Eq. (3.2.22)
for an arbitrary diagram is given in Subsect. 3.2.4.

Only planar diagrams, which are associated with genus zero, survive in the
large- N, limit. This class of diagrams is an analog of the bubble graphs in the
vector models. However, the problem of summing the planar graphs is much
more complicated than that of summing the bubble graphs. Nevertheless, it
is simpler than the problem of summing all the graphs, since the number of
the planar graphs with ng vertices grows at large no exponentially [Tut62,

KNN77]
#p (no) = # of planar graphs ~ const™ , (3.2.23)
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Fig. 3.9: Cutting a planar graph into two graphs. The cutting is along the dotted
line. The numbers of vertices of each part and of the whole graph obey
Eq. (3.2.24).

while the number of all the graphs grows with ng factorially. There is no
dependence in Eq. (3.2.23) on the number of external lines of a planar graph
which is assumed to be much less than ng.

It is instructive to see the difference between the planar diagrams and,
for instance, the ladder diagrams which describe ete™ elastic scattering in
QED. Let the ladder has n rungs. Then there are n! ladder diagrams, but
only one of them is planar. This simple example shows why the number of
planar graphs is much smaller than the number of all graphs, most of which
are non-planar.

In the rest of these lecture notes, we shall discuss what is known about
solving the problem of summing the planar graphs.

Problem 3.11 Show that Eq. (3.2.23) for the number of planar graphs is consistent
with its independence of the number of external lines.

Solution Let us split a planar graph in two parts by cutting along some line as is
depicted in Fig. 3.9. The numbers of vertices of each part, nj and ng, are obviously
related to that of the original graph, no, by

ng+ny = no. (3.2.24)

We assume that both n{ and ng are large.
The number of cut lines is ~ /ngo for a planar graph in contrast to that for a
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a) b)

Fig. 3.10: Cutting a planar graph into trees and arches. The line of cutting is depicted
in a) by the dotted line. The combination of tree and arches in b) is
obtained from a) by a continuous distortion.

generic non-planar one, when it would be ~ ng. Disregarding the cut lines, we get

#p (n0) = #p (n0) - #p (no) s (3.2.25)

which is obviously satisfied by the formula (3.2.23) accounting for Eq. (3.2.24).

Problem 3.12 Cutting all loops of a planar graph, obtain the upper bound
#p < (1024)"2 (3.2.26)

for the number of planar graphs with ns loops.
Solution Since #, does not depend on the number of external lines (see Prob-
lem 3.11), let us consider a one particle irreducible planar graph with one external
line and cut all the loops as is depicted in Fig. 3.10a. By a continuous distortion,
it can be depicted like in Fig. 3.10b, where below the dotted line we have a tree
with ng vertices and above the dotted line we have no arches. The latter number
coincides with the number of loops of the planar graph. The number of tips of the
tree is 2ns.

Since each planar graph can be cut is several ways, #, is bounded from above
by

#p < #a (n2) #1 (no,2n2), (3.2.27)
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a) b)

Fig. 3.11: Alternative cutting of the same planar graph as in Fig. 3.10 into trees and
arches.

where #a (n2) stands for the number of arches and #rt (no,2n2) stands for the
number of trees with ng vertices and 2ns tips. An alternative way of cutting the
same planar graph, which leads to a different combination of arches and trees, is
depicted in Fig. 3.11.

The number of arches is well-known in mathematics and is given by the Catalan
number of order n:

—

m 4 . (3.2.28)

#a(n) =
The number of trees is not independent since a graph, dual to a tree graph, consists
of arches as is illustrated by Fig. 3.12. The number of arches of this dual graph
equals the sum of the number ng of vertices and the number 2n2 of tips, i.e. equals
no + 2n2. Given the number ns of loops, the number ng of vertices is maximal when
all vertices are trivalent, so that

no < 2ng — 1 (3.2.29)

(no = 2ng for trivalent and ng = na for fourvalent vertices when ng is large).
Therefore, the number of arches of the dual graph is bounded by 4nz, so that

#T (n07 2n2) S #A (477,2) . (3.2.30)

Substituting in (3.2.27), we get [KNN77] the inequality (3.2.26). Finally, the in-
equality (3.2.23) can be obtained by noting that no ~ ng for large no.
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Fig. 3.12: A tree graph (the solid lines) and its dual (the dashed arches).

Fig. 3.13: Recurrence relation for the number of arches. The dotted line separates
a configuration of n arches in two pieces: n’ to the left and n — n’ to the
right.

Problem 3.13 Derive Eq. (3.2.28) for the number of arches.

Solution Let us consider a general configuration of n arches like is depicted in
Fig. 3.13. Let us pick up the leftmost arch, splitting the configuration in two pieces:
n’ arches to the left and n — n’ arches to the right of the dotted line. The number
of arches obviously satisfies the recurrence relation

#a(n) = Z #a(n' —1)#a (n—1n'), (3.2.31)

n/=1

where the number of arches to the left of the dotted line is described by #a (n’ — 1)
because one arch encircles n’ — 1 others. Eq. (3.2.31) expresses #4a (n) recurrently

via #a (0) = 1.
Introducing the generating function

falg) = > g™ #a (), (3.2.32)
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Fig. 3.14: Recurrence relation for the number of trees. The trees inside the left and
right dotted circles have n’ and n — n’ tips, respectively.

we rewrite Eq. (3.2.36) as the quadratic equation
falg)—g = fR(9)- (3.2.33)
Its solution

falg) = ‘1 — Z s 2n) (3.2.34)

nl(n+1)!
gives Eq. (3.2.28) for the number of arches.

Problem 3.14 Improve the inequality (3.2.26), calculating the number of trivalent
tree graphs with n tips.

Solution Let us first note that the number of vertices of a trivalent tree graph
with n tips equals n — 1. Hence, we are interested in

#r(n) = #r(n-1,n) (3.2.35)

in the notation of Problem 3.12. Picking up the first vertex in a tree as is depicted
in Fig. 3.14, we get the following recursion relation

Z #T #T n—n ) (3.2.36)

n/=1

which expresses # (n) via #71 (1) = 1.
Introducing the generating function

frig) = > g" #r(n), (3.2.37)
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where g" ! corresponds to n — 1 vertices of each tree, we rewrite Eq. (3.2.36) as the
quadratic equation

frig)—1 = gf2(g). (3.2.38)
Its solution
frig) = \/1_— Zl " 1n,27:l__ 1)) (3.2.39)
gives
#r(n) = % (3.2.40)

Returning to Problem (3.12), it is shown that
#T (n0,2n2) S #T (2712 — 1, 2712) = #A (2712 — 1) . (3.2.41)

The inequality here is due to (3.2.29) and the equality is because of the explicit
formulas (3.2.28) and (3.2.40). We have improved, thus, the estimate (3.2.30) having
calculated the number of tree graphs. The inequality (3.2.26) is now improved by

#p < (64)". (3.2.42)
The actual number of the trivalent planar graphs was evaluated by Tutte [Tut62]
and reads
256\ "2
~ (== 3.2.43
#e ( 27 ) ( )

for asymptotically large no.

3.2.3 Planar and non-planar graphs (the boundaries)

Equation (3.2.22) holds, strictly speaking, only for the gluon propagator while
the contribution of all planar diagrams to a connected n-point Green’s func-
tion is ~ g"~2 which is its natural order in 1/N,. Say, the three-gluon Green’s
function is ~ g, the four-gluon one is ~ g2 and so on. In order to make con-
tributions of all planar diagrams to be of the same order ~ 1 in the large-N,
limit, independently of the number of external lines, it is convenient to con-
tract the Kronecker deltas associated with external lines.

Let us do this in a cyclic order as is depicted in Fig. 3.15 for a generic
connected diagram with three external gluon lines. The extra deltas which
are added to contract the color indices are depicted by the single lines. They
can be viewed as a boundary of the given diagram. The actual size of the
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o

Fig. 3.15:  Generic index diagram with ng = 10 vertices, n; = 10 gluon propagators,
n2 = 4 closed index lines, and B = 1 boundary. The color indices of
the external lines are contracted by the Kronecker deltas (represented by
the single lines) in a cyclic order. The extra factor of 1/N. is due to
the normalization (3.2.44). Its order in 1/N¢ is ~ 1/N2 in accord with
Eq. (3.2.22).

boundary is not essential — it can be shrunk to a point. Then a bounded
piece of a plane will be topologically equivalent to a sphere with a puncture.
I shall prefer to draw planar diagrams in a plane with an extended boundary
(boundaries) rather than in a sphere with a puncture (punctures).

It is clear from the graphic representation that the diagram in Fig. 3.15
is associated with the trace over the color indices of the three-point Green’s
function

(ig)*

N

GEE’I)MHS (x1,29,23) = (tr [Ay, (1) Ay, (22) Ay, (23)]) . (3.2.44)
We have introduced here the factor g3/N.. to make G5 of O(1) in the large-N,
limit and inserted i® for later convenience. Therefore, the contribution of the
diagram in Fig. 3.15 having one boundary should be divided by N, while the
factor g2 is naturally associated with three extra vertices which appear after
the contraction of color indices.

The extension of Eq. (3.2.44) to multi-point Green’s functions is obvious:

(ig)" (tr [Au, (@1) - A, (z2)]).  (3.2.45)

G;(Z)---un (1,0, Zn) N
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a) b)

Fig. 3.16: Planar a) and non-planar b) contributions of the two color structures in
Eq. (3.2.8) for three-gluon vertex to G(3) in the lowest order of perturba-
tion theory.

The factor 1/N,, which normalizes the trace, provides the natural normaliza-
tion

GO =1 (3.2.46)

of the averages.

Though the two terms in the index-space representation (3.2.8) of the
three-gluon vertex look very similar, their fate in the topological expansion
is quite different. When the color indices are contracted anti-clockwise, the
first term leads to the planar contributions to G, the simplest of which is
depicted in Fig. 3.16a. The anti-clockwise contraction of the color indices in
the second term leads to a non-planar graph in Fig. 3.16b which can be drawn
without crossing of lines only on a torus. Therefore, the two color structures
of the three-gluon vertex contribute to different orders of the topological
expansion. The same is true for the four-gluon vertex.

Remark on oriented Riemann surfaces

Each line of an index graph of the type depicted in Fig. 3.15 is oriented.
This orientation continues along a closed index line while the pairs of index
lines of each double line have opposite orientations. The overall orientation
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<> AN
N =

Fig. 3.17: Example of a) connected and b) disconnected planar graphs.

of the lines is prescribed by the orientation of the external boundary which
we choose to be, say, anti-clockwise like in Fig. 3.16a. Since the lines are
oriented, the faces of the Riemann surface associated with a given graph are
oriented too — all in the same way — anti-clockwise. Vice versa, such an
orientation of the Riemann surfaces unambiguously fixes the orientation of
all the index lines. This is the reason why we omit the arrows associated with
the orientation of the index lines: their directions are obvious.

Remark on cyclic-ordered Green’s functions

The cyclic-ordered Green’s functions (3.2.45) naturally arise in the expansion
of the trace of the non-Abelian phase factor for a closed contour, which was
considered in Problem 2.2. One gets

1 [ T T
<FtrPe 9§Fd HAL( )>

C

Tp_1
1

00 Xy n
=y fdﬁl/dﬁ%.. /d:cgn G (1, xn). (3.247)
n=0 T z1 P

The reason is because the ordering along a closed path implies the cyclic-
ordering in the index space.

Remark on generating functionals for planar graphs

By connected or disconnected planar graphs we mean, respectively, the graphs
which were connected or disconnected before the contraction of the color
indices as is illustrated by Fig. 3.17. The graph in Fig. 3.17a is connected
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planar while the graph in Fig. 3.17b is disconnected planar.

The usual relation (1.2.52) between the generating functionals W [J] and
Z [J] for connected graphs and all graphs, which is discussed in the Remark
on p. 45, does not hold for the planar graphs. The reason is that an expo-
nentiation of such a connected planar diagram for the cyclic-ordered Green’s
functions (3.2.45) can give disconnected non-planar ones.

The generating functionals for all and connected planar graphs can be
constructed [Cvi81] by means of introducing non-commutative sources j, ().
“Non-commutative” means that there is no way to transform j, (1)j,,(22)
into j,,(22)j,, (¥1). This non-commutativity of the sources reflects the
cyclic-ordered structure of the Green’s functions (3.2.45) which possess only
cyclic symmetry.

Using the short-hand notations (3.1.64) where the symbol o includes the
sum over the d-vector (or whatever available) indices except for the color
ones:

joA = Z/d% 3 (@) Au(@), (3.2.48)

we write down the definitions of the generating functionals for all planar and
connected planar graphs, respectively, as

Zlj = Z<Nictr (joA)"> (3.2.49)

and

Wl = Z<Nitr (joA)"> : (3.2.50)

n=0 ¢

The planar contribution to the Green’s functions (3.2.45) and their con-
nected counterparts can be obtained, respectively, from the generating func-
tionals Z [j] and W [j] applying the non-commutative derivative which is
defined by

%(z)ju(y)f(j) = 6,0 (x —y) f (), (3.2.51)

where f is an arbitrary function of j’s. In other words the derivative picks
up only the leftmost variable.
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Fig. 3.18: Graphic derivation of Eq. (3.2.52): Z [j] is denoted by an empty box, W [4]
is denoted by a shadow box, j is denoted by a filled circle. By picking
a leftmost external line of a planar graph, we end up with a connected
planar graph, whose remaining external lines are somewhere to the right
interspersed by disconnected planar graphs. It is evident that jZ [j] plays
the role of a new source for the connected planar graph. If we instead
pick up the rightmost external line, we get the inverse order Z [j] 7, which
results in Eq. (3.2.53).

The relation which replaces Eq. (1.2.52) for planar graphs is
Zl3l = Wlizlsll, (3.2.52)
while the cyclic symmetry says
Wizl = WIZ5l3]. (3.2.53)

A graphic derivation of Egs. (3.2.52) and (3.2.53) is given in Fig. 3.18. In
other words, given W [j], one should construct an inverse function as the
solution to the equation

Julx) = Ju(@)Wg], (3.2.54)
after which Eq. (3.2.52) says
Zj] = W[J]. (3.2.55)

More about this approach to the generating functionals for planar graphs can
be found in Ref. [CLS82].

Problem 3.15 Solve iteratively Eq. (3.2.54) for the Gaussian case.
Solution In the Gaussian case, only G® is nonvanishing which yields

Wi = 1-g%oDoj, (3.2.56)

where the propagator D is given by Eq. (3.2.4). Using Eq. (3.2.52), we get explicitly

Z5] = 1- ¢ / A dy Do (e — 1) 3, (@) 216 5, 2. (3:257)
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a) b)

Fig. 3.19: Diagrams for the gluon propagator with a quark loop which is represented
by the single lines. The diagram a) involves one quark loop and has no
closed index lines so that its order is ~ g2 ~ 1/N.. The diagram b) involves
three loops one of which is a quark loop. Its order is ~ g6 N2 ~ 1/N..

While this equation for Z[j] is quadratic, its solution can be written only as a
continued fraction due to the non-commutative nature of the variables. In order to
find it, we rewrite Eq. (3.2.57) as

1
Z 4] . — (3.2.58)
1+g? [ dizwdly Dy (z —y)j,(x) Z[5] 3,()
whose iterative solution reads [Cvi81]
. 1
Zj] = o D5 - (3.2.59)
1+g7g o Do -J
14+475 — DoV
L+gj—13

3.2.4 Topological expansion and quark loops

It is easy to incorporate quarks in the topological expansion. A quark field
belongs to the fundamental representation of the gauge group SU(NV..) and its
propagator is represented by a single line

(Yithj) o< b5 = i——j . (3.2.60)

The arrow indicates, as usual, the direction of propagation of a (complex)
field 1. We shall omit these arrows for simplicity.

The diagram for the gluon propagator which involves one quark loop is
depicted in Fig. 3.19a. It has two three gluon vertices and no closed index
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lines so that its order in 1/N, is

1
Fig. 3.19a ~ ¢*> ~ —. 3.2.61
ig. 3.19a ~ ¢ N ( )
Analogously, the order of a more complicated tree-loop diagram in Fig. 3.19b,
which involves one quark loop and two closed index lines, is

Fig. 3.19b ~ ¢°N? ~ Ni . (3.2.62)

It is evident from this consideration that quark loops are not accompanied

by closed index lines. One should add a closed index line for each quark loop

in order for a given diagram with L quark loops to have the same double-

line representation as for pure gluon diagrams. Therefore, given Eq. (3.2.22),
diagrams with L quark loops are suppressed at large N, by

1 L+2-genus
) . (3.2.63)

L k1 ~ | =
quark loops ( N

The single-line representation of the quark loops is similar to the one of
the external boundary in Fig. 3.15. Moreover, such a diagram emerges when
one calculates perturbative gluon corrections to the vacuum expectation value
of the quark operator

1 -
0 = v, (3.2.64)

where the factor of 1/N, is introduced to make it O(1) in the large-N, limit.
Therefore, the external boundary can be viewed as a single line associated
with valence quarks. The difference between virtual quark loops and external
boundaries is that each of the latter comes along with the factor of 1/N, due
to the definitions (3.2.45) and (3.2.64).

In order to prove Egs. (3.2.22) and its quark counterpart (3.2.63), let

us consider a generic diagram in the index space which has né?’) three-point

vertices (either three-gluon or quark-gluon ones), n((34) four-gluon vertices, n
propagators (either gluon or quark ones), ns closed index lines, L virtual
quark loops and B external boundaries. A typical such diagram is depicted
in Fig. 3.20. Its order in 1/N, is

1 ng—n[()S)/Z—n[()4)—B

5 gno g e N (3.2.65)

c
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o

Fig. 3.20: Generic diagram in the index space which has L = 1 quark loop and B = 1
loop associated with the external boundary. Its order in 1/N is described
by Eq. (3.2.71).

as is already explained. The extra factor of 1/NZ is due to the extra normal-
ization factor of 1/N. in operators associated with external boundaries.
The number of propagators and vertices are related by

2y = 3n8 +4nlY (3.2.66)

since three- and four-point vertices emit three or four propagators, respec-
tively, and each propagator connects two vertices. Using the relation (3.2.66),
we rewrite the RHS of (3.2.65) as

na —n((f’)/2—n((,4) —-B

N. = Npemmitno=B (3.2.67)

where the total number of vertices

ng = ngg) +né4) (3.2.68)
is introduced.

The exponent on the RHS of Eq. (3.2.67) can be expressed via the Euler
characteristics xy of a given graph of genus h. Let us first mention that a
proper Riemann surface, which is associated with a given graph, is open and
has B+ L boundaries (represented by single lines). This surface can be closed
by attaching a cap to each boundary. The single lines then become double
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lines together with the lines of the boundary of each cap. We have already
considered this procedure when deducing Eq. (3.2.63) from Eq. (3.2.22).

The number of faces for a closed Riemann surface constructed in such a
manner is no + L + B, while the number of edges and vertices are n; and ng,
respectively. Euler’s theorem says that

X =2—-2h = ngo+L+B—n1+ngp. (3.2.69)
Therefore the RHS of Eq. (3.2.67) can be rewritten as
anfnl‘i’nO*B — N272h7L72B . (3270)

We have thus proven that the order in 1/N. of a generic graph does not
depend on its order in the coupling constant and is completely expressed via
the genus h and the number of virtual quark loops L and external boundaries
B by

(3.2.71)

1\ 2hHLH2(B-1)
x)

generic graph ~ (—
For B =1, we recover Eqs. (3.2.22) and (3.2.63).

Remark on the order of gauge action

We see from Eq. (3.2.45) that the natural variables for the large- N, limit are
the calligraphic matrices .4,, which include the extra factor of 4g with respect
to A, (see Eq. (3.2.2)). For these matrices

1 n
3 (0 M @) Ay @) = Gl (@) (3:272)
so that they are O(1) in the large- N, limit since the trace is O(N,).

In these variables, the gluon part of the QCD action (2.1.14) takes on the
simple form

1
S = — @ ddxtr]:z,j (x). (3.2.73)
Since g2 in this formula is ~ 1/N, and the trace is ~ N, the action is O(N?)
at large N..

This result can be anticipated from the free theory because the kinetic

part of the action involves the sum over N2 — 1 free gluons. Therefore, the
non-Abelian field strength (1.3.63) is ~ 1 for g> ~ 1/N..
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The fact that the action is O(N2) in the large- N, limit is a generic property
of the models describing matrix fields. It will be crucial for developing saddle-
point approaches at large N. which are considered below.

Problem 3.16 Rederive the formula (3.2.71) using the calligraphic notations.
Solution The propagator of the A-field is ~ g while both three- and four-gluon
vertices are now ~ g2 as a consequence of Eq. (3.2.73). The contribution of a
generic graph is now of the order

(gz)nﬁno NP2—B o yne—mitno-B (3.2.74)

for g> ~ 1/N.. This coincides with the RHS of Eq. (3.2.67) which results in
Eq. (3.2.71).

3.2.5 t’ Hooft versus Veneziano limits

In QCD there are several species or flavors of quarks (u-, d-, s- and so on).
We denote the number of flavors by Ny and associate a Greek letter a or 3
with a flavor index of the quark field.

The quark propagator then has the Kronecker delta with respect to the
flavor indices in addition to Eq. (3.2.60):

<¢31/75> x 6905, (3.2.75)
Their contraction results in
Ny
> baa =Ny (3.2.76)
a=1

Therefore, an extra factor of Ny corresponds to each closed quark loop for
the Ny flavors.

The limit when Ny is fixed as N, — oo, as was considered in the original
paper by 't Hooft [Hoo74al, is called the 't Hooft limit. Only valence quarks
are left in the ’t Hooft limit. Hence, it is associated with the quenched
approximation which was discussed in the remark on p. 164. In order for a
meson to decay into other mesons built out of quarks, say for a p-meson to
decay into a pair of m-mesons, a quark-antiquark pair must be produced out
of the vacuum. Consequently, the ratios of meson widths to their masses are

Ftotal Nf

~Y _— -2.
i ¥ (3.2.77)
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Fig. 3.21: Diagrams with quark loops in the Veneziano limit. The color and flavor
indices of a quark loop which are represented by the solid and dashed single
lines, respectively. The diagram a) is ~ gsz ~ Ny /Nc. The diagram b)
is ~ gSNZNy ~ Ny /Ne.

in the ’t Hooft limit. The ratio on the LHS of Eq. (3.2.77) is experimentally
10-15% for the p-meson. A hope to solve QCD in the 't Hooft limit is a hope
to describe QCD with this accuracy.

An alternative large-IN. limit of QCD when Ny ~ N, as N. — oo was
proposed by Veneziano [Ven76]. Some diagrams for the gluon propagator,
which involve one quark loop, are depicted in Fig. 3.21. The dashed single line
represents propagation of the flavor index. Each closed loop of the dashed line
is associated with the factor Ny according to Eq. (3.2.76). This is analogous
to the vector models which exactly describe the O(Ny) flavor symmetry in
these notations.

The diagrams in Fig. 3.21 contribute, respectively,

N
Fig. 3.21a ~ ¢°Nj ~ Ff (3.2.78)
and
. 6 AT2 Ny
Fig. 3.21b ~ ¢°N N; ~ . (3.2.79)

c

in the limit (3.2.13). Likewise, a more general diagram with L quark loops
will contribute

L genus
Ny 1
L quark loops ~ (#) < NE) : (3.2.80)

This formula obviously follows from Eq. (3.2.63) since each quark loop results
in Nf.
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We see from Eq. (3.2.80) that quark loops are not suppressed at large N,
in the Veneziano limit

Ny ~N, — oo (3.2.81)

if the diagram is planar. Furthermore, the representation of a flavored quark
by one solid and one dashed line is obviously similar to the double-line repre-
sentation of a gluon. All what is said above about the topological expansion
of pure gluodynamics holds for QCD with quarks in the Veneziano limit.

It is the Veneziano limit (3.2.81) that is related to the hadronic topological
expansion in the dual-resonance models. Hadrons can have, in the Veneziano
limit, finite widths according to Eq. (3.2.77). I refer the reader to the original
paper by Veneziano [Ven76] for more detail.

There is an alternative way to show why virtual quarks are suppressed in
the 't Hooft limit and survive in the Veneziano limit. Let us integrate over
the quark fields which yields

/D’JJ D¢e—fd4m(1[;§w+m1zw) eSpln(%-ﬁ-m) (3282)

as is discussed in Subsect. 1.2.2. The trace in the exponent involves summa-
tion both over color and flavor indices, so that

Spln (% n m) ~ N.N;. (3.2.83)

The order in N, of the pure gluon action is O (Nf) as is discussed in the
Remark on p. 236. Hence, the quark contribution to the action is ~ Ny /N,
in comparison to the gluon one. The quark determinant can be disregarded
in the 't Hooft limit, but is essential in the Veneziano limit.

The consideration of the previous paragraph also explains why each quark
loop contributes a factor ~ Ny /N.. The exponent on the RHS of Eq. (3.2.82)
is associated with one-loop diagrams. A diagram with L quark loops corre-
sponds to the L-th term of the expansion of the exponential. This explains
the factor (N;/N.)" in Eq. (3.2.80). A diagram with two quark loops, which
appears to the second order of this expansion, is depicted in Fig. 3.22.

Remark on asymptotic freedom in the Veneziano limit

Though the number of flavors becomes large in the Veneziano limit, this does
not mean that asymptotic freedom is lost. The leading-order coefficient of
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Fig. 3.22: Diagram with two quark loops in the Veneziano limit. The diagram is

~ gﬁNCN? ~ (Nf/Nc)2.

the B-function of QCD with N, colors and Ny flavors reads

o

2
b = N.+ -

Ny 3.2.84
3 31V ( )

It is still negative if Ny/N. < 11/2 in the Veneziano limit.

Remark on phenomenology of multicolor QCD

While N, = 3 in the real world, there are phenomenological indications that
1/N. may be considered as a small parameter. We have already mentioned
some of them in the text — the simplest one is that the ratio of the p-meson
width to its mass, which is ~ 1/N,, is small. Considering 1/N,. as a small
parameter immediately leads to qualitative phenomenological consequences
which are preserved by the planar diagrams associated with multicolor QCD,
but are violated by the non-planar diagrams.

The most important consequence is the relation of the 1/N.-expansion
to the topological expansion in the dual-resonance model of hadrons. Vast
properties of hadrons are explained by the dual-resonance model. A very
clear physical picture behind this model is that hadrons are excitations of a
string with quarks at the ends.

I shall briefly list some consequences of multicolor QCD:

1) The “naive” quark model of hadrons emerges at N, = co. Hadrons
are built out of (valence or constituent) quark and antiquark ¢g, while
exotic states like qgGgg do not appear.

2) The partial width of decay of the ¢-meson, which is built out of s5 (the
strange quark and antiquark), into K+ K~ is ~ 1/N,, while that into
7tr= 7% is ~ 1/N2. This explains Zweig’s rule. The masses of the p-
and w-mesons are degenerate at N, = oo.
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3) The coupling constant of meson-meson interaction is small at large N,.

4) The widths of glueballs are ~ 1/N?2, i.e. they should be even narrower
than mesons built out of quarks. The glueballs do not interact or mix
with mesons at N, = co.

All these hadron properties (except the last one) approximately agree with
experiment, and were well-known even before 1974 when multicolor QCD was
introduced. Glueballs are not yet detected experimentally (maybe because of
their property listed in the item 4).

3.2.6 Large-N, factorization

The vacuum expectation values of several colorless or white operators, which
are singlets with respect to the gauge group, factorize in the large- N, limit
of QCD (or other matrix models). This property is similar to that already
discussed in Subsect. 3.1.5 for the vector models.

The simplest gauge-invariant operator in a pure SU(N,) gauge theory is
the square of the non-Abelian field strength:

1
tr 77, (). (3.2.85)

O(zx) = Iz

The normalizing factor provides the natural normalization

<Ni3trF3U(:c)> = <2—;[02ng(:¢)ng(:1:)> ~1. (3.2.86)

In order to verify the factorization in the large-N, limit, let us consider
the index space diagrams for the average of two colorless operators O (x1)
and O (z2), which are depicted in Fig. 3.23.

The graph in Fig. 3.23a represents the zeroth order of perturbation theory.
It involves four closed index lines (the factor N%) and the normalization factor
1/N# according to the definition (3.2.85). Its contribution is

1 1
Fig. 3.23a ~ —N2?x —N? ~ 1

2°'c 2°'c )
Nc Nc

(3.2.87)

i.e. O (1) in accord with the general estimate (3.2.86).
The graph in Fig. 3.23b involves a gluon line which is emitted and absorbed
by the same operator O (z1). It has five closed index lines (the factor N?2),
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a)
c)

Fig. 3.23: Demonstration of the large- N, factorization to the lowest orders of pertur-
bation theory. The closed double line represents the average of the opera-
tor (3.2.85) to zeroth order in g. The diagrams a) and b), which are asso-
ciated with the factorized part of the average on the LHS of Eq. (3.2.91),

are O(1). The diagrams ¢) and d), which would violate the factorization,
are suppressed by 1/N2.

d)

the normalization factor 1/NZ2, and g? due to two three-gluon vertices. Its
contribution is

Fig. 3.23b ~ ¢°N, ~ 1, (3.2.88)

i.e. also O (1) in the limit (3.2.13).

The graph in Fig. 3.23c is of the same type as the graph in Fig. 3.23a,
but the double lines now connect two different operators. It has two closed
index lines (the factor N2) and the normalization factor 1/N2, so that its
contribution

) 1
is suppressed by 1/N2.
The graph in Fig. 3.23d, which is of the same order in the coupling con-
stant as the graph in Fig. 3.23b, involves only three closed index lines (the
factor N2) and is of order 1/N2:

1
N2

c

1
Fig. 3.23d ~ g2ﬁ ~ (3.2.90)
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Therefore, it is suppressed by 1/N?2 in the large-N,. limit. For this graph, the
gluon line is emitted and absorbed by different operators O (z1) and O (x2).

This lowest-order example illustrates the general property that only (pla-
nar) diagrams with gluon lines emitted and absorbed by the same operators
survive as N. — oo. Hence, correlations between the colorless operators
O (z1) and O (x3) are of order 1/N?2, so that the factorization property holds
as N. — oc:

1 1 1
For a general set of gauge-invariant operators O, ..., O,, the factoriza-

tion property can be represented by

(010, = <ol>---<on>+0(%). (3.2.92)
This is analogous to Eq. (3.1.132) for the vector models.

The factorization in large-IN, QCD was first discovered by A.A. Migdal in
the late seventies. An important observation that the factorization implies a
semiclassical nature of the large- N, limit of QCD was done by Witten [Wit79].
We shall discuss this in the next two Subsections.

The factorization property also holds for gauge-invariant operators con-
structed from quarks like in Eq. (3.2.64). For the case of several flavors Ny,
we normalize these quark operators by

1

O =
" TONgN,

YTy (3.2.93)

Here I' stands for one of the combination of the gamma-matrices:

L =1 v, Yu VY50 Zpw = %[”y#,”yy] e (3.2.94)

The lowest-order diagrams of perturbation theory for the average of two

quark operators (3.2.93) are depicted in Fig. 3.24. Estimation of their order
in 1/N, is analogous to that for the pure gluon graphs in Fig. 3.23.

The graph in Fig. 3.24a represents the zeroth order of perturbation theory

for the average of two quark operators. It involves two closed color and
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Fig. 3.24: Same as in Fig. 3.23 but for quark operators (3.2.93). The solid and dashed
lines are associated with color and flavor indices, respectively. The diagram
a), which contributes to the factorized part of the average on the LHS of
Eq. (3.2.99), are O(1). The diagrams b) and c), which would violate the
factorization, are suppressed by 1/N2? and 1/(NyN¢c), respectively.

two closed flavor index lines (the factor N]%N 2) and the normalization factor
1/(NfN.)? according to the definition (3.2.93). Its contribution is

1
Fig. 3.24a ~ ——N;N? ~ 1. (3.2.95)

This justifies the normalization factor in Eq. (3.2.93).

The graph in Fig. 3.24b involves a gluon line which is emitted and absorbed
by the same quark operator. It has three closed color and two closed flavor
index lines (the factor N7N?), the normalization factor 1/(NyN.)?, and g
due to two quark-gluon vertices. Its contribution is

L

Fig- 8210 ~ e

N7g*N? ~ 1 (3.2.96)

in full analogy with the pure gluon diagram in Fig. 3.23b.

The graph in Fig. 3.24c is similar to the graph in Fig. 3.23c — the lines
connect two different quark operators. It has one closed color and one closed
flavor index lines (the factor NyN.) and the normalization factor 1/(NyN,)?,
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so that its contribution

Fig. 3.24c ~ (3.2.97)

N¢N,
is suppressed by 1/(NyN.).

Finally, the graph in Fig. 3.24d involves a gluon line which is emitted by
one quark operator and absorbed by the other. It has one closed color and two
closed flavor index lines (factor N]%Nc)7 the normalization factor 1/(N¢N,)?,
and g2 due to two quark-gluon vertices. Its contribution

1
NZ

~

1
Fig. 3.24d ~ ——N7g’N, ~ (3.2.98)

g
N]%Nc2 N,
is suppressed by 1/N2 in the limit (3.2.13).
We see that the factorization of the gauge-invariant quark operators holds
both in the 't Hooft and Veneziano limits:

1
(Or,---Or, )y = (Op,)---(Or, )+ 0O (NfNC) . (3.2.99)
The non-factorized part, which is associated with connected diagrams, is
~ 1/N, in the ’t Hooft limit. This leads, in particular, to the coupling
constant of meson-meson interaction of order 1/N,, clarifying the property of
multicolor QCD listed in item 3 on p. 241. The Veneziano limit is analogous
to pure gluodynamics as is already mentioned.

It is worth noting that the factorization can be alternatively seen (at all
orders of perturbation theory) from Eq. (3.2.71) for the contribution of a
generic connected graph of genus h with B external boundaries which are
precisely associated with the quark operators Or, as is explained in Sub-
sect. 3.2.4. The diagrams with gluon lines emitted and absorbed by the same
operator like in Fig. 3.24b are products of diagrams having only one bound-
ary. Hence, their contribution is of order 1. Otherwise, the diagrams with
gluon lines emitted and absorbed by two different operators like in Fig. 3.24d
have two boundaries. According to Eq. (3.2.71), their contribution is sup-
pressed by 1/N?2. Alternatively, the diagrams like in Fig. 3.24c (including its
planar dressing by gluons) have one boundary.” Their contribution is O(1)
times 1/(NyN.) coming from the normalization of the operator (3.2.93). This
proves the factorization property (3.2.99) at all orders of perturbation theory.

"In the dual-resonance model, they are associated with the meson-meson interaction
due to an exchange of constituent quarks.
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Remark on factorization beyond perturbation theory

The large-N, factorization can be also verified at all orders of the strong
coupling expansion in the SU(N,) lattice gauge theory. A non-perturbative
proof of the factorization will be given in the next Section by using quantum
equations of motion (the loop equations).

Problem 3.17 Prove the factorization of the Wilson loop operators within the
strong coupling expansion of the SU(N.) lattice gauge theory as N. — oo.

Solution Let us first estimate the order in N, of the Wilson loop average (2.2.42).
The explicit result to the leading order in 3 is given by Eqs. (2.2.73), (2.2.72), where

B~ N (3.2.100)

in the limit (3.2.13) as is prescribed by Eq. (2.2.32). Therefore, We ~ 1 in the
large- N, limit.

To be precise, we first perform the strong coupling expansion in 3 and then
set N. — oo in each term of the strong coupling expansion. As we shall see in a
moment, the actual parameter is 6/N3, so that the limits § — 0 and N. — oo are
interchangeable.

It is easy to estimate the order in N. of any graph of the strong coupling
expansion for W, which looks like that in Fig. 2.10. Let the plaquettes fill an
arbitrary surface enclosed by the loop C, with n2, n1, and no being the number of
plaquettes, links, and sites which belong to the surface. Each plaquette contributes
B/N. since it comes from the expansion of the exponential of the lattice action,
each link contributes 1/N. due to Eq. (2.2.60), and each site contributes N. since it
is associated with summing over the color indices due to Eq. (2.2.70). Accounting
for the normalization factor 1 /Nf where B = 1 is the number of boundaries, the
contribution is of order

/8 )n2 —ni1+ng—B ( ﬂ )ng ng—ni+ng—B
i NT™ 0 ~ N2 1 0
(%) w)

ng no 1 \2h+2(B-1)
- (]52) N;sznﬁrno*B ~ (]52) (ﬁ) 7(3.2.101)

where we have used Euler’s theorem (3.2.69). In the limit (3.2.100), the contribution
does not depend on the order of the strong coupling expansion and is completely
determined by the number B of boundaries and the genus h of the surface. This
is analogous to the perturbation theory. For the minimal surface, we reproduce
previous results.

We are now in a position to analyze the order in N. of different terms in the
strong coupling expansion of the average of two Wilson loop operators. The fac-
torized part results from the surfaces of the type depicted in Fig. 3.25a which are
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1
W W

1 Co
a)

Fig. 3.25:  Factorization of the Wilson loop operators in the strong coupling expansion
as N. — oo. The surfaces are constructed from plaquettes which come
from the expansion of the exponential of the lattice action. Each link in the
surface is passed at least twice: otherwise the result vanishes. a) involves
two separate surfaces encloses by the Wilson loops. It contributes to the
factorized part of the average on the LHS of Eq. (3.2.102). The surface in
b) connects two different Wilson loops and would violate factorization. It
has two boundaries and its contribution is suppressed by 1/N2 according
to the general formula (3.2.101).

spanned by each individual loop. Its contribution is O(1) as N. — oco. A non-

factorized part emerges from surfaces of the type depicted in Fig. 3.25b, which con-

nect two different Wilson loops. They look like a cylinder and have two boundaries.

Their contribution is suppressed by 1/NC2 according to the general formula (3.2.101).
Thus, we have proven the factorization property

1 1 1 1 1
<ﬁctr Uy 5t Uc2> - <—Ctr Ucl> <Fctr Uc2> o (NQ) (3.2.102)

at all orders of the strong coupling expansion.

Problem 3.18 Find the relation between the Wilson loop averages in the funda-
mental and adjoint representations for a SU(N.) pure gauge theory at large N..
Solution The characters in the fundamental and adjoint representations are re-
lated by Eq. (2.2.28). Using the factorization formula (3.2.102) with coinciding
contours C and Cs, we get
1
Wagj(C) = [Wen(C)]? + O (F) . (3.2.103)
c
As is discussed in Chapter 2, the Wilson loop average in the fundamental repre-
sentation obeys area law (2.2.75). The same is true at N. = oo for the Wilson loop
average in the adjoint representation due to Eq. (3.2.103). In particular, the string
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tensions in the fundamental and adjoint representations at N. = co are related by
Kaaj = 2Kfun - (3.2.104)

On the other hand, the adjoint test quark can be screened at finite N. by a gluon
produced out of the vacuum. This is similar to the breaking of the flux tube
in the fundamental representation by a quark-antiquark pair, which is discussed
in Subsect 2.5.5. Therefore, the perimeter law (2.2.79) must dominate for large
contours. The point is that the perimeter law appears due to connected diagrams
which are suppressed as 1/NZ:

large 0 —2KAnin(©) | % e HHO) (3.2.105)

(&

Waa;(C)

These properties of the adjoint representation were first pointed out in Ref. [KM81]
cited in Chapter 2.

3.2.7 The master field

The large- N, factorization in QCD assumes that gauge-invariant objects be-
have as c-numbers, rather than as operators. Likewise the vector models, this
suggests that the path integral is dominated by a saddle point.

We already saw in Subsect. 3.1.5 that the factorization in the vector mod-
els does not mean that the fundamental field itself, for instance 7 in the
sigma-model, becomes “classical”. It is the case, instead, for a singlet com-
posite field.

We are now going to apply a similar idea to the Yang-Mills theory whose
partition function reads

Z = /DAze‘fd%iFivFiv. (3.2.106)

The action, ~ N2, is large as N, — oo, but the “entropy” is also ~ N2 due
to the N? — 1 integrations over A%:

a N2
DA ~ eNe. (3.2.107)

Consequently, the saddle-point equation of the large- N, Yang—Mills theory is
not the classical one which reads®
oS
dAY

= (V,F,)"=0. (3.2.108)

81t was already discussed in Problem 2.1.
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The idea is to rewrite the path integral over A, for the Yang-Mills the-
ory as that over a colorless composite field ® [A], likewise it was done in
Subsect. 3.1.4 for the sigma-model. The expected new path-integral repre-
sentation of the partition function (3.2.106) would be something like

1 —N25[®
Z /D<I> ST e (@l (3.2.109)
BAz
The Jacobian
0P [A] _N2J[®]
— = c 2.11
DAz ¢ (3:2.110)

in Eq. (3.2.109) is related to the old entropy factor, so that
J[@] ~ 1 (3.2.111)

in the large-N. limit.
The original partition function (3.2.106) can be then rewritten as

7 x /Dq>eN3J[<I’1*N35[<I’1, (3.2.112)

where S [®] represents the Yang—Mills action in the new variables. The new
“entropy” factor D® is O(1) because the variable ® [A] is a color singlet. The
large parameter N, enters Eq. (3.2.112) only in the exponent. Therefore, the
saddle-point equation can be immediately written:

dS 0J
% = 55 (3.2.113)
Remembering that & is a functional of A,:
o = d[4], (3.2.114)
we rewrite the saddle-point equation (3.2.113) as

05 a 0J
2 v, F) = 2L 2.11
6Ag (Vﬂ' K ) 514?, (3 5)

It differs from the classical Yang-Mills equation (3.2.108) by the term on the
RHS coming from the Jacobian (3.2.110).
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Given J[®] which depends on the precise from of the variable ®[A],
Eq. (3.2.115) has a solution

Au(z) = Al(x). (3.2.116)

Let us first assume that there exists only one solution to Eq. (3.2.115). Then
the path integral is saturated by a single configuration (3.2.116), so that the
vacuum expectation values of gauge-invariant operators are given by their
values at this configuration:

(0) = O(A(n)). (3.2.117)

The factorization property (3.2.92) will obviously be satisfied.

An existence of such a classical field configuration in multicolor QCD was
conjectured by Witten [Wit79]. It was discussed in the lectures by Cole-
man [Col79] who called it the master field. Equation (3.2.115) which deter-
mines the master field is often referred to as the master-field equation.

A subtle point with the master field is that a solution to Eq. (3.2.115) is
determined only up to a gauge transformation. To preserve gauge invariance,
it is more reasonable to speak about the whole gauge orbit as a solution of
Eq. (3.2.115). However, this will not change Eq. (3.2.117) since the operator
O is gauge invariant.

The conjecture about an existence of the master field has surprisingly rich
consequences. Since vacuum expectation values are Poincaré invariant, the
RHS of Eq. (3.2.117) does. This implies that A‘;Ll(:zr) must itself be Poincaré
invariant up to a gauge transformation: a change of Af}(:v) under translations
or rotations can be compensated by a gauge transformation. Moreover, there
must exist a gauge in which A‘;Ll(:c) is space-time independent:

All(z) = AN0). (3.2.118)

In this gauge, rotations must be equivalent to a global gauge transformation,
so that A¢(0) transforms as a Lorentz vector.

In fact, the idea about such a master field in multicolor QCD may be
just wrong as was pointed out by Haan [Haa81]. The conjecture about an
existence of only one solution to the master-field equation (3.2.115) seems to
be somewhat incorrect. If several solutions exists, one needs an additional
averaging over these solutions. This is a very delicate matter, since this
additional averaging must still preserve the factorization property. One might
better think about this situation as if AZI(O) would be an operator in some
Hilbert space rather than a c-valued function. This is simply because Af}(()) is,
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in the matrix notation (3.2.1), a N, x N, matrix which becomes, as N. — oo,
an infinite matrix, or an operator in Hilbert space. Such an operator-valued
master field is sometimes called the master field in the weak sense, while
the above conjecture about a single classical configuration of the gauge field,
which saturates the path integral, is called the master field in the strong sense.

The concept of the master field is rather vague until a precise form of
the composite field @ [A], and consequently the Jacobian ® [A] that enters
Eq. (3.2.115), is not defined. However, what is important is that the master
field (in the weak sense) is space-time independent. This looks like a simpli-
fication of the problem of solving large-N. QCD. A Hilbert space, in which
the operator AZI(O) acts, should be specified by ®[A]. We shall consider in
the next Subsection a realization of these ideas for the case of ® [A] given by
the trace of the non-Abelian phase factor for closed contours.

Remark on non-commutative probability theory

An adequate mathematical language for describing the master field in mul-
ticolor QCD (and, generically, in matrix models at large N.) was found by
I. Singer in 1994. It is based on the concept of free random variables of non-
commutative probability theory, introduced by Voiculescu [VDN95]. How to
describe the master field in this language and some other applications of non-
commutative free random variables to the problems of planar quantum field
theory are discussed in Refs. [Dou95, GG95].

3.2.8 1/N,. as semiclassical expansion

A natural candidate for the composite operator ® [A] from the previous Sub-
section is given by the trace of the non-Abelian phase factor for closed con-
tours — the Wilson loop. It is labeled by the loop C' in the same sense as the
field A, (x) is labeled by the point z, so we shall use the notation

1 i ot T
(0) = ®[A] = 5~ trPe 99 4" Au@) (3.2.119)

C

Nobody up to now managed to reformulate QCD at finite IV, in terms
of ® (C) in the language of path integral. This is due to the fact that self-
intersecting loops are not independent (they are related by the so-called Man-
delstam relations [Man79]), and the Jacobian is huge. The reformulation was
done [MM79] in the language of Schwinger—Dyson or loop equations which
will be described in the next Section.
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Schwinger-Dyson equations are a convenient way of performing the semi-
classical expansion, which is an alternative to the path integral. Let us illus-
trate an idea how to do this by an example of the ¢3 theory whose Schwinger—
Dyson equations are given by Eq. (1.2.47).

The RHS of Eq. (1.2.47) is proportional to the Planck’s constant & as is
explained in Subsect 1.2.5. In the semiclassical limit 7 — 0, we get

A

(—812 + m2) (p(x1)...p(Tn)) + B <g02 (z1)...p (a:n)> = 0, (3.2.120)
whose solution is of the factorized form
(p(z1).. o (@n)) = (p(@1)).. (@(zn)) + O (h) (3.2.121)
provided that
(p(z)) = ¢a(z) (3.2.122)
obeys
(0% +m?) pa (z) + %gpil () = 0. (3.2.123)

Equation (3.2.123) is nothing but the classical equation of motion for
the ¢® theory, which specifies extrema of the action (1.2.22) entering the
path integral (1.2.2). Thus, we have reproduced, using the Schwinger—Dyson
equations, the well-known fact that the path integral is dominated by a clas-
sical trajectory as i — 0. It is also clear how to perform the semiclassical
expansion in % in the language of the Schwinger-Dyson equations: one should
solve Eq. (1.2.47) by iterations.

The reformulation of multicolor QCD in terms of the loop functionals
® (C) is, in a sense, a realization of the idea of the master field in the weak
sense, when the master field acts as an operator in the space of loops. The
loop equation of the next Section will be a sort of the master-field equation
in the loop space.

Remark on the large-N,. limit as statistical averaging

There is yet another, pure statistical, explanation why the large-N, limit is a
“semiclassical” limit for the collective variables ® (C'). The matrix U [Cy,],
that describes the parallel transport along a closed contour C,,, can be re-
duced by the gauge transformation to

UlCha] = Q[cm]diag(eigm@,...,eigawc@)m (Cro]. (3.2.124)
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Then @ (C) reads
1 &
®(C) = Ez; e 1993 (C), (3.2.125)
o

The phases a;(C) are gauge invariant and normalized so that a;(C) ~ 1 as
N, — oo. For simplicity we omit below all the indices (including space ones)
except color.

The commutator of ®’s can be estimated using the representation
(3.2.125). Since

[ai, Oéj] 0.8 5ij7 (32126)
one gets
U 2 1 1
[®(C), () ~ &5 ~ 3 (3.2.127)

in the limit (3.2.13), i.e. the commutator can be neglected as N, — oo, and
the field @ (C) becomes classical.

Note that the commutator (3.2.127) is of order 1/N2. One factor 1/N, is
because of g in the definition (3.2.125) of ® (C'), while the other has a deep
reason. Let us image the summation over j in Eq. (3.2.125) as some statistical
averaging. It is well-known in statistics that such averages weakly fluctuate
as N. — oo, so that the dispersion is of order 1/N.. It is the factor which
emerges in the commutator (3.2.127).

We see that the factorization is valid only for the gauge-invariant
quantities which involve the averaging over the color indices, like that in
Eq. (3.2.125). There is no reason to expect factorization for gauge invari-
ants which do not involve this averaging, for instance for the phases a;(C).
Moreover, their commutator (3.2.126) is ~ 1, so that a;(C)’s strongly fluc-
tuate even at N, = oco. An explicit example of such strongly fluctuating
gauge-invariant quantities was first constructed in Ref. [Haa81].

The résumé to this Remark is that the factorization is due to the additional
statistical averaging in the large-N. limit. There is no reason to assume
an existence of the master field in the strong sense in order to explain the
factorization.
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3.3 QCD in loop space

QCD can be entirely reformulated in terms of the colorless composite field
® (C) — the trace of the Wilson loop for closed contours. This fact involves
two main steps:

i) All the observables are expressed via ® (C).
ii) Dynamics is entirely reformulated in terms of ® (C').

This approach is especially useful in the large-N. limit where everything
is expressed via the vacuum expectation value of ® (C') — the Wilson loop
average. Observables are given by summing the Wilson loop average over
paths with the same weight as in free theory. The Wilson loop average obeys
itself a close functional equation — the loop equation.

We begin this Section with presenting the formulas which relate observ-
ables to the Wilson loops. Then we translate quantum equation of motion
of Yang—Mills theory into loop space. We derive the closed equation for the
Wilson loop average as N. — oo and discuss its various properties, including
a non-perturbative regularization. Finally, we briefly comment on what is
known about solutions of the loop equation.

3.3.1 Observables in terms of Wilson loops

All observables in QCD can be expressed via the Wilson loops ® (C) defined
by Eq. (3.2.119). This property was first advocated by Wilson [Wil74] on a
lattice. Calculation of QCD observables can be divided in two steps:

1) Calculation of the Wilson loop averages for arbitrary contours.

2) Summation of the Wilson loop averages over the contours with some
weight depending on a given observable.

At finite V., observables are expressed via the n-loop averages
Wn(Ch,y...,Cp) = (®(Cy)---P(Ch)), (3.3.1)

which are analogous to the n-point Green functions (1.2.45). The appropriate
formulas for the continuum theory can be found in Ref. [MMS81].

Great simplifications occur in these formulas at N. = oo, when all observ-
ables are expressed only via the one-loop average

W(C) = <q><c>>:<Nitrpeigfcdr“Au>. (3.3.2)

(&
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a) b)

Fig. 3.26: Contours in the sum over paths representing observables: a) in Eq. (3.3.3)
and b) in Eq. (3.3.4). The contour a) passes two nailed points 21 and 3.
The contour b) passes three nailed points z1, z2, and z3.

This is associated with the quenched approximation discussed on p. 164.
For example, the average of the product of two colorless quark vector
currents (3.2.93) is given at large N, by

(Dt (@) Pt (w2)) = D Juw (C)(2(C)) (3.3.3)

Coxy,x2

where the sum runs over contours C passing through the points x; and x2 as is
depicted in Fig. 3.26a. An analogous formula for the (connected) correlators
of three quark scalar currents reads

(P9 (@) P (22) Y0 (@3)) o = D J(O)(2(C)),  (3:34)

Cox1,72,73

where the sum runs over contours C' passing through the three points x1, x2,
and z3 as is depicted in Fig. 3.26b. A general (connected) correlator of n
quark currents is given by a similar formula with C passing through n points
X1, ..., Tpn (some of them may coincide).

The weights J,,, (C) in Eq. (3.3.3) and J (C) in Eq. (3.3.4) are completely
determined by free theory. If quarks were scalars rather than spinors, then
we would get

J(O) = ot [ HRO _ oni©)  [lar quatks], (3:35)

where L(C) is the length of the (closed) contour C, as was shown in Sub-
sect. 1.1.6. Using the notation (1.1.152), we can rewrite Eq. (3.3.4) for scalar
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quarks as

(P (21) T (z2) ¥ (23)), .,

e (0)) . (3.3.6)

C3z1,72,73

Therefore, we get the sum over paths of the Wilson loop, likewise in Sub-
sect. 1.1.7 and Problem 2.5.

For spinor quarks, an additional disentangling of the gamma-matrices is
needed. This can be done in terms of a path integral over the momentum
variable, with k, (¢) (0 < ¢ < 7) being an appropriate trajectory. The result
reads®

J(C) = / D () spP e Jo ke OGO O)+m] (3.3.7)
and
T (C) = /Dk (t) spP {W (1) (t2) e—fo dt[i/w(t)(z‘u(t)—w(t))+m]} ,
(3.3.8)

where the values ¢t; and o of the parameter ¢ are associated with the points
x1 and 2 in Eq. (3.3.3), and the symbol of P-ordering puts the matrices 7,
and 7, at a proper order.

Problem 3.19 Derive Egs. (3.3.7) and (3.3.8).

Solution Since the spinor field ¥ enters the QCD action quadratically, it can be
integrated out in the correlators (3.3.3), (3.3.4), so that they can be represented, in
the first quantized language, via the resolvent of the Dirac operator in the external
field A, with subsequent averaging over A,,. Proceeding as in Sect. 1.1, we express

the resolvent by
x> = /dT <y :c> (3.3.9)
0

~

1 ef-r(Ver)

<

V+m

(v

and represent the matrix element of the exponential of the Dirac operator as
<y ef-r(Ver)

In order to disentangle the RHS, we insert the unity represented by

J:> = emePeffo RRFIC (z—y). (3.3.10)

1 = / Dz(t)/Dp(t)e*ifo #pn®2®) (3.3.11)

z(0)==x

9See, e.g., Ref. [BNZ79].
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where the path integration over p,(t) is unrestricted, i.e. the integrals over p,(0)
and p,(7) are included. Then we get

<y  (Fm) x> _ oo / Da(t) / Dp(t)

z(0)==x
whose equivalence to the original expression is obvious since everything commutes
under the sign of the P—ordering (so that we can substitute p,(t) = —i9,(¢) in the
integrand).
By making the change of the integration variable

e

S N O P O O R MO) EAOR ACEMO) ) (—y), (33.12)

pu(t) = ku(t) +iAu(t) (3.3.13)

and proceeding as in Problem 1.12, we represent the RHS of Eq. (3.3.12) by

<y r(Fem) x> = e / Dz(t)/Dk(t)

z(0)==
y
— M / DZ(t)/Dk(t)Pefz dzp Ap(z)

“Po- foT dt [iky (8) (20 (8) =7, (8)) = 2 (8) Ap () 40y () 2,0 ()] 5@ (
z(0)=z

z(T)=y

e

z—y)

wPe o k@O )] (3.3.14)

where the first P—exponential on the RHS depends only on color matrices (it is

nothing but the non-Abelian phase factor), and the second one depends only on

spinor matrices. In Ref. [BNZ79], Eq. (3.3.14) is derived by discretizing paths.
Equation (3.3.14) leads to Egs. (3.3.7) and (3.3.8).

Remark on renormalization of Wilson loops

Perturbation theory for W(C) can be obtained by expanding the path-ordered
exponential in the definition (3.3.2) in g (see Eq. (3.2.47)) and averaging over
the gluon field A,. Because of ultraviolet divergencies, we need a (gauge
invariant) regularization. After such a regularization introduced, the Wilson
loop average for a smooth contour C of the type in Fig. 3.27a reads

2 (N2-1) L(o)

W(C) = e ¥ &N "o Wien (C), (3.3.15)
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a) b)

Fig. 3.27: Examples of a) smooth contour and b) contour with a cusp. The tangent
vector to the contour jumps through angle v at the cusp.

where a is the cutoff, L(C) is the length of C, and Wye, (C) is finite when
expressed via the renormalized charge gr. The exponential factor is due to the
renormalization of the mass of a heavy test quark, which was already discussed
in the Remark on p. 117. This factor does not emerge in the dimensional
regularization where d = 4 — . The multiplicative renormalization of the
smooth Wilson loop was shown in Refs. [GN80, Pol80, DV8&0].

If the contour C has a cusp (or cusps) but no self-intersections as is
illustrated by Fig. 3.27b, then W (C) is still multiplicatively renormaliz-
able [BNS81]:

W(C) = Z(v) Wien (C), (3.3.16)

while the (divergent) factor Z () depends on the cusp angle (or angles) v (or
v’s) and Wiep (C) is finite when expressed via the renormalized charge gg.

Problem 3.20 Calculate divergent parts of the Wilson loop average (3.3.2) for
contours without self-intersections to order g?. Consider the cases of a smooth
contour C' and a contour with a cusp.

Solution Expanding the Wilson loop average (3.3.2) in g (see Eq. (3.2.47) and
Problem 2.2), we get

W(C) = 1+WP(C)+0(g") (3.3.17)
with
w® () = 792(1\73;1) dz, § dy, Doy (z — ), (3.3.18)
e

where D, (x — y) is the gluon propagator (3.2.4).
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Since the contour integral in Eq. (3.3.18) diverges for x = y, we introduce the
regularization by

Reg. 1 (5,,
Duv(ﬂc—y):g’ m( L

With a being the ultraviolet cutoff. Parametrizing the contour C' by the function
, we rewrite the contour integral in Eq. (3.3. 18)

j{d:cuj{dyu +a2 - /ds/ S+t Z“(?;tl — . (33.20)

Choosing the proper-length parametrization (1.1.97) when
2u(8)2.(s) = 0, (3.3.21)

expanding in powers of ¢, and assuming that the contour C' is smooth as is depicted
in Fig. 3.27a, we get for the integral (3.3.20)

/dsjf(s)/dtW12+a2 - g/ds #(s) = Z1(0). (3.3.22)

Typical values of ¢t in the last integral are ~ a, which justifies the expansion in ¢:
next terms lead to a finite contribution as a — 0.
Thus, we get

_ g (Ve —1) L(C)

W(Z)(C) - 87N, a

+ finite as a — 0 (3.3.23)
for a smooth contour. This is precisely the renormalization of the mass of a heavy
test quark due to the interaction.

If the contour C' is not smooth and has a cusp at some value so of the pa-
rameter, as is depicted in Fig. 3.27b, then an extra divergent contribution in the
integral (3.3.20) emerges when s =~ so, ¢ &~ to. Introducing As = s — so and
At =t — to, we represent this extra divergent term by

. . 1
Zu(so + 0)Zu(so — 0) / dAs/dAt (50 0)As — (50 0)At]2 e
= (ycoty—1)In @ , (3.3.24)

where v is the angle of the cusp (cosy = @, (so + 0)Z.(so — 0)) and the upper limit
of the integrations is chosen to be L(C) with logarithmic accuracy. Collecting all
together, we get finally for the divergent part of W (?:

2
@ _ _2Ne—1) (L(C) 1 _ L(C)
W = 93N " + - (ycoty —1)In "

+ finite as a — 0. (3.3.25)
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The second term in this formula is associated with the bremsstrahlung radiation of
a particle changing its velocity when passing the cusp. The answers in the Abelian
and non-Abelian cases coincide to this order in g2

3.3.2 Schwinger—Dyson equations for Wilson loop

Dynamics of (quantum) Yang—Mills theory is described by the quantum equa-
tion of motion

) 4]
ab b w.S.
Vi Ep, (@) " b O (3.3.26)

v

which is analogous to Eq. (1.2.27) for the scalar field, and is again understood
in the weak sense, i.e. for the averages

<v;ij,, (2) Q[A] > - h<ﬁ;(x)Q[A]> : (3.3.27)

The standard set of Schwinger—Dyson equations of Yang—Mills theory emerges
when the functional @ [A] is chosen in the form of the product of A’s as in
Eq. (3.2.45).

Strictly speaking, the last statement is incorrect, since we have not added,
in Egs. (3.3.26) and (3.3.27), contributions coming from the variation of
gauge-fixing and ghost terms in the Yang—Mills action. However, these two
contributions are mutually cancelled for gauge-invariant functionals Q[A]. We
shall deal below only with such gauge-invariant functionals (the Wilson loops).
This is why we have not considered the contribution of the gauge-fixing and
ghost terms.

It is also convenient to use the matrix notation (2.1.5), when Eq. (3.3.26)
for the Wilson loop takes on the form

1
<FC PV, () Fo der s >

2
_ /s J §, dsr A,
= <2NC e > , (3.3.28)

where we have restored the units with 7 = 1.
The variational derivative on the RHS can be calculated by virtue of the
formula
§AY (y) oo 1 ..
T = 5, 0@ (2 —y) (616 — — R 3.3.29
5A113l (,T) H (.CC y) Nc ( )
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Fig. 3.28: Contours Cy, and Cyy which enter the RHS’s of Egs. (3.3.28) and (3.3.32).

which is a consequence of

0AL (y)
6AY (x)

The second term in the parentheses in Eq. (3.3.29) — same as in Eq. (3.2.6)
— is because A, is a matrix from the adjoint representation of SU(N,).

By using Eq. (3.3.29), we get for the variational derivative on RHS of
Eq. (3.3.28):

tréAf(x)Pe§cd£HA“ = %dyu(s(d)(l'_y) X

= 3, 0D (z —y) 5. (3.3.30)

C

1 et A, 1 et A, 1
—trPenym ¢ —trPeway ¢ —mtrPedeEMA“ . (3.3.31)

C c C
The contours Cy, and Cy,, which are depicted in Fig. 3.28, are the parts of
the loop C: from z to y and from y to z, respectively. They are always closed
due to the presence of the delta-function. It implies that z and y should be
the same points of space but not necessarily of the contour (i.e. they may be
associated with different values of the parameter o).
We finally rewrite Eq. (3.3.28) as

1 w
<FcterHflw () efcdg A“>

= A fdn s @ y) [<q> (Cu) B (Cu)) — 53 (2(O))| (3332)

where we have introduced

(3.3.33)
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Notice that the RHS of Eq. (3.3.32) is completely represented via the (closed)
Wilson loops.

Problem 3.21 Prove the cancellation of the contributions of the gauge-fixing and
ghost terms in the Lorentz gauge.
Solution The Yang—Mills action, associated with the Lorentz gauge, reads

1 1 1
Ser = — ?/d% [itr}'ﬁy +—tr (8uAu)2} . (3.3.34)

Since ® (C) is gauge invariant, the (infinite) group-volume factors, in the numerator
and denominator in the definition of the average, cancel when fixing the gauge (see
the Remark on p. 113), and we get

[ DA, e 5@ (C)
[ DA, e—5
[ DA, det9,V, e %=1 & (C)

= : 3.3.35
| DA, det9,V, e Ser. ( )

w(C) =

where det 0,V is associated with ghosts.
The Schwinger-Dyson equation for the Yang-Mills theory in the Lorentz gauge
is
6

B—

0AY ()

0
oz,

VIR @)

1
+—0,0uA5 + FeG" (2 = w25 A) (3.3.36)
where G (z',z; A) is the Green function of the ghost in an external field A,.
Applying this equation to the Wilson loop and using the gauge Ward identity (the
Slavnov—Taylor identity), we transform the contribution from the second term on
the RHS to

o c

1 /1
<_ tr 9,0, AU (cm)>gf‘
1 o 9 e ca
7 e, (- r [U(Cen) U (o) ] 29 (€ 67 (e, )
C

g.f.

o /1 o 0 ba
= g2j§d§”8_@ <Mtf [U (Cea) U (Clae) t'] a—qub (§7$;A)>

C

1 a
- g2<mtrU(Cm) [t2,¢°]

g.f.

1o}
oxy

G (2 =z, A)> (3.3.37)
g.f.

which exactly cancels the contribution from the ghost term in Eq. (3.3.36).
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We have thus proven that the contribution of gauge-fixing and ghost terms in
Eq. (3.3.36) are mutually cancelled, when applied to the Wilson loop (and in fact
to any gauge-invariant functional).

3.3.3 Path and area derivatives

As we already mentioned, the RHS of Eq. (3.3.32) is completely represented
via the (closed) Wilson loops. It is crucial for the loop-space formulation of
QCD that the LHS of Eq. (3.3.32) can also be represented in loop space as
some operator applied to the Wilson loop. To do this we need to develop a
differential calculus in loop space.

Loop space consists of arbitrary continuous closed loops, C. They can
be described in a parametric form by the functions z,(c) € Lo,'° where
og<o<osand p=1,...,d, which take on values in a d-dimensional Eu-
clidean space. The functions z,,(0) can be discontinuous, generally speaking,
for an arbitrary choice of the parameter . The continuity of the loop C'
implies a continuous dependence on parameters of the type of proper length

s(o) = /da’w/ﬁci(o’) (3.3.38)

where &, (o) = dz,(0)/do.
The functions x,,(0) € Lo which are associated with the elements of loop
space obey the following restrictions:

i) The points ¢ = 0y and o = o are identified: z,(c0) = x,(0f) — the
loops are closed.

ii) The functions z,(0) and A, 2, (0) + a,, with Ay, and o, independent
of o, represent the same element of the loop space — rotational and
translational invariance.

iii) The functions z,(c) and x,(¢’) with o’ = f(co), f'(c) > 0 describe the
same loop — reparametrization invariance.

An example of functionals which are defined on the elements of loop space is
the Wilson loop average (3.3.2) or, more generally, the n-loop average (3.3.1).

The differential calculus in loop space is built out of the path and area
derivatives.

10Let us remind that Lo stands for the Hilbert space of functions x,(c) whose square is
integrable over the Lebesgue measure: f;f daxi (o) < 0o. We already mentioned this in
0

the Remark on p. 19.
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The area derivative of a functional F (C) is defined by the difference

1%
0F(C) _ 1 F 4#_ _r
80, ()~ 100, |

(3.3.39)

where an infinitesimal loop §C,,, () is attached to a given loop at the point
in the pw-plane and |60, | stands for the area enclosed by the 6C,, (). For
a rectangular loop 0C,,, (x), one gets

b0 = dxy, Ndzy, , (3.3.40)

where the symbol A implies antisymmetrization.
Analogously, the path derivative is defined by

= L
- |6,

0% F(Cyz)

”w

(3.3.41)

where dz,, is an infinitesimal path along which the point  is shifted from the
loop and |dx,| stands for the length of the dx,,.

These two differential operations are well-defined for so-called functionals
of the Stokes type which satisfy the backtracking condition — they do not
change when an appendix passing back and forth is added to the loop at some
point x:

F = F . (3.3.42)

This condition is equivalent to the Bianchi identity of Yang—Mills theory and
is obviously satisfied by the Wilson loop (3.3.2) due to the properties of the
non-Abelian phase factor (see Eq. (2.1.48)). Such functionals are known in
mathematics as Chen integrals.'!

A simple example of the Stokes functional is the area of the minimal
surface, Apin(C). It obviously satisfies Eq. (3.3.42). Otherwise, the length

1See, e.g., Ref. [Tav93] which contains definitions of path and area derivatives in this
language.
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L(C) of the loop C is not a Stokes functional, since the lengths of contours
on the LHS and RHS of Eq. (3.3.42) are different.

For the Stokes functionals, the variation on the RHS of Eq. (3.3.39) is
proportional to the area enclosed by the infinitesimally small loop 6C,,, ()
and does not depend on its shape. Analogously, the variation on the RHS of
Eq. (3.3.41) is proportional to the length of the infinitesimal path dz, and
does not depend on its shape.

If = is a regular point (like any point of the contour for the func-
tional (3.3.2)), the RHS of Eq. (3.3.41) vanishes due to the backtracking
condition (3.3.42). In order for the result to be nonvanishing, the point x
should be a marked (or irregular) point. A simple example of the functional
with a marked point x is

0, = % (taPeszm df““““(f)) (3.3.43)

with the SU(N,.) generator ¢* inserted in the path-ordered product at the
point z.
The area derivative of the Wilson loop is given by the Mandelstam formula

ﬁi trPedodd A Ni P Fo () o Jo @A (3.3.44)
In order to prove it, it is convenient to choose §Cy,(x) to be a rectangle
in the pv-plane, as was done in Problem 2.8, and straightforwardly use the
definition (3.3.39). The sense of Eq. (3.3.44) is very simple: F,,, is a curvature
associated with the connection A, as we discussed in the Remark on p. 99.
The functional on the RHS of Eq. (3.3.44) has a marked point «, and is of
the type in Eq. (3.3.43). When the path derivative acts on such a functional
according to the definition (3.3.41), the result reads

1 Iz 1 Iz
aﬁﬁtrPB(a:)efcdf A = EtrPV#B(:r)efcdf A (3.3.45)

c

where
V.B = 0,B—[A,,B] (3.3.46)

is the covariant derivative (2.1.11) in the adjoint representation (see also
Problem 2.7).

Combining Egs. (3.3.44) and (3.3.45), we finally represent the expression
on the LHS of Eq. (3.3.28) (or Eq. (3.3.32)) as

1 den A, . 0 1 den A,
N P YLF (0) oo _ 8umﬁctrPe§c . (3.3.47)
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|| Ordinary space || Loop space ||

® [A] | phase factor ® (C) | loop functional
F, (x) | field strength m area derivative
Vi, | covariant derivative 9, | path derivative
V A F =0 | Bianchi identity Stokes functionals
V.Fu Schwinger-Dyson Loop
=40/0A, | equations equations

Table 3.2: Vocabulary for translation of Yang-Mills theory from ordinary space in
loop space.

i.e. via the action of the path and area derivatives on the Wilson loop. It is
therefore rewritten in loop space.

A résumé of the results of this subsection is presented in Table 3.2 as a
vocabulary for translation of Yang—Mills theory from the language of ordinary
space in the language of loop space.

Remark on Bianchi identity for Stokes functionals
The backtracking relation (3.3.42) can be equivalently represented as

)
wap 0 ———®(C) = 0, 3.3.48
€uvp o 60',/)\ ((E) ( ) ( )
by choosing the appendix in Eq. (3.3.42) to be an infinitesimal straight line
in the p-direction and geometrically applying the Stokes theorem. Using
Egs. (3.3.44) and (3.3.45), Eq. (3.3.48) can in turn be rewritten as

1 "
€unrp 3 TP Vo (2) edo® A _ g (3.3.49)

(&

3.3. QCD IN LOOP SPACE 267

Therefore, Eq. (3.3.48) represents the Bianchi identity (2.1.19) in loop space.

Remark on relation to variational derivative

The standard variational derivative, d/dx, (o), can be expressed via the path
and area derivatives by the formula

0 0

san0) e ey ; o0 — o). (3.3.50)

where the sum on the RHS is present for the case of a functional having m
marked (irregular) points z; = x(0;). A simplest example of the functional
with m marked points is just a function of m variables z1,...,zy,.

By using Eq. (3.3.50), the path derivative can be calculated as the limiting
procedure

o+0 6
927) = / do’ TRCIR (3.3.51)
o—0

The result is obviously nonvanishing only when 9y is applied to a functional
with (o) being a marked point.

It is nontrivial that the area derivative can also be expressed via the
variational derivative [Pol80]:

o+0
J ol gy O 5
m _U!O do ( )&CM(OJ) (5.%‘1,(0) : (3352)

The point is that the six-component quantity, 6/d0,, (x(0)), is expressed via
the four-component one, §/dz,(c), which is possible because the components
of /80, (x(0)) are dependent due to the loop-space Bianchi identity (3.3.48).

3.3.4 Loop equations

By virtue of Eq. (3.3.47), Eq. (3.3.32) can be represented completely in loop
space:

O 505 @) (2©))
1

= Ajédy,, 64D (z —y) < [cp (Cya) ® (Cry) = 3:5® (c)]> ,(3.3.53)

c
C



268 CHAPTER 3. 1/N EXPANSION

or, using the definitions (3.3.1) and (3.3.2) of the loop averages, as

s
57V (©)
- )\j{dy,jé(d) (@ —1) {WQ (Cyas Ciy) — %W ). (3350
C C

This equation is not closed. Having started from W (C'), we obtain another
quantity, Ws (C1, C2), so that Eq. (3.3.54) connects the one-loop average with
a two-loop one. This is similar to the case of the (quantum) ¢3-theory, whose
Schwinger—Dyson equations (1.2.47) connect the n-point Green functions with
different n. We shall derive this complete set of equations for the n-loop
averages in this Subsection later on.

However, the two-loop average factorizes in the large-N, limit:

1

Wa(C1,Ca) = W)W (o) +0 ). (3.3.55)
as was discussed in Subsect. 3.2.6. Keeping the constant A (defined by
Eq. (3.3.33)) fixed in the large-N, limit as is prescribed by Eq. (3.2.13), we

get [MMT79]

)
It W (C) = NP dy, 6D (x—y) W (Cya) W (Cy 3.3.56
(O = A Y @ W (€)W (C) (3356)
c

as N, — oo.

Equation (3.3.56) is a closed equation for the Wilson loop average in the
large- N, limit. It is referred to as the loop equation or the Makeenko—Migdal
equation.

To find W(C), Eq. (3.3.56) should be solved in the class of Stokes func-
tionals with the initial condition

W) =1 (3.3.57)

for loops which are shrunk to points. This is a consequence of the obvious
property of the Wilson loop

edods A _ (3.3.58)
and the normalization

(1) =1 (3.3.59)
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of the averages.
The factorization (3.3.55) can itself be derived from the chain of loop
equations. Proceeding as before, we get

)
XQLWW” (Cl, ceey On)
1
= fdyl, 5(d) (CC — y) |:Wn+1 (Czy, Cyz, ceey Cn) — mWn (Ol, ceey Cn):|
& ¢
1
+3 e jédy,,5<d> (z —y) [Wn,l (Olcj,...,g,...,cn)
iz2 ey
W, (Ci, ..., Cn)} . (3.3.60)

Here z belongs to C1; C1C}; stands for the joining of C; and Cj; C; means
that C; is omitted. T

Equation (3.3.60) looks like Eq. (1.2.47) for the ¢®-theory. Moreover,
the number of colors N, enters Eq. (3.3.60) simply as a scalar factor N2,
likewise Plank’s constant i enters Eq. (1.2.47). It is the major advantage of
the use of loop space. What is said in Subsect. 3.2.8 about the “semiclassical”
nature of the 1/N_.-expansion of QCD is explicitly realized in Eq. (3.3.60). Its
expansion in 1/N, is straightforward.

At N, = o0, Eq. (3.3.60) is simplified to

S
3HWWH (Cl, Ceey On)
_ Aj{dyy 5D (2 — y) Wiir (Cyos Cogr o Co) . (3.3.61)
C1

This equation possesses a factorized solution

Wn (Cry.o s Cp) = (@(C1)) .. (@ (C)) + O (N12)

1
= W(C)---W(Cp)+0 (W) (3.3.62)
provided W (C) obeys Eq. (3.3.56) which plays the role of a “classical” equa-
tion in the large-N. limit. Thus, we have given a non-perturbative proof of
the large- N, factorization of the Wilson loops.
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47 &y
a) b)

Fig. 3.29: Contours a) C + dp and b) C — dp on the RHS of the lattice loop equa-
tion (3.3.63).

Problem 3.22 Derive a lattice analog of the loop equation.

Solution The derivation is similar to that in Problem 2.12 for the classical case.
We perform the shift (2.2.22) in the definition (2.2.42) of the lattice Wilson loop
average. Likewise Eqgs. (2.2.24) and (3.3.56), we get

2]6,2 Z [Wc+ap — chap] = Z 7 (1) chz' WCW . (3.3.63)

P leC

Here the contours C'+09p and C' —9p are obtained from C,, by adding the boundary
of the plaquette p (—dp means that the orientation of the boundary is opposite)
and the sum over p goes over the 2(d — 1) plaquettes involving the link at which the
shift of Uy, is performed. This contours are depicted in Fig. 3.29.

The sum on the RHS goes over the links belonging to the contour C. The unit
vector 7, (l) = 0, £1 stands for the projection of the (oriented) link I € C on the axis
v (1v(l) =1, —1 or 0 when the directions are parallel, antiparallel or perpendicular,
respectively). The point y is defined as the beginning of the link [ if it has the
positive direction, or as the end of [ if it has the negative one. Such an asymmetry
is due to the fact that we have performed the right shift (2.2.22) of U,,,. The
Kronecker symbol §,, guarantees that Cy, and C, are always closed.

Equation (3.3.63) is a lattice regularization of the continuum loop equation
(3.3.56). The loop equation on the lattice was first discussed in Refs. [Foe79, Egu79].
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X Ti
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Fig. 3.30: Graphic representation of the terms on the RHS of Eq. (3.3.64).

3.3.5 Relation to planar diagrams

The perturbation-theory expansion of the Wilson loop average can be calcu-
lated from Eq. (3.2.47) which we represent in the form

w(C) = 1—|—Z jléd:c?ljléd:cf...%dzﬁ"

n=2 ¢ c c
X0c(1,2,. .., n) G (X1, T2,y ) (3.3.64)
where 60.(1,2,...,n) orders the points 1, ..., z, along contour in the cyclic

order and GL’:)M is given by Eq. (3.2.72). This #-function has the meaning
of the propagator of a test heavy particle which lives in the contour C' (see
Problem 2.2).

We assume, for definitiveness, the dimensional regularization throughout
this Subsection to make all the integrals well-defined.

Each term on the RHS of Eq. (3.3.64) can be conveniently represented
by the diagram in Fig. 3.30, where the integration over the contour C' is
associated with each point z; lying in the contour C.

These diagrams are analogous to those discussed in Subsect. 3.2.3 with
one external boundary — the Wilson loop in the given case. This was al-
ready mentioned in the Remark on p. 230. In the large-N, limit, only planar
diagrams survive. Some of them, which are of the lowest order in A, are de-
picted in Fig. 3.31. The diagram in Fig. 3.31a has been already considered in
Problem 3.20 (see Eq. (3.3.18)).
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a) b) c)

Fig. 3.31: Planar diagrams for W(C): a) of order A with gluon propagator, and of
order A2 b) with two noninteracting gluons and c) with the three-gluon
vertex. Diagrams of order A2 with one-loop insertions to gluon propagator
are not drawn.

The large-N, loop equation (3.3.56) describes the sum of the planar dia-
grams. Its iterative solution in A reproduces the set of planar diagrams for
W (C) provided the initial condition (3.3.57) and some boundary conditions
for asymptotically large contours are imposed.

Equation (3.3.64) can be viewed as an ansatz for W (C') with some un-

known functions G,(ﬁ)...un (21,...,25) to be determined by the substitution
into the loop equation. To preserve symmetry properties of W (C'), the func-
tions G must be symmetric under a cyclic permutation of the points 1, .. .,
n and depend only on z; —x; (translational invariance). A main advantage of
this ansatz is that it automatically corresponds to a Stokes functional, due to
the properties of vector integrals, and the initial condition (3.3.57) is satisfied.

The action of the area and path derivatives on the ansatz (3.3.64) is easily
calculable. For instance, the area derivative reads

5%58 i j{dx?l ---fdzg" 0.(1,2,...,n)

n=1 & C
[az vo — 0200) Gt (2,21, )

n+2
+ (Oupdva — 8uadup) GUGtD (2,221, 20)| . (3.3.65)
The analogy with the Mandelstam formula (3.3.44) is obvious.

More about solving the loop equation by the ansatz (3.3.64) can be found
in Refs. [MMS81, BGSN82, Mig83)].
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Problem 3.23 Solve Eq. (3.3.56) by the ansatz (3.3.64) to order \.
Solution To order A\, we can restrict ourselves by the n = 2 term in the
ansatz (3.3.64). For the 6-function, we have

6.(1,2) = = [0(1,2) +6(2,1)] = =. (3.3.66)

2

N =
—

The meaning of this formula is obvious: there is no cyclic ordering for two points.
We rewrite therefore the ansatz as

W(C) = 1- %Ajléd:cu]{dyu Dy (z —y) + O (X?) (3.3.67)

C C

with some unknown function D, (z — y). Its tensor structure reads
D (z—y) = 6D (x—y)+0u0.f (x—y) . (3.3.68)

The second (longitudinal) term in this formula does not contribute to W (C') since
the contour integral of this term vanishes in Eq. (3.3.67). We can thus write

W(C) =1- %)\j{dm#%dy#D(x —y)+0(N\). (3.3.69)
c c
The area derivative can be easily calculated by using the Stokes theorem, which
gives
_° dz dy,D (z —y)
50_‘“/ (Z) P yP Y
c c
= 2 fdyuauD (z—y) — fdyuauD (z—1v) (3.3.70)
c c
and
6 fdxp]{dpr (z—y) = 2%dy,,82D (z—y) (3.3.71)
Ouv
g c c
since

aufdyuauD (r—y) = 0. (3.3.72)

Substituting into the loop equation (3.3.56), we get

— jlé dy,0°D (x —y) = fdyy 64 (z —y) (3.3.73)

c c
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which is equivalent to
—*D(x—y) = 6 (z—y) (3.3.74)

since the contour C' is arbitrary. The solution to Eq. (3.3.74) is unique, provided
D (x — y) decreases for large = — y, and recovers the propagator (3.2.4).

3.3.6 Loop-space Laplacian and regularization

The loop equation (3.3.56) is not yet entirely formulated in loop space. It is
a d-vector equation whose both sides depend explicitly on the point & which
does not belong to loop space. The fact that we have a d-vector equation for
a scalar quantity means, in particular, that Eq. (3.3.56) is overspecified.

A practical difficulty in solving Eq. (3.3.56) is that the area and path
derivatives, d/d0,, () and 9, which enter the LHS are complicated, generally
speaking, non-commutative operators. They are intimately related to the
Yang-Mills perturbation theory where they correspond to the non-Abelian
field strength F},, and the covariant derivative V,. However, it is not easy
to apply these operators to a generic functional W (C') which is defined on
elements of loop space.

A much more convenient form of the loop equation can be obtained by
integrating both sides of Eq. (3.3.56) over dz, along the same contour C,
which yields

00
%dx,, top 5o (@ )W(C)
fdz#fdy# 5D (z — y) W(Clya)W (Cy) - (3.3.75)

Now both the operator on the LHS and the functional on the RHS are scalars
without labeled points and are well-defined in loop space. The operator on
the LHS of Eq. (3.3.75) can be interpreted as an infinitesimal variation of
elements of loop space.

Equations (3.3.56) and (3.3.75) are completely equivalent. A proof of
equivalence of scalar Eq. (3.3.75) and original d-vector Eq. (3.3.56) is based
on the important property of Eq. (3.3.56) whose both sides are identically
annihilated by the operator 9. It is a consequence of the identity (see Sub-
sect. 2.1.1)

1
v,uvv f,uv = _5 [-7:#1/7-7:,u1/] =0 (3376)
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in the ordinary space. Due to this property, the vanishing of the contour
integral of some vector is equivalent to vanishing of the vector itself, so that
Eq. (3.3.56) can in turn be deduced from Eq. (3.3.75).

Equation (3.3.75) is associated with the so-called second-order Schwinger—
Dyson equation

)
d a
/d zV,Fy, (x) 547 (2)

= h/dd:v dly 6D (x —y)

00
0AG (y) 643 (z)

in the same sense as Eq. (3.3.56) is associated with Eq. (3.3.26). It is called
“second order” since the RHS involves two variational derivatives with respect
to A,.

The operator on the LHS of Eq. (3.3.75) is a well-defined object in loop
space. When applied to regular functionals which do not have marked points,
it can be represented, using Egs. (3.3.51) and (3.3.52), in an equivalent form

(3.3.77)

)
A = fdzl, 0 ———
" o0 (x)
C
T s
— !
- /do / O ) (3.3.78)
oo o—0

As was first pointed out by Gervais and Neveu [GNT9b], this operator is
nothing but a functional extension of the Laplace operator, which is known
in mathematics as the Levy operator.'? Equation (3.3.75) can be represented
in turn as an (inhomogeneous) functional Laplace equation

fd:vuj{dy 5Dz — ) W(Cp)W(Cay) . (3.3.79)

We shall refer to this equation as the loop-space Laplace equation.

The form (3.3.79) of the loop equation is convenient for a non-perturbative
ultraviolet regularization.

The idea is to start from the regularized version of Eq. (3.3.77), replacing
the delta-function on the RHS by the kernel of the regularizing operator:

§2b§(d) (x —y) Reg <y ‘Rab

:c> — R 5@ (g —y) (3.3.80)

123ee the book by Levy [Lev5l], cited in the references to Chapter 1, and a recent
review [Fel86].
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with .
R™ = (e“2v2/2) , (3.3.81)

where V, is the covariant derivative in the adjoint representation. The reg-
ularized version of Eq. (3.3.77) is

)
d a
/d zV,Fy, (x) 547 (7)

s / %z ddy <y’R“b

5 5
a:> TAOEACR (3.3.82)

To translate Eq. (3.3.82) in loop space, we use the path-integral represen-
tation (see Problem 2.5)

a2 .
<y ’R“b ;C> = / Dr(t)e -3 fo dt (1) 2tr [taU(Tyw)th(Twy)]
r(0)=x
r(a2)=y
(3.3.83)
with
Y
U(Tyz) = Pefm dmAM(T)a (3'3'84)

where the integration is over regulator paths r,(t) from z to y whose typical
length is ~ a. The conventional measure is implied in (3.3.83) so that

-1 fa2 dt 2 (t)
/ Dr(t)e 2 Jo 2tr [t*¢]
r(0)=z

r(a?)=y

L o5 (3385
We 2a . ( .. )

5abea282/25(d) (I _ y) _ 5ab

Calculating the variational derivatives on the RHS of Eq. (3.3.82), using
Eq. (3.3.83) and the completeness condition (3.2.6), we get as N — oo:

5 5
d d ab _
/d zdly <y‘R :c> A A () (x)q>(c) /\fdzﬂfdy#
C C

x / Drt)e 2o O G (Cre) B (Coyrye) (3.3.86)

r(0)=x
r(a?)=y
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Fig. 3.32:  Contours Cyarzy and Cpyrys which enter the RHS’s of Egs. (3.3.86) and
(3.3.87).

where the contours Cyzryy and Cypyry, are depicted in Fig. 3.32. Averaging
over the gauge field and using the large-N,. factorization, we arrive at the
regularized loop-space Laplace equation [HM89)

AW(C) = Afdn, fdy, [ Drtye HI T OW(Car )W (Cory)
C C (0)=x

r(a?)=y
(3.3.87)
which manifestly recovers Eq. (3.3.79) when a — 0.

The constructed regularization is non-perturbative while perturbatively
reproduces regularized Feynman diagrams. An advantage of this regulariza-
tion of the loop equation is that the contours Cy,7z, and Cyyry, on the RHS
of Eq. (3.3.87) both are closed and do not have marked points if C' does not
have. Therefore, Eq. (3.3.87) is written entirely in loop space.

Remark on functional Laplacian

It is worth noting that the representation of the functional Laplacian on the
RHS of Eq. (3.3.78) is defined for a wider class of functionals than Stokes
functionals. The point is that the standard definition of the functional Lapla-
cian from the book by Levy [Lev51], cited in the references to Chapter 1, uses
solely the concept of the second variation of a functional Ulz], namely the
term in the second variation which is proportional to (6z,(0))?:

52U = %/Uf do U (] (52,(0)) + ... . (3.3.88)

0
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The functional Laplacian A is then defined by the formula

of
AUJ2] = / do U [2]. (3.3.89)
oo
Here Ul[z] can be an arbitrary, not necessarily parametric invariant, func-
tional. To emphasize this obstacle, we use the notation U[z]| for generic
functionals which are defined on Lo space in comparison to U(C) for the
functionals which are defined on elements of loop space. It is easier to deal
with the whole operator A, rather than separately with the area and path
derivatives.

The functional Laplacian is parametric invariant and possesses a number
of remarkable properties. While a finite-dimensional Laplacian is an operator
of the second order, the functional Laplacian is that of the first order and
satisfies the Leibnitz rule

A(UV) = AU)V +UA(V). (3.3.90)

The functional Laplacian can be approximated [Mak88] in loop space by
a (second-order) partial differential operator in such a way to preserve these
properties in the continuum limit. This loop-space Laplacian can be inverted
to determine a Green function G (C,C") in the form of a sum over surfaces
Sc,c’ connecting two loops:

GEc) = > ..., (3.3.91)
SQU

which is analogous to the representation (1.1.98) of the Green function of the
ordinary Laplacian. The standard perturbation theory can then be recovered
by iterating Eq. (3.3.79) (or its regularized version (3.3.87)) in A with the
Green function (3.3.91).

3.3.7 Survey of non-perturbative solutions

While the loop equations were proposed long ago, not much is known about
their non-perturbative solutions. We briefly list some of the results.
It was shown in Ref. [MMS80] that area law

W(C)=(®(C)) x e KAnnlC) (3.3.92)

satisfies the large-N. loop equation for asymptotically large C. However, a
self-consistency equation for K, which should relate it to the bare charge and
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the cutoff, was not investigated. In order to do this, one needs more detailed
information about the behavior of W (C') for intermediate loops.

The free bosonic Nambu—Goto string which is defined as a sum over sur-
faces spanned by C'

W(C) = > e fA®, (3.3.93)
S:05=C

with the action being the area A (9) of the surface S, is not a solution for in-
termediate loops. Consequently, QCD does not reduce to this kind of string,
as was originally expected in Refs. [GN79a, Nam79, Pol79]. Roughly speak-
ing, the ansatz (3.3.93) is not consistent with the factorized structure on the
RHS of Eq. (3.3.56).

Nevertheless, it was shown that if a free string satisfies Eq. (3.3.56), then
the same interacting string satisfies the loop equations for finite N.. Here
“free string” means, as usual in string theory, that only surfaces of genus
zero are present in the sum over surfaces, while surfaces or higher genera are
associated with a string interaction. The coupling constant of this interaction
is O (N;2).

A formal solution of Eq. (3.3.56) for all loops was found by Migdal [Mig81]
in the form of a fermionic string

we) = > /Dwe—fdzﬁ[%fcawwwm“ﬁ], (3.3.94)
S:05=C

where the world sheet of the string is parametrized by the coordinates & and
&, for which the 2-dimensional metric is conformal, i.e. diagonal. The field
(&) describes 2-dimensional elementary fermions (elves) living in the surface
S, and m stands for their mass. Elves were introduced to provide factorization
which now holds due to some remarkable properties of 2-dimensional fermions.
For large loops, the internal fermionic structure becomes frozen, so that the
empty string behavior (3.3.92) is recovered. For small loops, the elves are
necessary for asymptotic freedom. However, it is unclear whether or not the
string solution (3.3.94) is practically useful for a study of multicolor QCD,
since the methods of dealing with the string theory in four dimensions are
not yet developed.

A very interesting solution of the large- N, loop equation on a lattice was
found by Eguchi and Kawai [EK82]. They showed that the SU(N.) gauge
theory on an infinite lattice reduces at N. = oo to the model on a hypercube,
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which is described by the partition function
¢ B _ Reitr(U.UULUL)
Zpk (B) = /HdUpe u>v T Ne TRTHTVERTY S (3.3.95)
p=1

Here the matrices U, (p = 1,...,d) depend only on the direction p, rather
than on a space-time point x. The equivalence is possible only at N. = oo,
when the space-time dependence is absorbed by the internal symmetry group.
More about this large- N, reduction will be said in the next Section.

3.3.8 Wilson loops in QCD,

Two-dimensional QCD is popular since the paper by ’t Hooft [Hoo74b] as a
simplified model of QCDy.
One can always choose the axial gauge

A =0, (3.3.96)

so that the commutator in the non-Abelian field strength (2.1.15) vanishes
in two dimensions. Therefore, there is no gluon self-interaction in this gauge
and the theory looks, at the first glance, like the Abelian one.

The Wilson loop average in QCD2 can be straightforwardly calculated via
the expansion (3.3.64) where only disconnected (free) parts of the correlators
G for even n should be left, since there is no interaction. Only the planar
structure of color indices contributes at N, = oo. Diagrammatically, the
diagrams of the type depicted in Fig. 3.31a and Fig. 3.31b are relevant for
contours without self-intersections, while that in Fig. 3.31c should be omitted
in two dimensions.

The color structure of the relevant planar diagrams can be reduced by the
virtue of the formula

dTn* e = %5“ : (3.3.97)

a

which is a consequence of the completeness condition (3.2.6) at large N.. We
have

W) =1+% (—)\)k]{d:cﬁ“ fdxgl ...]{dxg;;,l fdac;’,;
k C c c C

xﬁc(l, 2, ceey 2]{3) D#lyl (CCl — CCQ) s D’u‘kyk (I2k71 — IQk) ,(3398)
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where the points z1, .. ., xox are still cyclic ordered along the contour. Similar
to Problem 2.2, we can exponentiate the RHS of Eq. (3.3.98) to get finally

W(C) = e_%j;cdmuj;cdyyl)u“(w_y)_ (3399)

This is the same formula as in the Abelian case if A stands for e2.
The propagator D, (z,y) is, strictly speaking, the one in the axial gauge
(3.3.96) which reads

1
Dl“’ (I — y) = 55#251/2 |CC1 — y1| 5(1) (IQ — y2) . (33100)

However, the contour integral on the RHS of Eq. (3.3.99) is gauge invariant,
and we can simply choose

Dy (z—y) = 0w D(xz—vy). (3.3.101)

In two dimensions!'® we have

2
D(x—y) = iln :

el —e (3.3.102)

where / is an arbitrary parameter of the dimension of length. Nothing depends
on it because the contour integral of a constant vanishes.

The contour integral in the exponent on the RHS of Eq. (3.3.99) can be
graphically represented as is depicted in Fig. 3.33, where z2 = y2 due to the
delta-function in Eq. (3.3.100) and the bold line represents |z — y1|. This
gives

jléd:c“jlédy”Dlw (x—y) = A(C) (3.3.103)

C C

where A (C) is the area enclosed by the contour C. We get finally
W(C) = e 24O (3.3.104)

for the contours without self-intersections.

13In d dimensions

1 d 1
D(x—y) = —4ﬂd/21“(§—1) 7[@_”2]6”271.
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T2 = Y2

Fig. 3.33:  Graphic representation of the contour integral on the LHS of Eq. (3.3.103)
in the axial gauge. The bold line represents the gluon propagator (3.3.100)
with x2 = y2 due to the delta-function.

Therefore, area law holds in two dimensions both in the non-Abelian and
Abelian cases. This is, roughly speaking, because of the form of the two-
dimensional propagator (3.3.102) which falls down with the distance only
logarithmically in the Feynman gauge.

Problem 3.24 Prove Eq. (3.3.104) in the Feynman gauge.
Solution To prove Eq. (3.3.103) in the Feynman gauge (3.3.101), (3.3.102), we
note that the area element in two dimensions can be represented by

do"(z) = da" Ndzx¥ = ed’x, (3.3.105)

where e is the antisymmetric tensor e'? = —e?! = 1. Therefore, the area can be

represented by the double integral

1

AC) = 5 / do™ (z) / do™ (y) 6 (z — y) (3.3.106)

S(0) 5(0)

which goes along the surface S(C) enclosed by the (non-intersecting) loop C.
Applying the Stokes’ theorem, we get

y{dm“]{dy“D(m—y) = /da“”(:c)au]{dy“D(r—y)
c C

S(C) c
= - / do™ (x) / do*(y) 0,0,D (x —y)
S(C) S(C)
_ *% / do"" () / do"" (y) O°D (x — y)
s(0) S(C)

% / ot (z) / o (y) 5@ (x — y) .(3.3.107)

s(0) s(0)
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Al Al
A Az
a) b)

Fig. 3.34: Contours with one self-intersection: A; and As stand for the areas of
the proper windows. The total area enclosed by the contour in Fig. a) is
A1 + Aa. The areas enclosed by the exterior and interior loops in Fig. b)
are A1 + Az and Aa, respectively, while the total area of the surface with
the folding is A1 + 2As.

Using Eq. (3.3.106) we prove Eq. (3.3.104) in the Feynman gauge.

It is worth noting that Eq. (3.3.107) is based only on the Stokes’ theorem and
holds for contours with arbitrary self-intersections. On the contrary, Eq. (3.3.106)
itself is valid only for non-intersecting loops.

The difference between the Abelian and non-Abelian cases shows up for
the contours with self-intersections.

We first note that the simple formula (3.3.103) does not hold for contours
with arbitrary self-intersections.

The simplest contours with one self-intersection are depicted in Fig. 3.34.
There is nothing special about the contour in Fig. 3.34a. Equation (3.3.103)
still holds in this case with A (C) being the total area A (C) = Ay + As.

The Wilson loop average for the contour in Fig. 3.34a coincides both for
the Abelian and non-Abelian cases and equals

W(C) = e 2(AtA2) (3.3.108)

This is nothing but the exponential of the total area.
For the contour in Fig. 3.34b, we get

j{dx“j{dy”DW (x—y) = A +4A;. (3.3.109)
c c

This is easy to understand in the axial gauge where the ends of the propagator
line can lie both on the exterior and interior loops, or one end at the exterior
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NIGIMNS

a) b) C) d)

Fig. 3.35:  Three type of contribution in Eq. (3.3.109) The ends of the propagator
line lie both on a) exterior and b) interior loops, or ¢), d) one end on the
exterior loop and another end on the interior loop.

loop and the other end on the interior loop. These cases are illustrated by
Fig. 3.35. The contributions of the diagrams in Fig. 3.35a,b,c,d are A1 + As,
As, Ag, and As, respectively. The result given by Eq. (3.3.109) is obtained
by summing over all four diagrams.

For the contour in Fig. 3.34b, the Wilson loop average is

W(C) = e 3+t (3.3.110)
in the Abelian case and
W(C) = (1—Ay) e 3(A1t+242) (3.3.111)

in the non-Abelian case at N, = co. They coincide only to the order A as
they should. The difference to the next orders is because only the diagrams
with one propagator line connecting the interior and exterior loops are planar
and, therefore, contribute in the non-Abelian case. Otherwise, the diagram is
non-planar and vanishes as N, — oco. Notice, that the exponential of the total
area A (C) = A;+2A; of the surface with the folding, which is enclosed by the
contour C', appears in the exponent for the non-Abelian case. The additional
pre-exponential factor could be associated with an entropy of foldings of the
surface.

The Wilson loop averages (3.3.108) and (3.3.111) in QCD3 at large N, as
well as the ones for contours with arbitrary self-intersections, which have a
generic form

W(C) = P(Ar,..., A,) e~ 2Area (3.3.112)
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where P is a polynomial of the areas of individual windows and Area is the
total area of the surface with foldings, were first calculated in Ref. [KK80] by
solving the two-dimensional loop equation and in Ref. [Bra80] by applying
the non-Abelian Stokes’ theorem. The lattice version is given in Ref. [KK81].

Problem 3.25 Demonstrate that Eq. (3.3.99) satisfies the Abelian loop equation

o )
Vo @V (€)= Az{dyvf?(‘” (=)W (C) . (3.3.113)

Solution The calculation is the same as in Problem 3.23. In d = 2 one can
alternatively use [OP81] the expression on the RHS of Eq. (3.3.107).

Problem 3.26 Obtain Egs. (3.3.108) and (3.3.111) for the contours with one self-
intersection by solving the loop equation (3.3.56).

Solution Let us multiply Eq. (3.3.56) in d = 2 by e,, and integrate over dz* along
a small (open) piece C’ of the contour C including the point of self-intersection. We
get

epy/dxpazLW(C’) = )\epy/d:cpjlédyl, 6@ (= y) W (Cye) W (Ciy) -
c c

" oo (z)
C/
(3.3.114)
The RHS of Eq. (3.3.114) can be calculated analogously to the known represen-
tation for the number of self-intersections of a loop in two-dimensions. For the case
of one self-intersection, we have

/ dzy j{ dy, 3 (& = y) W (Cpa) W (Cay) = W (C1)W (C2) , (3.3.115)
c’ c
where C1 and C5 stands, respectively, for the upper and lower loops in Fig. 3.34a

or the exterior and interior loops in Fig. 3.34b.
The LHS of Eq. (3.3.114) can be transformed as

4] )

v | dz,dh ——— = dx, 0 —— , 311

€p / z,0), Som (x)W(C) / 2,0, 5o (x)W(C) (3.3.116)
el el

where §/00 (x) denotes the variational derivative with respect to the “scalar” area

b () = %ewaaw (2) . (3.3.117)

The integrand on the RHS of Eq. (3.3.116) is a total derivative and the contour
integral reduces to the difference of the (2-variations at the end points of the contour



286 CHAPTER 3. 1/N EXPANSION

C’, which would vanish if no self-intersections. The RHS of Eq. (3.3.114) also
vanishes if no self-intersections so W (C') is determined in this case by Eq. (3.3.113)
rather than Eq. (3.3.114).

For the contour in Fig. 3.34a, this gives

o

—_— = . 3.3.118

8A1 8A2 ( )

The Q-variation of the contour on the LHS represents the variational derivative.

The minus sign in front of 9/0A1 on the RHS is because adding the Q-variation

in the first term on the LHS decreases the area A; while that in the second term
increases Az. Then Eq. (3.3.114) takes for the contour in Fig. 3.34a the form

(_8%1 - aiAz) W(C) = AW (C1) W (Ch) . (3.3.119)

For the contour in Fig. 3.34b, we get quite similarly

).l

8A1 8A2 (3.3.120)

Now adding the Q)-variation in the first term on the LHS increases A; and decreases
Az while that in the second term decreases Ai. Equation (3.3.114) takes the form

0 0
2— — — = A . 3.121
( o 8A2)W(O) W (C1) W (Ca) (3.3.121)

The RHS’s of Egs. (3.3.119) and (3.3.121) are known since C; and C3 have
no self-intersections so that Eq. (3.3.104) holds for W (C1) and W (C2). Equa-
tions (3.3.119) and (3.3.121) take finally the explicit form [KK80]

(*aiAl - 8%2) W(C) = Ae 2Atd2) (3.3.122)
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and
(28%1 - 8%2) W(C) = Ne 2A1+242) (3.3.123)

respectively. Their solution is uniquely given by Egs. (3.3.108) and (3.3.111).
It is worth nothing that the linear Abelian loop equation (3.3.113) can be written
for the contours in Fig. 3.34a,b as

8 9
(_8A1 aA2)1 w(@) = A, (3.3.124)
<2i - i) mhW(C) = A (3.3.125)
8A1 8A2 - . 0.

The operators on the LHS’s are always the same for the non-Abelian and Abelian
loop equations, which is a general property, but the RHS’s generically dif-
fer: Egs. (3.3.122) and (3.3.124) for the contour in Fig. 3.34a coincide while
Egs. (3.3.123) and (3.3.125) for the contour in Fig. 3.34b differ. The solution to
Eq. (3.3.125) is given by (3.3.110).

Problem 3.27 Prove Eq. (3.3.115) for the contours with one self-intersection.
Solution Let the intersection corresponds to the values s; and sz of the parameter
S, i.e. u (s1) = xu (s2). Noting that only the vicinities of s1 and s2 contribute to
the integral on the LHS of Eq. (3.3.115), we get

/ dz, 74 o 8 (2 — ) W (Cyu) W (Cry)
C/

— epiy (51) o (52 / s / dt 5 (s = s1)i(s1) — (t = sa)it(s2))

)
XW( ”(52)90(51)) ( ac(sl)ac(52))
ity (51) d (52)
- w CC” s2)x(s w Ocv sy1)x(s
\/i’M (s1) &2 (s2) — (£, (s1) &y (32))2 ( (s2)a( 1)) ( (s1) (2))

= W (Cotsayatsn) W (Cosyatsn)) (3.3.126)

which is precisely the RHS of Eq. (3.3.115).

Remark on the string representation

A nice property of QCDs at large IV, is that the exponential of the area en-
closed by the contour C' emerges'* for the Wilson loop average W (C). This

14This is not true, as is already discussed, in the Abelian case for contours with self-
intersections.
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is as it should for the Nambu-Goto string (3.3.93). However, the additional
pre-exponential factors (like that in Eq. (3.3.111)) are very difficult to inter-
pret in the stringy language. They may become negative for large loops which
is impossible for a bosonic string. This explicitly demonstrates in d = 2 the
statement of the previous subsection that the Nambu—Goto string is not a
solution of the large-N, loop equation.

3.3.9 Gross—Witten transition in lattice QCD,

The lattice gauge theory on a two-dimensional lattice is defined by the par-
tition function (2.2.31) with d = 2:

Z2a(B) = /H I dUse =251V, (3.3.127)

r p=1,2

where the action is given by Eq. (2.2.16).

A specifics of two dimensions is that the number of the lattice sites is equal
to the number of the plaquettes. For this reason, we can always perform such
a gauge transformation that the link variables are chosen to be equal unity
along one of the axes, say

Ui = 1. (3.3.128)
Hence, the partition function (3.3.127) factorizes:
N,
Zoa = (Z1p) ", (3.3.129)

where N, stands for the number of plaquettes of the lattice and Z, is the
one-matrix integral

Z1p (B) = /dUe"(N%R“rU*l). (3.3.130)

In other words, the plaquette variables of the lattice gauge theory can be
treated in two dimensions as independent.

The correct interpretation of Eq. (3.3.130) is that it is the partition func-
tion of the one-plaquette model, i.e. the lattice gauge theory on a single
plaquette. This is consistent with the gauge invariance.

The one-matrix model (3.3.130) can be easily solved in the large- N, limit
by loop equations.
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Let us first introduce the proper ‘observables’ for the one-matrix model:

1
W, = <— tr U"> : (3.3.131)
N, o

where the average is taken with the same weight as in Eq. (3.3.130). The
interpretation of W,,’s in the language of the single-plaquette model is that
these are the Wilson loop averages for contours which go along the boundary
of n stacked plaquettes.

In order to derive the loop equation for the one-matrix model, we proceed
quite analogous to the derivation of the loop equation in the lattice gauge
theory (given in Problem 3.22). Let us consider the obvious identity

0 = (trt°U™),,, (3.3.132)
and perform the (infinitesimal) change
U—-U((l—it%), U — (14it%*)UT (3.3.133)

of the integration variable on the RHS of Eq. (3.3.132). Since the Haar
measure is invariant under the change (3.3.133), we finally get

21@2 Wno1 = Whpa) = Z WiWu—r forn>1,
€ k=1
Wo = 1, (3.3.134)
where
164 1
NZ T (3.3.135)
and A~ 1 as N, — oc.
Equation (3.3.134) has the following exact solution
1
Wi = 535 Wa =0 forn>2 (3.3.136)

which reproduces the strong coupling expansion. The leading order of the
strong coupling expansion turns out to be exact at N, = cc.

However, the solution (3.3.136) can not be the desired solution at any
values of the coupling constant. Since Wy, are (normalized) averages of unitary
matrices, they must obey

W, < 1, (3.3.137)
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which is not the case for Wy, given by Eq. (3.3.136), at small enough values
of \.

In order to find all solutions to Eq. (3.3.134), let us introduce the gener-
ating function

flz) = > Wea" (3.3.138)
n=0
and rewrite Eq. (3.3.134) as the quadratic equation

fz—%(f—l)—l—Wl =22 (- 1) . (3.3.139)

A formal solution to Eq. (3.3.139) is

1— 9y — 22 \/(1—|—2)\z+22)2 + 422 (220 — 1)
- +

o o . (3.3.140)

fz) =

where the positive sign of the square root is chosen to satisfy f(0) = 1.

The RHS of Eq. (3.3.140) depends on an unknown function Wy () which
must guarantee for f(z) to be a holomorfic function of the complex variable z
inside the unit circle |z| < 1. This is a consequence of the inequality (3.3.137)
which stems from the unitarity of U’s.

There exist two solutions for which f(z) is holomorfic inside the unit circle:
the strong coupling solution given for A > 1 by Eq. (3.3.136) and the weak
coupling solution given for A <1 by

>

Wy =1-2. (3.3.141)

[\)

A comparison with Eq. (2.3.1) for d = 2 shows that the leading order of
the weak coupling expansion is now exact. Therefore, f(z) is given by two
different analitic functions for A > 1 and A < 1.

At the point A = 1, a phase transition occurs as was discovered by Gross
and Witten [GW80] who first solved lattice QCD3 in the large-N, limit. This
phase transition is of the third order since both the first and second derivatives
of the partition function are continuous at A\ = 1. The discontinuity resides
only in the third derivative. This phase transition is pretty unusual from the
point of view of statistical mechanics where phase transitions usually occur
in the limit of an infinite volume (otherwise the partition function is analytic
in temperature). Now the Gross—Witten phase transition occurs even for the
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single-plaquette model (3.3.130) in the large-N, limit. In other words, the
number of degrees of freedom is now infinite due to the internal symmetry
group rather than an infinite volume.

Finally, we mention that since plaquette veriables are independent in lat-
tice QCD», the Wilson loop average for a non-intersecting lattice contour C
takes the form

We = (W)* (3.3.142)

where A is the area (in the lattice units) enclosed by the contour C. W in
this formula is given by Eq. (3.3.136) in the strong coupling phase (A > 1)
and Eq. (3.3.141) in the weak coupling phase (A < 1).

The continuum formula (3.3.104) is recovered for small A from
Eq. (3.3.142) as follows:

)\@2 A/a2 —0 A
We = (1_T> e 24, (3.3.143)

where we have restored the a-dependence as is prescribed by the dimensional
analysis.

The solution of N, = oo lattice QCD4y by the loop equations, which is
described in this Subsection, was given in Refs. [PR80, Fri81].

Problem 3.28 Calculate the density of eigenvalues for the matrix U in the one-
matrix model (3.3.130).
Solution Let us reduce U to the diagonal form

U = diag (e™,...,e", ... e"Ne) (3.3.144)

The density of eigenvalues (or the spectral density), p(«), is then defined as a
fraction of the eigenvalues which lie in the interval [o, « + da]. In other words,
introducing the continuum variable x = j/N. (0 < z < 1) in the large-N, limit, we
have

pla) =2 >0 (3.3.145)

which obey the obvious normalization

/:T dap(a) = /O1 de=1. (3.3.146)

Given p (a), we can calculate W, by

W, = / dap(a)cosna. (3.3.147)
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It is now clear from the definition (3.3.131), (3.3.138) that

Fl2) = /W dop(a) —— | (3.3.148)

. 1—ze ia
Choosing z = exp (iw), we rewrite Eq. (3.3.148) as

w—«

+3/ da p (@) cot <. (3.3.149)

iw 1
F(e®) =3 2|

The discontinuity of this analytic function at w = o+ 90 then determines p ().
Using the explicit solution (3.3.140), we formally obtain

pla) = % (cosa+)\+\/1—2)\W1) (cosa+A—\/1—2)\Wl). (3.3.150)
™

For Wi given by Egs. (3.3.136) and (3.3.141) for the strong and weak coupling
phases, we get finally

1 1
— _ > .0,
p(a) 5 (1 + 5 cos a) for A >1 (3.3.151)
and
1 « PR
= — cos— - = < -3
o () 3 €05 5 A —sin 3 for A <1 (3.3.152)

for the strong and weak coupling solutions, respectively. Notice, that (3.3.151) is
non-negative for A > 1 as it should due to the inequality (3.3.145). For A < 1,
the strong coupling solution (3.3.151) becomes negative somewhere in the interval
[—7, 7] which can not happen for a dynamical system. This is the reason why the
other solution (3.3.152) is realized for A < 1. It has the support on the smaller
interval [—a., ac] where 0 < a. < 7 is determined by the equation

sin’ % =\ (3.3.153)
which always has a solution for A < 1. The weak coupling spectral density (3.3.152)

is non-negative for A < 1.
For small X\, a. = 2v/X so that

p(a) = ﬁ\/@\fa?. (3.3.154)

As A — 0, p(a) — (o) and U freezes, modulo a gauge transformation, near a unit
matrix. This guarantees the existence of the continuum limit of QCDx2.

The spectral densities (3.3.151) and (3.3.152) were first calculated in
Ref. [GW80] by a direct solution of the saddle-point equation at large N..
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Problem 3.29 Calculate the density of eigenvalues for the Gaussian Hermitean
one-matrix model which is defined by the partition function

Zin = /Hdcbije*”c%“ ** (3.3.155)
i<j

Solution The difference from the previous problem is that ®;; is now a Hermitean
N x N. matrix whose eigenvalues p; can take on values along the whole real axis.
Let us define

_ 1 n _ n
W, = <Mtr<1> >1h - /dgp(g)g . (3.3.156)

The Schwinger-Dyson equations for the Hermitean one-matrix model can be de-
rived [Wad81] using the invariance of the measure in (3.3.155) under the change

(I%;j — q)ij"’ﬁij (33157)

where €;; is (infinitesimal) Hermitean.
Proceeding as before and using the large-N. factorization, we get the set of
equations

n—1
MWy = Zwkwn,k for n >0,
k=0
Wo = 1. (3.3.158)
Introducing the generating function
A 1 =W
W(p) = <Fctrp_q>> = an+1’ (3.3.159)
1h n=0
we rewrite Eq. (3.3.158) as the quadratic equation
MpW (p) — M = W?(p) (3.3.160)
whose solution reads
M M2p2
W(p) = Tp - Tp - M, (3.3.161)

where we have chosen the minus sign of the root to satisfy the asymptotics W (p) —
1/p for large p as is prescribed by the definition (3.3.159).

W (p) given by Eq. (3.3.161) is an analytic function of p with the cut from
p=—2/V/M to p=+42/v/M along the real axis. The discontinuity of W (p) at the
cut determines the spectral density:

W (€+i0) — %;im(g). (3.3.162)
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We have

pe) = M %—52. (3.3.163)

27
Notice that the spectral density is non-negative and has support on a finite interval
[—2/v/M, 2/+/M] in analogy with the unitary one-matrix model it the weak coupling
regime. The spectral density (3.3.163) was first calculated by Wigner [Wigh1] and
is called Wigner’s semicircle law.

We have already semicircle law in the previous Problem for the spectral density
of the unitary one-matrix model at small A\ (see Eq. (3.3.154)). This is because we
can always substitute U = exp (¢®) where U is unitary and ® is Hermitean and
expand for small A in ¢ up to the quadratic term. We then obtain the Hermitean
model (3.3.155) with M = 1/ from the unitary model (3.3.130).
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3.4 Large-N, reduction

The large-N. reduction was first discovered by Eguchi and Kawai [EK82]
who showed that the Wilson lattice gauge theory on a d-dimensional hyper-
cubic lattice is equivalent at N. = oo to the one on a hypercube with pe-
riodic boundary conditions. This construction is based on an extra (Zy,)?-
symmetry which the reduced theory possesses to each order of the strong
coupling expansion.

Soon after it was recognized that a phase transition occurs in the re-
duced model with decreasing the coupling constant, so that this symmetry
is broken in the weak coupling regime. To cure the construction at weak
coupling, the quenching prescription was proposed by Bhanot, Heller and
Neuberger [BHN82] and elaborated by many authors. An elegant alterna-
tive reduction procedure based on twisting prescription was advocated by
Gonzalez-Arroyo and Okawa [GAO83]. Each of these prescriptions results in
the reduced model which is fully equivalent to multicolor QCD, both on the
lattice and in the continuum.

While the reduced models look as a great simplification, since the space-
time is reduced to a point, they still involve an integration over d infinite
matrices which is in fact a continual path integral. It is not clear at the
moment whether or not this is a real simplification of the original theory
which can make it solvable. Nevertheless, the reduced models are useful and
elegant representations of the original theory at large V..

We shall start this Section by a simplest example of a pure matrix scalar
theory. The quenched reduced model for this case was proposed by Parisi
[Par82] on the lattice end elaborated by Gross and Kitazawa [GK82] in the
continuum, while the twisted reduced model was advocated by Eguchi and
Nakayama [EN83]. Then we concentrate on the Eguchi-Kawai reduction of
multicolor QCD both on the lattice and in the continuum.

3.4.1 Reduction of scalar field

Let us begin with a simplest example of a pure matrix scalar theory on a
lattice whose partition function is defined by the path integral

2= [Tt e LS )

T i
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Here ¢, is a N, x N. Hermitean matrix field and V[y| is some interaction
potential, say
M A3 A4
% _ M o A3 3, M 4
o] = 5o+ 53¢+
The prescription of the large-NN. reduction is formulated as follows. We
substitute

(3.4.2)

©r — S,®SI, (3.4.3)
where
(S, = eiPkmughi
= diag (eip'f“, ce eipyvcw") (3.4.4)

is a diagonal unitary matrix which eats the coordinate dependence, so that
® does not depend on .

The averaging of a functional F[p,] which is defined with the same weight
as in Eq. (3.4.1),

(Flea])

1 Netr (—V]pz]+ T T+a

can be calculated at N. = co by

Nod z d N % ;
T p=1i=1

where the average on the RHS is calculated [Par82] for the quenched reduced
model whose averages are defined by

1
Flo > =__ -
< [ ] Reduced ZReduced

x/qu)ijefNCtrV[¢]+NCE”|<I>i].|2Eucos((pffp;)a)F[(I)]. (3.4.7)

>
The partition function of the reduced model reads

ZReduced = /Hd‘bij o TNt VIBIENG D 1@l 3, cos (P —p])a) (3.4.8)

2]
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which can be deduced, modulo the volume factor, from the partition function
(3.4.1) by the substitution (3.4.3).

Notice that the integration over the momenta p! on the RHS of Eq. (3.4.6)
is taken after the calculation of averages in the reduced model. Such vari-
ables are usually called quenched in statistical mechanics which clarifies the
terminology.

Since N, — oo it is not necessary to integrate over the quenched momenta
in Eq. (3.4.6). The integral should be recovered if p!’s would be uniformly
distributed in a d-dimensional hypercube. Moreover, a similar property holds
for the matrix integral over ® as well, which can be substituted by its value
at the saddle point configuration ®@,:

<F[som]> — F[S:®.5]], (3.4.9)

where the momenta p! are uniformly distributed in the hypercube. Therefore,
this saddle point configuration plays the role of a master field in the sense of
Subsect. 3.2.7.

In order to show how Eq. (3.4.6) works, let us demonstrate how the pla-
nar diagrams of perturbation theory for the scalar matrix theory (3.4.1) are
recovered in the quenched reduced model.

The quenched reduced model (3.4.8) is of the general type discussed in
Sect. 3.2. The propagator is given by

1
<q)ij(1)kl>Gauss = EG(M — pj) 0itdr; (3.4.10)
with
. 1
M — Z# cos ((pf — pé‘)a) ’

G (pi — pj) (3.4.11)

It is convenient to associate the momenta p; and p; in Eq. (3.4.11) with
each of the two index lines representing the propagator and carrying, re-
spectively, indices 7 and j. Remember, that these lines are oriented for a
Hermitean matrix ® and their orientation can be naturally associated with
the direction of the flow of the momentum. The total momentum carried by
the double line is p; — p;.

The simplest diagram which represents the correction of the second order
in A3 to the propagator is depicted Fig. 3.36. The momenta p; and p; flows
along the index lines ¢ and j while the momentum pj circulates along the
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J

Fig. 3.36: Simplest planar diagram of the second order in A3 for the propagator in
the quenched reduced model (3.4.8). The momentum p; flows along the
index line i. The momentum p; — p; is associated with the double line 7j.

index line k. The contribution of the diagram in Fig. 3.36 reads

)\2
352G 0 =23)* D G (i = i) G (pr — pj) . (3.4.12)
¢ k

where the summation over the index k is just a standard one over indices
forming a closed loop.

In order to show that the quenched-model result (3.4.12) reproduces the
correction to the propagator in the original theory on an infinite lattice, we
pass to the variables of the total momenta flowing along the double lines:

Pi—Dj=D; Pk—Dj=q DPi—DPk=DP—¢, (3.4.13)

which is obviously consistent with the momentum conservation at each of the
two vertices of the diagram in Fig. 3.36. Since py’s are uniformly distributed
in the hypercube, the summation over k can be substituted as N, — oo by
the integral

@ gl

7 (q). (3.4.14)

N%;f(pk)iad/

The prescription (3.4.6) then gives the correct expression

B
—
[\
3
~—
s

Q

e

2 o d
526w [T GGG r-a) (3.4.15)

jus
a
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for the second-order contribution of the perturbation theory for the propaga-
tor on the lattice.

It is now clear how a generic planar diagram is recovered by the reduced
model. We first represent the diagram by the double lines and associate
the momentum p!* with an index line carrying the index i. Then we write
down the expression for the diagram in the reduced model with the propaga-
tor (3.4.11). Passing to the momenta flowing along the double lines, similar
to Eq. (3.4.13), we get an expression which coincides with the integrand of the
Feynman diagram for the theory on the whole lattice. It is crucial that such
a change of variables can always be done for a planar diagram consistently
with the momentum conservation at each vertex. The last step is that the
summation over indices of closed index lines reproduces the integration over
momenta associated with each of the loops according to Eq. (3.4.14). It is
assumed that the number of loops is much less than N, which is always true
for a given diagram since N, is infinite.

We thus have shown how planar diagrams of the lattice theory defined by
the partition function (3.4.1) are recovered by the reduced model (3.4.8). The
lattice was needed only as a regularization to make all integrals well-defined
and was not crucial in the consideration. This construction can be formulated
directly for the continuum theory [GK82, DW82] where the propagator turns
into

1

Gpi-p) = — 5

(3.4.16)

and a Lorentz-invariant regularization can be achieved by choosing p? < AZ.

Remark on the twisted reduced model

An alternative reduction procedure is based on the twisting prescription
[GAO83]. We again perform the unitary transformation (3.4.3) with the
matrices S, being expressed via a set of d (unitary) N. x N, matrices I';, by

S, = Dy/erge/opis/apssle (3.4.17)

where the coordinates of the (lattice) vector z, are measured in the lattice
units. The matrices I', are explicitly constructed in Ref. [GAO83] and com-
mute by

r.r, = z,0.1, (3.4.18)

with Z,,, = Z;ﬂ# being elements of Zy,.
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For the twisting reduction prescription, Eq. (3.4.6) is valid providing the
average on the RHS is calculated for the twisted reduced model which is defined
by the partition function [EN83]

— N, tr V[®]+N, Zu tr D, T, @ (3.4.19)

ZTRM = /d@e
Now the perturbation theory for the unreduced model (3.4.1) is recovered due
to the explicit form of S, given by Eq. (3.4.17).
We can change the order of I'’s in Eq. (3.4.17) defining a more general
path-dependent factor
Se =P J] Tu- (3.4.20)
1€Cro0

The path-ordered product in this formula runs over all links [ = (z, ) forming
a path Cpo from infinity to the point x.

Due to Eq. (3.4.18), changing the form of the path multiplies S, by the
Abelian factor

z) = I Zw(®) (3.4.21)
0es:95=C

where (1, v) is the orientation of the plaquette O. The product runs over any
surface spanned by the closed loop C' which is obtained by passing the original
path forward and the new path backward. Due to the Bianchi identity

II 2w® =1 (3.4.22)

O€cube

where the product goes over six plaquettes forming a 3-dimensional cube on
the lattice, the product on the RHS of Eq. (3.4.21) does not depend on the
form of the surface S and is a functional of the loop C.

It is now easy to see that under this change of the path we get

[S2)is[Sil = 1Z(O)* [Salij [SE ] (3.4.23)

and the path-dependence is canceled because |Z(C)|*> = 1. This is a general
property which holds for the twisting reduction prescription of any even (i.e.
invariant under the center Zy_) representation of SU(N,).

3.4.2 Reduction of Yang—Mills field

The statement of the Eguchi-Kawai reduction of the Yang—Mills field says
that the theory on a d-dimensional space-time is equivalent at N. = oo to the
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reduced model which is nothing but its reduction to a point. The action of
the reduced model is given by

1
Spx = 5g7Ad tr[A,, A, (3.4.24)
where A, are d space-independent matrices and A is a dimensionful parame-
ter.
A naive statement of the Eguchi-Kawai reduction is that the averages
coincide in both theories, for example,

1 ; 1 ;
<—trPeZ§d£MA“(5)> = <—trPel§d§MA“> (3.4.25)
N. d—dim N EK

c C

where the LHS is calculated with the action (2.1.14) and the RHS is calculated
with the reduced action (3.4.24). Strictly speaking, this naive statement is
valid only in d = 2 or supersymmetric case for the reason which will be
explained in a moment.

The precise equivalence is valid only if the average of open Wilson loops
vanish in the reduced model:

1 i der A,
<—trPe fcw ¢ > =0, (3.4.26)
Ne EK

as it does in the d-dimensional theory due to the local gauge invariance under
which

(P € ‘ fcyz dﬁ“AM(ﬁ))

The point is that this gauge invariance transforms in the reduced model into
(global) rotation of the reduced field by constant matrices €:

(QT(y)P eifcym d&#Au(OQ(J?)) K (3.4.27)

ij

A, — QTA,0. (3.4.28)

which does not guarantee such vanishing in the reduced model.
There exists, however, a symmetry of the reduced action (3.4.24) under
the shift of A, by a unit matrix'®:

Al — A +a,67 (3.4.29)

15This symmetry is rigorously defined on a lattice where it is associated with a direction-
dependent Zy, transformation.
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which is often called the R%-symmetry. Under the transformation (3.4.29),

we get
(v o'l )

which guarantees, if the symmetry is not broken, the vanishing of the open
Wilson loops

. 4 dgt A,
s el(yufzu)au (Pe fcym ¢ ) (3430)

1] 7]

1 i der A
Wek (Cye) = <_trPe oy, > =0 (3.4.31)
Ne EK
in the reduced model.
The equivalence of the two theories can then be shown using the loop
equation which reads for the reduced model

e 0 B 1 if dena,
au(;U#V(I)WEK(C) = <thrP[AM,[AH,AV]]e Can >EK
1 0 i¢ dera
_ d/ L1 K dera,
= A <thrP6AVe o >EK

AA? 7{ dy, Wk (Cyz) Wk (Cry) - (3.4.32)
C

The RHS is pretty much similar to the one in Eq. (3.3.56) while 6(¥)(z — y)
is missing.
This delta function can be recovered if the R¢ symmetry is not broken
since
0z — y)
5 (0)

due to Eq. (3.4.31) for the open loops.
This is not a rigorous argument since a regularization is needed. What
actually happens is the following. If we smear the delta function introducing

Wik (Cyz) ~ Wik (Cyz) (3.4.33)

d
330 (@) = (\/%) e TN (3.4.34)
then
1 @/ \° o ad . —22A (d)
WGA (0)) o Ade 6@ (), (3.4.35)
A (0)

reproducing the delta function.
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3.4.3 R’%symmetry in perturbation theory

Since N, is infinite, the R%symmetry can be broken spontaneously. The
point is that the large-N. limit plays the role of a statistical averaging, as
is mentioned already in Subsection 3.2.8, and phase transitions are possi-
ble for infinite number of degrees of freedom. This phenomenon occurs in
perturbation theory of the reduced model for d > 3.

The perturbation theory can be constructed expanding the fields around
solutions of the classical equation

[A#’ [Alh Au]] =0. (3436)

Any diagonal matrix
A;l =p, = diag {pl(}), . ,pLNC)} (3.4.37)

is a solution to Eq. (3.4.36).
The perturbation theory of the reduced model can be constructed expand-
ing around the classical solution (3.4.37):

A= A+ gAd (3.4.38)

where A} is off-diagonal.
Substituting (3.4.38) into the action (3.4.24), we get

1 1
SEk = tr {5[]9’“ Ad)? — 5[19”, A3]2} + higher orders . (3.4.39)
To fix the gauge symmetry (3.4.28), it is convenient to add

Sgr = tr {%[pM,AEP + [pu,b][pu,c]} , (3.4.40)

where b and ¢ are ghosts.
The sum of (3.4.39) and (3.4.40) gives

Sy = tr {%@M,Agﬁ + [pu,b][pu,c]} (3.4.41)

up to quadratic order in Af.
Doing the Gaussian integral over A%, we get at the one-loop level:

1—d/2

N
/dp#dA?L R / H dpfﬁ) H [(pff) — pff))z} ey (3.4.42)
k=1

1<j
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where the integration over p,, accounts for equivalent classical solutions.

For d = 1 the product on the RHS of Eq. (3.4.42) reproduces the Vander-
monde determinant. For d = 2 it vanishes and does not affect dynamics. For
d > 3 the measure is singular and the eigenvalues collapse. This leads us to
a spontaneous breakdown of the R? in perturbation theory.

The equivalence between the N, = oo Yang—Mills theory on a whole space
and the reduced model can be provided [BHN82] introducing a quenching
prescription similar to the one described in Subsection 3.4.1. Then no collapse
of eigenvalues happens and d-dimensional planar graphs are reproduced by
the reduced model. More about the quenching prescription in Yang—Mills
theory can be found in the reviews [Mig83, Das87] and cited there original
papers.

Remark on supersymmetric case

In a supersymmetric gauge theory, there is an extra contribution from
fermions to the exponent on the RHS of Eq. (3.4.42). Since the integra-
tion over fermions results in the extra factor [(p,(f) - pff))Q] tr1/2 this yields
finally the exponent 1 — d/2 4+ trI/2. It vanishes in d = 4 for either Ma-
jorana or Weyl fermions and in d = 10 for the Majorana—Weyl fermions.
Therefore, the R%-symmetry is not broken and no quenching is needed in the

supersymmetric case [MK83, IKKT97].

3.4.4 Twisted reduced model

The continuum version of the twisted reduced model can be con-
structed [GAKS83] by substituting A, — A, — 7, into the action (3.4.24),
where the matrices 7, obey the commutation relation

Vs Wl = B I, (3.4.43)

where B, is an antisymmetric tensor and d is even. This is possible only for
infinite Hermitean matrices (operators). An example of such matrices is z
and p operators in quantum mechanics. Eq. (3.4.43) is a continuum version
of Eq. (3.4.18).

The Wilson loop averages in the twisted reduced model are defined by

1 —i det~y, 1 i der A,
Wrek (Cya) = <ﬁ trPe fcyz < FtrPe fcw ¢ > . (3.4.44)
c c TEK

They vanish for open loops which is provided by the vanishing of the trace
of the path-ordered exponential of 7, in this definition. For closed loops
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this factor does not vanish and is needed to provide the equivalence with
d-dimensional Yang-Mills perturbation theory, since the classical extrema
of the twisted reduced model are Af} = 7, and the perturbation theory is
constructed expanding around this classical solution.

The proof of the equivalence can be done using the loop equation quite
similarly to that of Subsect. 3.4.2 for the Eguchi-Kawai model with an un-
broken R¢ symmetry.
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